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CHARACTERISTIC TEMPERATURES OF CUBIC METALS! 


E. E. BupziInski AND H. SCHIFF? 


ABSTRACT 


An approximation is developed for the determination of the characteristic 
Debye temperatures of cubic crystals. This method yields results more accurate 
than those obtained by Bhatia and Tauber using Houston’s three-term formula 
and slightly more accurate than those obtained with the more recent six-term 
formula of Betts, Bhatia, and Wyman, and also provides a means of estimating 
the accuracy of these formulae. 


Various approximations have been used for the calculation of the charac- 
teristic Debye temperatures, 0, of cubic crystals. In particular, Bhatia and 
Tauber (1954) made use of a simple three-term formula first derived by 
Houston (1948) on the basis of an expansion in Kubic harmonics and recently 
extended by Betts, Bhatia, and Wyman (1956) to six terms for greater 
accuracy. We will refer to these formulae by the letters H and BBW re- 


spectively. 

If f(@, ¢) is any function which is invariant under the operations of the 
cubic symmetry group and f, is the value of f(6, ¢) for a given direction 
specified by A, then the H and BBW formulae are: 


4a 
(1) J 10, 6)40~ 4 [10f.+ 16f0+%fe | H 


4n ws 
fre. ¢)d2 = 1,081,080 [1 17,6034 +76,544f2+17,496fc 


+381,250fo+311,040f2+177,147fr] BBW 


where the letters A, B, C, D, E, F represent the directions (100), (110), (111), 
(210), (211), (221) respectively. 

In the following we consider a method for improving on these formulae, 
as applied to the determination of 0. 

The expression for 6 can be written as 


: <a 
(3) _— | a jk’ 


1Manuscript received January 7, 1957. 
Contribution from the Department of Physics, University of Alberta, Edmonton, Alberta. 
This work constitutes part of a thesis submitted by E.E.B. in partial fulfillment of the 
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where Np is the number of atoms/cc., & is Boltzmann’s constant, and 


. 3 
(4) a = (27) -«f| 2. oi dQ, 
t=] 


the v; being the velocities of the three elastic waves for a given direction of 
propagation. These velocities are known to satisfy the Christoffel cubic equa- 
tion in v?, 

(5) v—Lv'+Mv—N = 0. 

The coefficients L, MJ, and N depend on the elastic constants and the direc- 
tion of propagation as follows: 


C44 


Em 5 B+e +¢] = Lin’, 


(6) M= ae = Y(v,2,)’, 
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where p is the density of the crystal, x, y, and z are the direction cosines of 
the wave vector, and 


’ 


C= (€11 — C12 — 2644) /Cas, 
E = (Cro+Caa) /Cas. 


For our approximation to @ in (4) we define 


3/2 
(7) = 2D (e124)! LS 09] (i # j) 


and we can now write 
(4’) a= (2Qr)° f Ru, N)*"aa, 


where Vand WN are defined in (6). 

The advantage of this formulation lies in the fact that R has a small varia- 
tion over the unit sphere. As defined in (7), the absolute maximum and 
minimum values of R are 1 and 1/3 respectively. For any given metal, 
however, the variation is only a few per cent. For example, in the case of 
Pb, which has a fairly high anisotropy (7 = 2ca(¢11—¢12)7' = 4), R lies be- 
tween 0.62 and 0.76. It thus appears reasonable to write 


(8) a= (29 yh f (at/xy*"a0, 


where FP is some appropriate average value for R. The exact expression for 
R is of course given by 


(9) R= { R(M/N)*" a2 / | (M/N)*aQ. 
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In approximating to R we note that both integrands in (9) have the sym- 
metry appropriate for expansion in Kubic harmonics. Thus, we may approxi- 
mate to R by using either the H or the BBW formula. Applying the H for- 
mula, for example, we have 


(10) R~ 10[R(M/N P|, +16[R(M/ IN)” ]p+9[R( M/N) "Ie 
10(M/N)¥?+16(M/N)3?+9(M/N)C? 


Now, since the spread in the R values is small, the numerator and denominator 
in (9) vary essentially in the same way and therefore the errors introduced 
in the numerator and denominator in (10) are of the same order. Further- 
more, since the numerator in (10) is nothing more than the H approximation 
to @ (except for a constant factor), it is clear that the net error introduced 
in (10) is appreciably less than the error in a due to the H formula. (For Pb 
the ratio of these errors is estimated to be about 1/5.) Similar qualitative 
arguments apply to the BBW formula. The values of R calculated with the 
BBW coefficients are shown in Table I for a number of face-centered and body- 
centered metals. 


TABLE | 


VaLuEs OF R CALCULATED WITH BBW COEFFICIENTS, AND ELASTIC CONSTANTS USED IN THIS 
WORK 


Elastic ¢ constants (10" dynes/en m.?) 





‘sii pete am ae ones julped n ho 
Met tal Cu Op C44 (2cas(Cry —¢12)7!) LR 
Ag 12.0 8.97 4.37 2.96 0 6608 
Cu 17.0 12.3 7.52 3.20 0.6602 
Pb 4.8 4.1 1.4 +.0 0.6879 
kK 0.46 0.37 0.26 5.78 0.6925 
Na 0. 970 0.830 0.580 8.30 0.7180 


The main work in calculating @ involves the evaluation of the integral 
which appears in (8). Unfortunately it was not found possible to carry out 
the integration completely with respect to both @ and ¢. The integration 
with respect to ¢, however, can be done in terms of elliptic functions, which 
can then be integrated numerically—this is the most accurate method used. 
Since the integrand is a function only of the Kubic harmonics A, and Ko, 
one may expand it in a Taylor series with respect to these harmonics; how- 
ever, this should be restricted to crystals with small anisotropy to ensure 
reasonably fast convergence. As an alternative to the complete ¢-integration 
it is also possible to expand the integrand in a Taylor series with respect to 
sin’@ about sin?@ = 4 and then to integrate numerically with respect to cos @. 
The convergence here is more rapid than that obtained by expanding with 
respect to A, and K» because the integrand, in general, varies less with @ 
than with @. The two methods involving numerical integration (taking two 
terms in the Taylor series) were compared for a few metals. For Ag and Cu 
they differ by about 0.3% and for Pb by 1%. Fig. 1 illustrates the dependence 
on @ of 

(p~'c44)? 7} 5 *(M / N)*?dQ 
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Fic. 1. Dependence on cos @ of the integral appearing in (8) (X (p7'c4s)9/?) after the ¢-in- 
tegration has been carried out, for Ag, Pb, and Na. 


for Ag, Pb, and Na as well as the peaking due to increasing anisotropy. 
Table II compares the a values determined by the H and BBW formulae 
with the present calculations using both the H and BBW coefficients for 


TABLE II 
VALUES OF @ OBTAINED USING DIFFERENT APPROXIMATIONS: H AND BBW UNDER ‘‘FORMULA' 
REFER TO Eqs. (1) AND (2) RESPECTIVELY, UNDER ‘‘PRESENT CALCULATIONS” TO COEFFICIENTS 
-— 
IN Eas. (1) AND (2) RESPECTIVELY USED FOR CALCULATING &. THE @ VALUES ARE THOSE 
OBTAINED WITH THE ‘‘PRESENT CALCULATIONS, BBW” a’s 


’ 





aX 10!8 (cm. /sec.)~3 








Formula Present calculations 
Metal H BBW H BBW 8 
Ag 27.74 24.45 25.26 24.61 212 
Cu 10.69 9.248 9.609 9.320 332 
Pb 231.4 181.6 192.8 184.3 89.5 
K 91.90 64.79 70.72 66.08 93.4 


Na 51.87 30.45 34.29 31.29 150 
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R, the integral in (8) having been evaluated by integrating numerically with 
respect to cos@ the elliptic functions arising from the ¢-integration, using 
Simpson’s rule in steps of 0.1. Also included in Table II are the © values 
corresponding to our best a’s. One notes that the H and BBW values for 
a diverge with increasing anisotropy, leading to a ratio of about 5/3 for Na. 
The present calculations, on the other hand, give rise to a much smaller 
variation, the difference for Na being only about 10%. We estimate that 
our best @ value for Na is correct to at least 2 or 3% giving a 9 value within 
1%. Examining the BBW values and the corresponding present calculations 
one sees that they compare quite favorably, the largest difference, for Na, 
being about 2.7%, or 0.9% in the 0 values. Thus the BBW formula is in fact 
better than one might be led to believe from comparing the results of the 
H and BBW formulae for alkali metals. 


We would like to thank Drs. A. B. Bhatia and G. K. Horton for stimulat- 
ing our interest in this problem. 
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A CONSIDERATION OF RADIO STAR SCINTILLATIONS 
AS CAUSED BY INTERSTELLAR PARTICLES ENTERING 
THE IONOSPHERE 


PART I. DAILY AND SEASONAL VARIATIONS OF THE 
SCINTILLATION OF A RADIO STAR! 


G. A. HARROWER 


ABSTRACT 


An analysis is made of measuremerts of the scintillations of the radio source 
in Cassiopeia recorded at Ottawa during 1954 at a frequency of 50 megacycles 
per second. After removal of the effect of the altitude of the source, the data show 
certain daily maxima occurring at solar times dependent on the date of the year. 
These maxima are found to comprise five separate groupings, two being present 
roughly from September 13 to March 30, and the other three for the remainder of 
the year. The obvious lack of circular symmetry suggests a cause external to the 
solar system, such as the infall of interstellar particles. The apparent directions 
of arrival of these particles are derived from the scintillation measurements. 


INTRODUCTION 

The study of the scintillation of radio stars, as well as being of astronomical 
interest, provides information about the upper ionosphere. The attempt to 
understand the mechanism responsible for scintillation has produced some 
notable work. Without attempting a complete bibliography, the contributions 
of several workers to the present knowledge of the phenomenon should be 
mentioned. Ryle and Hewish (1950), on the basis of their measurements, 
concluded that scintillations are due to irregularly refracting regions about 
five kilometers in extent in the F layer of the ionosphere. They observed the 
apparent position of the source to fluctuate by as much as three minutes of 
arc. Further, they made the suggestion, based on the maximum occurrence of 
scintillations near midnight, that the ionospheric irregularities might be the 
result of the accretion of interstellar matter by the gravitational field of the 
Sun. Ginzburg (1952) commented further on this latter hypothesis. Mills and 
Thomas (1951) found scintillations to be correlated with ionospheric activity 
in the F region. Little and Maxwell (1952) observed the scintillation rate to 
increase by a factor of four during aurorae and to be approximately proportional 
to the K index of geomagnetic activity. On the basis of measurements made 
using two receivers spaced one kilometer apart, Hewish (1952) concluded 
that scintillations are produced by an irregular diffracting layer at a height of 
400 kilometers and moving with a wind-like motion at speeds of 100 to 300 
meters per second. Bolton, Slee, and Stanley (1953) observed four different 
sources at frequencies between 40 and 300 megacycles per second and reported 
the amplitude of scintillations to increase with increasing wavelength, to vary 
with the altitude of the source, the season of the year, and the solar time, and 
to be correlated with the occurrence of sporadic E effect; they found the 
‘Manuscript received October 18, 1956. 
Contribution from the Radio Observatory, Department of Physics, Queen’s University, 


Kingston, Ontario, Canada. This work was performed at the Radio Physics Laboratory of 
the Defence Research Board under project PCC No. D48-28-01-02. 
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scintillation rate to be independent of wavelength but to depend on the 
declination of the source observed. Ionospheric winds were measured by 
Maxwell and Dagg (1954), who reported speeds from 50 to 400 meters per 
second with a sudden reversal of direction near 0100 hours. Hartz (1955) 
studied the variation of amplitude of scintillations with altitude of the source 
and compared scintillation data with activity in the E and F, layers of the 
ionosphere. Wild and Roberts (1956), from a variety of measurements, con- 
cluded that refraction plays an important part in the production of scintilla- 
tions, both in the form of single lens-like irregularities, and through the action 
of prism-like regions in the ionosphere, which were considered responsible for 
a frequency-dependent dispersion of the scintillation pattern across the 
ground. 

In the references just cited and in the general literature on this subject, 
there is agreement that scintillations of radio stars are produced by the 
movement in the upper ionosphere of irregularities of the density of ionization. 
However, the question as to how these irregularities originate remains largely 
unanswered. To be sure, there must exist an ionizing agent or agents active 
in the upper ionosphere and either this produces ionization in an irregular 
pattern, or the irregularities are produced subsequently, possibly by turbu- 
lence. The generally reported increase in amplitude of scintillations near the 
hour of local midnight suggests the possibility, already mentioned, that 
interstellar matter falling toward the Sun may be acting as an ionizing agent. 
The work reported here was undertaken to attempt to determine to what 
extent this hypothesis might account for the observed scintillations. 

The author began this study, having available to him the accumulated 
observations of scintillations of the source in Cassiopeia recorded at Ottawa 
during 1954 at a frequency of 50 megacycles per second. These records had 
been made under the direction of T. R. Hartz of the Radio Physics Laboratory 
of the Defence Research Board, Ottawa. 

In this paper the seasonal variation of the scintillation data will be examined 
and the necessity demonstrated of considering a cause of scintillations lacking 
spherical symmetry in the solar system. In a later publication the scintillation 
measurements will be accounted for in some detail in terms of the accretion 
of interstellar particles by the gravitational field of the Sun. 


ANALYSIS OF SCINTILLATION DATA 


1. Daily and Seasonal Variations from the Original Data 

The signal from Cassiopeia had been recorded continuously during the period 
from January 28, 1954, to January 28, 1955. The records so obtained were 
examined in hourly intervals for the presence or absence of scintillations, 
these conditions being denoted by scintillation indices of 1 and 0, respectively. 
The year’s data were divided into 15-day periods and the scintillation indices 
for each 15 days summed separately for each hour of the day. It will be con- 
venient to refer to the percentage occurrence of scintillations; this is obtained 
from the ratio of the sum of scintillation indices for a given interval to the total 
number of day-hours during that interval for which records were available. 
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With the information from the scintillation records arranged as just described, 
the variations of scintillations with solar time of day or with season of the 
year can readily be obtained. The dependence on solar time is revealed by 
summing, for each separate hour of the day, the scintillation indices obtained 
from the whole year’s data. The result is shown in Fig. l(a). Apart from a 


o 
°o 


% OCCURRENCE 
+ w 
oO °o 


(a) 
30 : 
Oo 2 4 6 6 © 2 @ 6 6 ZO 2t a 
SOLAR HOUR OF THE DAY 
} 60 
ae 
WwW 
a 50 
x 
340 
5 b 
O39 (b) 
a 
o 2 2) 2 eo ie ie ie ie ie 
See ec eat es ee g 
ao 
fe ace Tt eee ees 


uw = 
DATE COMMENCING 1I5-DAY INTERVAL 


Fic. 1. Part (a) shows percentage occurrence of scintillations for each hour of the day, the 
data having been averaged for one year. Part (b) displays the seasonal variation of the occur- 
rence of scintillations averaged for 15-day intervals, data having been summed for all hours 


of the day. 


maximum occurrence of scintillations near 0200 hours, the graph provides 
very little information. The seasonal variation is obtained by summing, for 
each 15-day period, the scintillation indices for all hours of the day. This 
result is shown in Fig. 1(6). Here there is evidence of two seasonal minima 
in the occurrence of scintillations near April 29 and August 29 with maxima 
at certain other dates. However, in both parts of Fig. 1 there is a considerable 
scatter of the plotted points which suggests that the measured data should be 
averaged for periods greater than one hour and intervals greater than 15 days. 
After several preliminary trials with different sampling widths, it was decided 
to group measurements which were taken both within a given 6-hour period 
and during the course of six consecutive 15-day intervals. This provided a 
sample considerably wider than seemed necessary, but it was felt that this 
procedure would tend to smooth out any variations present, thus providing 
some margin of safety in the direction of a conservative interpretation of the 
subsequent analysis. 


2. The Altitude Effect 

A major cause of the variation in the occurrence of scintillations is the 
altitude of the source. This is assumed to be due, at least in a general way, 
to the different thicknesses of the Earth’s atmosphere through which an 
observer views a source for different altitudes of that source. Since the radio 
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source in Cassiopeia is continuously observable at the latitude of Ottawa, the 
altitude effect can be studied for the range of altitudes between upper and 
lower transits. Figure 2 displays the result with percentage occurrence of 
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Fic. 2. The variation of occurrence of scintillations as it depends on the altitude of the 
source. The position of the source is given in degrees of its apparent circular path around 
the north celestial pole. 





scintillations plotted against position of Cassiopeia; Cassiopeia'’s position is 
here described in degrees of its circular path around the north celestial pole, 
beginning at upper transit and going clockwise (the reverse of its observed 
motion). From Fig. 2 it can be seen that occurrence of scintillation varies 
from 15 to 80% with a roughly sinusoidal variation. This variation must be 
removed from the data before detailed information concerning daily and 
seasonal effects can be obtained. 


3. Daily and Seasonal Variations of the Scintillations 

Scintillation data recorded throughout the year, but only when the source 
is at a particular altitude, show a relatively large variation in the occurrence 
of the scintillations. This can be seen, for instance, for records made of the 
Cassiopeia source near upper transit, shown as the uppermost curve in Fig. 3. 
The abscissa is date of the year, and the ordinate is percentage occurrence of 
scintillations with the scale shown on the right side of the figure. A curve may 
be related to that scale by means of its average ordinate value, denoted by a 
horizontal line and stated as a percentage near the right end of the curve. The 
remaining seven curves in Fig. 3 refer each to a different average position of 
Cassiopeia on its diurnal circle. These eight positions were previously mentioned 
in connection with Fig. 2, which was actually derived from the averaged 
ordinate values of Fig. 3. The small numbers along each graph line in Fig. 3 
serve to specify the local solar time at which the measurements used to 
determine that part of the curve were acquired. 

Each curve of Fig. 3 considered individually reveals a total variation in 
the occurrence of scintillations of the order of 25%. This variation is evidently 
independent of the altitude of the source and instead suggests the superposition 
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Fic. 3. Each of these eight graphs shows the variation in the percentage occurrence of 
scintillations against date of the year 1954, for a stated position of Cassiopeia. The small 
numbers along the curves are mean solar times. Average ordinate values and an ordinate 
scale are given along the right side of the figure. 


of daily and annual changes. However, since position of Cassiopeia, date of 
the year, and local solar time are mutually dependent, these daily and seasonal 
variations can only be sorted out by combining the information given by the 
eight curves of Fig. 3, that is, by first removing the altitude effect. 

There is no completely unambiguous procedure for removing the altitude 
effect, since the mechanism of the production of scintillations is itself the 
subject of investigation. However, the method to be used here is suggested 
by the form of the data available, involves no mathematical complexities, 
produces systematic results, and is amenable to physical interpretation. First, 
let it be noted that the variations shown in the eight curves of Fig. 3 are all 
of the same order of magnitude in spite of the fact that their average values 
change by a factor of approximately five as depicted in Fig. 2. This situation 
strongly suggests that two largely independent effects are present in the 
measurements: the altitude effect and the combined daily and seasonal 
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changes.” Accordingly, the average ordinate values of the curves in Fig. 3 
will be disregarded as resulting from the altitude effect alone, and the curves 
themselves will be considered each with respect to its own average level. In 
this way then, the eight curves of Fig. 3 will be considered to show the super- 
position of daily and seasonal variations which are assumed to be independent 
of, and linearly separable from the altitude effect. While these conditions 
cannot be guaranteed, the method used would seem to be largely justified, 
both by the preliminary considerations just presented, and by the simple and 
direct way in which it serves to untangle an otherwise chaotic collection of 
measured data. 

The analysis of the scintillation measurements is more easily undertaken 
if the same information contained in Fig. 3 is transferred to Fig. 4 in which 
local solar time is the independent variable. To produce Fig. 4 the year is 
divided into 24 approximately 15-day periods, or equivalently, the data may 
be considered for each of 24 positions of the Earth on its orbit around the Sun. 
For a given date of the year, Fig. 3 provides from the eight graphs, eight 
points for eight different times distributed at 3-hour intervals throughout the 
day. This procedure was followed 24 times to produce the 24 graphs of Fig. 4. 
Each graph in Fig. 4 shows the variation in the percentage occurrence of 
scintillations plotted against local mean solar time; there is one such graph 
for each of 24 positions of the Earth on its orbit; these positions are numbered 
from 1 to 24 and the dates are given which mark the mid-point of the 15-day 
intervals. 

It should be mentioned that Fig. 4 was not obtainable directly from the 
original measurements because the intermediate step of removing the altitude 
effect necessitated the procedure involving Fig. 3. 

4. Preliminary Analysis 

It can be seen in Fig. 4 that the occurrence of scintillations passes through 
two or three maxima during the course of the day, and further, that these 
maxima occur at different hours for different dates of the year. The hours of 
occurrence of these maxima are given in Fig. 4. The relative size of the maxima 
varies from that of very obvious prominence to that of being scarcely noticeable 
in the figure as it is reproduced here. Information about times of maximum 
scintillation and the relative prominence of these various maxima is given 
in Fig. 5. 

In Fig. 5 the solar time of maximum occurrence of scintillations is plotted 
against position of the Earth on its orbit. The crosses and circles indicate 
points plotted from the hours of occurrence of the maxima in Fig. 4. The 
vertical lines at the plotted points provide an approximate indication of the 
relative prominence of these maxima. 





"While the physical interpretation of these measurements will be treated later, it should 
be mentioned here that the ionosphere in general and particularly the F layer, owing to their 
finite thickness, may cause the altitude effect, whereas the daily and seasonal variations may 
result largely from the arrival of interstellar particles, which, because they penetrate only a 
short distance into the Earth's atmosphere, produce only a single layer of ionospheric irregu- 
larities at some extreme height. This interpretation provides a physical basis for considering 
the scintillation record to consist of two linearly separable parts. 
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Fic. 4. Each of the 24 graphs shows variation of the percentage occurrence of scintillations 
plotted against local mean solar time for a given 15-day interval centered about the date 
written beside the graph. The numbers from | to 24 are used to identify 24 positions of the 
Earth on its orbit around the Sun in the course of one year. The hours marked along the 
curves indicate the times during the day at which the occurrence of scintillations passed 


through a maximum. 
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SOLAR TIME OF MAXIMUM SCINTILLATION 


ee 
YEAR ADVANCING 





ORBITAL POSITION OF EARTH 


Fic. 5. The hours of maximum occurrence of scintillations as provided by the curves of Fig. 
4 are here plotted against position of the Earth on its orbit. The crosses and circles represent 
the plotted points and the vertical lines at these points indicate approximately the relative 
prominence of the maxima. 


It is rather strikingly evident, when the scintillation data are presented in 
the form of Fig. 5, that the plotted points lie in fairly well-defined groups. 
These groups have been joined by lines and will hereafter be referred to by 
the letters A, B, C, E, and F. The points plotted with circles in Fig. 5 appear 
to lie outside the main groups and will be referred to by the letter X. 

The simplest aspect of the situation presented in Fig. 5 concerns the feature 
marked A. It should be noted that A is a single feature, although shown in 
two parts, because the extreme left and right ends of the graph are continuous. 
This represents a maximum occurrence of scintillations at an approximately 
constant time of 0300 hours. This time, together with the fact that it contains 
some of the most prominent of the measured data, serves to identify the A 
effect as the frequently mentioned maximum in scintillation measurements 
occurring two or three hours after midnight. The new fact apparent in this 
case is that this maximum was present during only part of the year—for 
positions of the Earth from 10 to 22. This corresponds to dates September 13 
to March 14. 

During the interval when the A effect is absent and enly during that interval, 
two other features appear which are labelled B and C. These are considerably 
less prominent than the A effect. They represent maxima in the occurrence 
of scintillations which proceed in a fairly linear manner to earlier hours as 
the year advances. Features B and C overlap for positions of the Earth 


numbered 16 and 17. 
The upper part of Fig. 5 includes the two features marked E and F. Both 
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are prominent effects and display a serpentine behavior defying brief des- 
cription. The justification for separating these effects into two groups is 
threefold: the discontinuity between positions 10 and 11, the overlapping at 
positions 20 and 21, and the decrease in prominence near the end of each 
feature. Both the & and F features are present for only a part of the year, 
the occurrence of FE coinciding with A, and of F with B and C. That is, during 
a part of the year, roughly from Sept. 13 to Mar. 30, features A and E appear, 
and for the remainder of the year, features B, C, and F are evident. 

The general appearance of Fig. 5 suggests that a vertical line drawn between 
positions 16 and 17 would divide the year’s data into two halves possessing 
a certain symmetry. This proposed axis of symmetry can be more readily 
visualized in terms of the position of the Earth on its orbit, if the information 
in Fig. 5 is presented in the form of Fig. 6. 

In Fig. 6 the Earth’s orbit is shown as a circle about the Sun, the orbital 
motion being in the counterclockwise direction. The 24 positions of the Earth 
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X2\ DIRECTION OF INCOMING 
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Fic. 6. The information from Fig. 5 is repeated here. The 24 positions on the Earth’s orbit 
about the Sun are marked, and at each of these, short lines indicate the local solar times of 
maximum occurrence of scintillations. These lines are believed to show the apparent directions 
of arrival of particles contributing to the conditions in the upper ionosphere which produce 
scintillations. 
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on its orbit are numbered and the corresponding dates are those available 
from Fig. 4. At each of the 24 positions, lines are drawn corresponding to the 
plotted points of Fig. 5 and labelled in the same way—A, B, C, E, F, and X. 
The direction of these lines indicates local solar time, the direction to the Sun 
being 1200 hours and the sense of the Earth’s rotation, counterclockwise. The 
previously suggested axis of symmetry is shown passing between positions 
16 and 17 and between positions 4+ and 5. Here the lack of circular symmetry 
with respect to the solar system is evident. 
CONCLUSION 

This analysis of the scintillations of the radio source in Cassiopeia has 
proceeded from a necessarily arbitrary removal of the altitude effect to a 
demonstration of the existence of systematic daily and seasonal variations in 
the data. In Fig. 4 it became apparent that the variation of the occurrence of 
scintillations with local solar time depends on the date of the year, or 
equivalently on the position of the Earth on its orbit. From Fig. 5 it was seen 
that the maxima of occurrence of scintillations can be grouped into five 
distinct features. The same information available in graphical form in Fig. 5 
was presented in geometric form in Fig. 6. 

In Part II it will be assumed that a bombardment of particles contributes 
to the condition in the ionosphere which produces scintillations. From that 
viewpoint, the short lines drawn to each of the 24 positions of the Earth on 
its orbit can be considered to indicate the apparent direction of arrival of the 
particles involved, assuming maximum effect for most nearly normal incidence. 
It will be shown that all the measurements which led to Fig. 5 or Fig. 6 can 
be accounted for in a reasonably satisfactory way by considering that the Sun 
accretes interstellar matter. It will become apparent then, that the required 
original motion of interstellar particles relative to the Sun is in the direction 
so noted in Fig. 6 along the axis of symmetry. 
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A CONSIDERATION OF RADIO STAR SCINTILLATIONS 
AS CAUSED BY INTERSTELLAR PARTICLES ENTERING 
THE IONOSPHERE 


PART II. THE ACCRETION OF INTERSTELLAR PARTICLES AS A 
CAUSE OF RADIO STAR SCINTILLATIONS! 


G. A. HARROWER 


ABSTRACT 


A previously reported analysis of measurements of radio star scintillations, 
which showed daily variations dependent on time of year, is here interpreted 
to be the result of the accretion of interstellar particles by the Sun’s gravitational 
field. After a brief general discussion of the accretion process, the measurements 
are examined in an attempt to provide an explanation on that basis. Five distinct 
features exhibited by the scintillation data are interpreted as resulting from 
particles arriving at the Earth as follows: directly from interstellar space, from 
a collision region behind the Sun (both directly and after having crossed the 
Earth’s orbit), and from the collision region by a process of accretion in the 
gravitational field of the Earth. The velocities of certain of these particles are 
derived by simple applications of vector addition employing the known velocity 
of the Earth. The collision region is calculated to be located a radial distance of 
200 million miles from the Sun. 


INTRODUCTION 


In a previous paper (Harrower, 1957) an analysis was presented of measure- 
ments of the scintillations of the radio source in Cassiopeia recorded at Ottawa 
during 1954 on a frequency of 50 megacycles per second. It was observed that 
the occurrence of scintillations showed a daily variation which was different 
at different times of the year. When the local solar times of occurrence of 
maxima of scintillations were plotted against date of the year (Part I, Fig. 5) 
it was found that these maxima fell into five distinct groups. These groups 
were named A, B, C, E, and F. In general it was observed that features A and 
E were present approximately from Sept. 13 to Mar. 30 and features B, C, 
and F were evident for the remainder of the year. The lack of circular sym- 
metry strongly indicated that something external to the solar system contri- 
butes to the phenomenon. It was suggested that interstellar particles falling 
in the gravitational field of the Sun might be one of the agents producing 
ionization in the upper ionosphere, where the scintillations of a radio star are 
believed to originate. If that is the case, the solar times of maximum occurrence 
of scintillations would serve to indicate the apparent directions of arrival of 
these particles. In Fig. 6 of Part I there were shown 24 positions of the Earth 
on its orbit around the Sun, thus dividing the year into approximately 15-day 
periods. At each of these positions were indicated the directions of arrival of 
particles as seen by an observer on the moving Earth. 

In this paper, after an introductory discussion of the accretion of interstellar 
matter by the Sun, an attempt will be made to account for the various features 
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of the scintillation measurements as resulting from such an accretion process. 
An obviously important step in this study will be the application to the 
measurements of a correction for the motion of the Earth. 


THE ACCRETION PROCESS 


The process whereby the Sun (or other star) accretes matter from the 
surrounding interstellar space, and the parameters on which this process 
depends, have been discussed in two papers by Hoyle and Lyttleton (1939). 
The problem involves some rather complex mechanics but, fortunately, the 
results can be stated in a simple way, and that will suffice for present purposes. 

Consider the Sun to be surrounded by interstellar matter in the form of a 
very rare gas or dust. The Sun’s gravitational field will attract this matter. 
The motion of the interstellar particles and whether they ultimately reach 
the Sun will be largely governed by their original velocity with respect to the 
Sun. As one extreme case, consider the Sun to be stationary in a cloud of 
interstellar particles; all particles would move radially toward the Sun and all 
would eventually reach the Sun. A situation of the other extreme sort would 
occur if the Sun were moving with a very high velocity through a cloud of 
interstellar particles; the Sun would cut a tunnel through the cloud of approxi- 
mately its own diameter and would collect particles from a space only slightly 
larger than the tunnel so formed. It is believed that somewhere between these 
two extremes lies the situation applicable to our Sun. 

This situation is depicted in Fig. 1. The Sun is indicated by the circle marked 
S and particles are considered to have an initial velocity of approach to the 





Q 


Fic. 1. The process of accretion of interstellar matter by the Sun. Particles approach the 
Sun, S, from the right, along hyperbolic trajectories marked PT and QT. Collisions cause 
these particles to travel toward point C. The over-all effect of all such particles is the formation 
behind the Sun of a collision region, possibly of average radius R. All particles originally 
within the radial distance o are captured. 


Sun from the right. Two possible trajectories overlap. Hoyle and Lyttleton 
explain that in the course of some 10° collisions which are likely to occur, the 
particles lose their angular momentum and consequently fall into the Sun. 
By this mechanism a predominant part of the accretion will occur on the 
back side of the Sun. Collisions occurring along a particle’s path in the vicinity 
of the Sun will have the effect of altering trajectories PT and QT to something 
like PC and QC. For a given set of conditions, all particles originally located 
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within a radial distance ¢ from the Sun’s line of motion JO will be captured. 
The amount of matter accreted by the Sun is proportional to the density of 
particles and inversely proportional to the third power of their initial velocity 
relative to the Sun. Based on astronomical considerations, Hoyle and Lyttleton 
suggest a value for this velocity of 2X10‘ meters per second. 

The large number of particles being deflected around the Sun and colliding 
behind it suggests the idea of a somewhat hemispherical collision region. This 
region can be only loosely defined; it is depicted in Fig. 2 as the dotted region 
behind the Sun S. Fig. 2 shows interstellar particles marked F approaching 





—— 


Fic. 2. Interstellar particles are shown approaching the Sun in the general direction OS 
along lines marked F. The loosely defined collision region is shown dotted as an approximately 
hemispherical cap behind the Sun. Arrows marked A represent particles falling from the 
collision region, some of which strike the Earth, E, whose orbital plane is inclined at an angle 
6 to the direction OS. 


the Sun in the direction OS. Particles which have lost their angular momentum 
in the collision region are shown marked A and falling radially toward the 
Sun. Also shown in the figure are the Earth labelled E and the plane of its 
orbit at some unknown angle @ to the line OS. Of all the A particles falling 
radially inward from the collision region, the only ones capable of striking 
the earth are those marked Ag which are moving in the plane of the Earth’s 
orbit. 
CORRECTION FOR THE EARTH’S MOTION 

The fact that scintillation measurements must be made from a moving 
Earth necessitates making a correction to observations assumed to indicate the 
direction of arrival of particles. However, inherent in this seeming disadvantage 
is the means of being able to estimate particle velocities in terms of the known 
velocity of the Earth. 

Figure 3 illustrates the construction of a vector triangle which will provide 
the speed of incoming particles if their direction is known or vice versa. The 
figure applies in particular to the case of the A particles, to be discussed 
below, for which a direction of motion radial to the Sun is assumed, allowing 
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Ve =Vs~Vo 
Vs = Ve +Vo 


Fic. 3. The vector triangle shown here can provide the speed of incoming particles when 
their direction is known or vice versa. Vg and Vg represent the velocities of particles as seen 
from the Earth and Sun respectively, while Vo is the Earth’s orbital velocity. 
their speeds to be calculated. The triangle shown in the figure simply expresses 
the vector equation 

Ve = Vs—Vo 
where I’, is the particles’ velocity as seen from the Earth, V's is the particles’ 
velocity as seen from the Sun, and Vo is the Earth’s orbital velocity. The 
magnitude of Vo is 3.0X10* meters per second; the speed due to rotation is 
0.03 X 104 meters per second and will henceforth be neglected. The direction 
of Vz is derived from the local solar time at which the occurrence of scintilla- 
tions reaches a maximum; it is assumed that such a maximum exists when the 
infall of particles is most nearly perpendicular to the surface of the Earth at 
the observer's location. 
INTERPRETATION OF SCINTILLATION MEASUREMENTS 

As was mentioned in the introduction, Fig. 6 of Part I displayed the maxima 
of occurrence of scintillations as a function of local solar time in the equivalent 
form of the directions of arrival of the particles assumed to contribute to the 
scintillation phenomenon. The various features of that display, named A, B, C, 
E, and F, will now be discussed in turn, with the intention of determining to 
what extent they can be accounted for as the result of the accretion of inter- 
stellar matter by the Sun. In the following discussion it will be assumed, for 
the sake of convenience, that particles are an important cause of the ionization 
responsible for scintillations, without pointing out continually that it is 
exactly this assumption which is under question in the analysis. 

1. Analysis of the A Vectors 

The A particles arrive at the Earth from Sept. 13 to Mar. 14 at the approxi - 
mately fixed local solar time of 0300 hours. This feature is considered equivalent 
to the frequently observed maximum of scintillations two or three hours after 
midnight. The prominence of the corresponding scintillation data and their 
relatively fixed hour of maximum occurrence throughout approximately half 
the year suggest that A particles may come from the collision region behind 
the Sun. They are to be identified with the arrows marked A in Fig. 2. Their 
observed behavior is consistent with a collision region roughly hemispherical 
in shape and extent. 
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Figure 4 shows the Earth’s orbit around the Sun, the Earth moving in the 
counterclockwise sense through the 24 positions indicated, which divide the 
year into approximately 15-day periods. The directions of arrival of A, B, and 





Fic. 4. The directions of arrival as seen from the Earth of A, B, and C particles are shown 
for 24 positions of the Earth on its orbit around the Sun. Vector triangles have been constructed 
to determine the velocities of the A particles. Scintillation measurements exhibit a certain 
symmetry about the dotted diametric line. 


C particles are shown as seen from the Earth. For all the A vectors, triangles 
have been constructed using the method previously described in connection 
with Fig. 3. It is assumed that A particles fall from the collision region radially 
toward the Sun. Since the sides of the triangles tangential to the Earth's 
orbit represent the known value of orbital velocity, measurements of the 
lengths of the radially directed sides of the triangles provide values of the 
velocity of the A particles toward the Sun. 

The results of this procedure are shown in Fig. 5, where speed of the A 
particles obtained from the vector triangle measurements is plotted against 
position of the Earth on its orbit. Of the thirteen points plotted, eight of 
these occur at a nearly constant speed of 3X10* meters per second. It is 
probably only coincidence that this is also the Earth’s orbital speed. These 
eight points offer considerable support for the idea that A particles are falling 
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Fic. 5. The speeds of A particles as derived from the vector triangles of Fig. 4 are plotted 
against orbital position of the Earth. The average speed is 3.3104 meters per second. 


radially toward the Sun and strike the Earth during approximately one half 
of the year with a speed which is independent of the orbital position of the 
Earth. This is consistent with the existence of a hemispherical collision region 
behind the Sun. The average speed for all the A particles is 3.3 X10‘ meters 
per second. 

The velocities of the A particles as seen from the Sun, and called A’, are 
shown in Fig. 7, where the vectors are drawn to scale and velocity values 
marked on each in units of 10 meters per second. 


2. The Location of the Collision Region 

It will be assumed here that A particles start approximately from rest in 
the collision region and fall radially toward the Sun. The mechanism by which 
the incoming interstellar particles lose the kinetic energy with which they 
enter the collision region might be considered, in the case of hydrogen atoms 
for example, to consist of repeated excitation by collision and subsequent 
radiation of energy. Knowing the speed of the A particles arriving at the 
Earth, as derived above, makes possible the calculation of the radial distance 
of the collision region from the Sun. The first step in this calculation is the 
evaluation of the contribution of the Earth’s gravity to the particle’s speed. 

The velocity v7; of a particle having fallen from rest at infinite distance to 
a height of 400 kilometers (the height of the upper ionosphere, where scintilla- 
tions are believed to originate) is derived from the relation 


R 
Limp = — (GMm/r’)dr, 


where m is the mass of the particle, M is the mass of the Earth, which is 
6X 10% kg., G is the gravitational constant 6.7 X10~"', r represents the radial 
outward distance from the center of the Earth, and R is this distance corres- 
ponding to a height of 400 km., which is 6.8 10° m. The result obtained is 


v2 = 1.2108 (m./sec.)?. 
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The correction for the fact that the collision region is located at some finite 

distance would produce a negligible change in this value. Subtracting v,2 from 

the square of the derived total speed of the A particles provides a value for 

that part of the particle’s speed resulting from the Sun’s gravity. The result is 
vg = (10.9—1.2)'/2 10! = 3.1104 m./sec. 


The energy equation can now be written for the case of a particle falling 
from the collision region of unknown radius R to a distance equal to the radius 
of the Earth’s orbit, which is C = 1.50X10!' m. The equation is 

ac 


1 mye" = — | (GMm, r’ dr, 
YR 
where JM/ is now the mass of the Sun, which is 2X 108° kg. The result for the 
radial distance of the collision region from the Sun is 
R = 3.3X10"! m. = 200 million miles. 


It is interesting to compare this value with a related quantity which can 
be calculated from the work of Hoyle and Lyttleton (1939). This quantity 
is 6, which, as shown in Fig. 1, is defined as the maximum radius from which 
the Sun captures particles, but is also equal to the distance ST in that figure. 
Point T is the intersection on the axis which particles farthest from the axis 
would make in the absence of collisions. The required relation is 

o¢ = 2GM/2’, 


where G is the gravitational constant, M is the mass of the Sun, and 7g is the 


initial velocity of the particles toward the Sun. If a value of vy = 2X10‘ meters 
per second is assumed, as was suggested by Hoyle and Lyttleton, the result is 
o = 6.7X10" m. = 420 million miles. 


Since this is an outer limit for the location of the collision region, and since 
collisions would cause particles to travel nearer to the Sun, it can be seen that 
the value of o just calculated and the location of the collision region derived 
from the analysis of scintillation measurements are in very substantial agree- 
ment. 


3. Analysis of the B and C Vectors 

The behavior of the B and C vectors is shown in Fig. 4. They are derived 
from the least prominent of the features of the scintillation data; they appear 
only during that part of the year when the A vector is absent; they occur at 
progressively earlier local solar times as the year advances; and they are 
present together only at orbital positions of the Earth numbered 16 and 17, 
suggesting an axis of symmetry between these positions. 

It would seem likely that not all particles entering the collision region 
would come nearly to rest and fall toward the Sun but rather that some of 
them, after suffering collisions, would leave the region, as it were, prematurely. 
Such of these particles as possessed sufficient energy would describe hyperbolic 
paths around the Sun. The B and C particles can be interpreted as such 
particles which have been deflected around the Sun and strike the Earth when 
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it is on the forward side of the Sun and from a direction toward the inside of 
its orbit. B and C particles could be divided into two classes: those moving in 
the plane of the Earth’s orbit, and those moving in all other planes containing 
the Sun. However, all those in the first class will cross the Earth’s orbit 
somewhere and are, therefore, observable, while particles in the second class 
strike the Earth only under quite particular conditions. Accordingly, the B 
and C vectors will be treated as being in the plane of the Earth’s orbit. 

The directions of the B and C vectors shown in Fig. 4 are influenced by the 
motion of the Earth. It might reasonably be assumed, in agreement with the 
explanation of the B and C effects as suggested above, that B and C directions 
as seen from the Sun would be symmetrically located with respect to the axis 
of the Sun’s motion. The removal of the influence of the Earth’s movement 
can proceed on that assumption. 

The problem is to convert B and C vectors as seen on the Earth to B’ and 
C’ vectors as seen from the Sun in such a way that all the resulting B’ and C’ 
vectors will form a symmetrical array about the Sun’s direction of motion. 
This can be done by selecting vectors in pairs for symmetrically located 
positions as shown for positions 13 and 20 in Fig. 6. The two vector triangles 
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Fic. 6. The construction of vector triangles used to derive values for the speeds of the B and C 
particles. They are based on the vector equations B = B’— Vo and C = C’— Vowhere Vo is 
the Earth’s orbital velocity. 


are constructed to the same scale, with the Earth’s orbital velocity represented 
by Vo. Vectors B’ and C’ were required to have the same magnitude and the 
same angles marked a. This condition along with the known B and C directions 
and the known direction and magnitude of V9 determines the B’ and C’ vectors 
uniquely. Repeating this procedure for all the positions of the Earth at which 
B and C effects were observed produces the results shown in Fig. 7. Here the 
B’ and C’ speeds determined from the procedure just described are stated 
in units of 104 meters per second. It would seem to be significant that these 
speeds are all greater than the speeds of A particles and further that the 
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A 





Fic. 7. This figure provides magnitudes and directions of the velocities of all the A, B, and 
C particles as they would be seen from the Sun. Magnitudes are given in units of 10‘ meters 
per second. The effect of the Earth’s movement has been removed using procedures described 
in the text. 


higher speeds belong to particles which appear to have passed closest to the 
Sun; both of these facts support the explanation presented. 

Probably the safest statement that can be made regarding the B and C 
features is that they are not inconsistent with particles from the collision 
region being observed on the opposite side of the Earth’s orbit. 


4. Analysis of the F Vectors 

The two features of the scintillation measurements remaining to be 
discussed are the E and F vectors, which are shown, as seen from the moving 
Earth, in Fig. 8. The F vectors strike the Earth on the outer side of its orbital 
circle and point in the general direction of the previously established axis of 
symmetry. They will be considered to represent interstellar particles moving 
in their original direction of approach toward the Sun. These particles will 
arrive at the Earth with a total velocity, relative to the Sun, due to three 
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Fic. 8. This shows the directions of the E and F vectors as seen from the Earth. 


separate causes. These are the particles’ initial velocity with respect to the 
Sun, their velocity resulting from the Sun’s gravity, and that resulting from 
the Earth’s gravity. Assuming (according to Hoyle and Lyttleton) an initial 
velocity of 2X10‘ meters per second, and calculating the other values in the 
usual way, the total velocity will be 


Ve = (2?+17.8?+ 1.22)? 104 = 4.7104 m./sec. 


Using this value, and knowing the Earth’s orbital speed (3.010! m./sec.), 
it is possible to convert the F vectors as seen from the Earth to F’ vectors 
as seen from the Sun. This process of removing the effect of the Earth’s motion 
is shown in Fig. 9. It might have been expected, as the result of a first con- 
sideration, that the directions of arrival of these particles as given by the F’ 
vectors would have been parallel to the axis of symmetry. However, this is 
not necessarily the case, because the axis of symmetry was set up only as a 
line in the Earth’s orbital plane, which itself may be inclined at an angle to 
the direction of motion of the F particles toward the Sun. Further, F vector 
directions are derived from local solar times taken with reference to the 
Earth’s equatorial plane, which makes an angle of 23 degrees with the orbital 
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Fic. 9. To assist in the analysis of the F effect, vector triangles have been constructed to 
remove the influence of the Earth’s motion. The F vectors are as seen from the Earth and 
the F’ vectors as seen from the Sun. The constructions were based on the known orbital 
velocity of the Earth and a value for the particles’ speed relative to the Sun of 4.7 X10‘ meters 
per second. 


plane. In addition to these purely geometric factors, the magnetic field of 
the Earth may contribute to the position of the F vectors. An analysis of this 
last aspect of the problem will not be attempted here. 


5. Analysts of the E Vectors 

The directions of arrival of E particles as seen from the Earth are shown 
in Fig. 8. A comparison of Figs. 4 and 8 shows that A and E vectors appear at 
the same dates except that the E effect is also present at positions 20 and 21. 
This situation can be shown to be consistent in a general way with the idea 
that the £ effect is the result of the accretion of A particles by the gravitational 
field of the Earth. This is the same type of process which is being suggested 
as the explanation of the scintillation measurements in general. This idea 
concerning the E vectors can be subjected to two simple tests; the first involves 
the observed E directions and the second considers the relative prominence 
of the E effect on either side of the previously derived axis of symmetry. 

The principal direction of reference for the accretion of A particles is the 
A direction as seen by an observer on the moving Earth. If A particles, as 
well asestriking the Earth on the forward side, are also deflected around the 
Earth to form a collision region, particles (£ particles) from this region would 
fall on the back side of the Earth. This idea is depicted in Fig. 10. The relative 
direction of A and £ particles is determined by the fact that this accretion 
process occurs in the gravitational field of the Sun. Since A particles would have 
speeds greater than £ particles, the situation shown in Fig. 10 would result. 
It may be concluded that A and E£ directions would be related as shown in the 
lower right corner of Fig. 10. Returning to Figs. 4 and 8 to apply this test, it 
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Fic. 10. This figure depicts the idea that E particles are A particles which are accreted by 
the Earth. The effect of the Sun's gravitational field on this process would be to cause A and 
E vectors to have the relative directions shown in the lower right corner. 


is found that for all positions of the Earth with the single exception of number 2, 
A and E vectors possess directions which are so related. 

Information regarding the relative prominence of the E effect at different 
positions of the Earth on its orbit is given in Fig. 11. Local solar time of 
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Fic. 11. The local solar time of maximum occurrence of the scintillations called the E effect 
is here plotted against position of the Earth on its orbit. There is an obvious displacement to 
the left from the previously established axis of symmetry, of both the graph as a whole and 
the position of the most prominent E effect. 


maximum occurrence of scintillations is plotted against position of the Earth. 
The crosses denote the plotted points, and the height of the line above each 
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point is proportional to the prominence of the scintillation maximum concerned. 
Even without an explanation for the shape of this graph, it can be noted that 
the graph as a whole and the position of the most prominent E£ effect are both 
shifted noticeably to the left of the axis of symmetry. This may be considered 
to be a consequence of the explanation of the E vectors as suggested above. 
Figure 12 will be helpful at this point. The amount of matter accreted by the 
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Fic. 12. This figure assists in a possible explanation of the asymmetry of the E effect. A 


small tangential component of motion of particles from the collision region would result in 
more £ particles being accreted by the Earth in the second position shown than in the first. 





Earth, and hence the observability of the effect, is inversely proportional to 
the third power of the relative velocity of the Earth and the particles concerned. 
Accordingly, the asymmetry of the £ effect depicted in Fig. 11 could be due 
to a small difference in this relative velocity on the two sides of the axis of 
symmetry. In Fig. 12 the A particles falling from the collision region toward 
the Sun are assumed to possess, in addition to this radial motion, a small 
component of tangential motion. This could be due to interstellar particles 
entering the collision region and providing their greatest transfer of momentum 
to particles already in the region, only after having lost some of their original 
energy, possibly by atomic excitation processes, and having travelled more than 
half way around the Sun. In this situation, then, the Earth would accrete 
more £ particles in the second position shown in Fig. 12 than in the first 
position. This may account for the asymmetry of the E effect as shown in 
Fig. 11. 








HARROWER: RADIO STAR SCINTILLATIONS. II 535 
CONCLUSION 


It would appear that the daily and annual variations of scintillations of 
the radio source in Cassiopeia, observed at Ottawa during 1954, can be 
accounted for as resulting from the accretion of interstellar particles by the 
gravitational field of the Sun. The analysis performed has attempted to explain 
five distinct features found in the scintillation measurements. These included 
the F particles arriving directly from interstellar space and intercepted by 
the Earth when it is on the forward side of the Sun, the A particles coming 
from the collision region behind the Sun, B and C particles which come from 
the collision region and are observed after they have crossed the Earth’s 
orbit, and finally E particles, believed to be A particles accreted by the Earth. 
The known movement of the Earth provided a means of deriving velocities 
of certain of these particles and, in addition, enabled an estimate to be made 
of the location of the collision region. 

The kind of particles arriving at the Earth from interstellar space, their 
numbers, and the effects they produce in the upper ionosphere to cause 
scintillations of radio stars will be considered in a future publication. It will 
also be possible, on the basis of the information available from some of the 
foregoing analysis, to calculate the radiant of these particles in the sky, and 
subsequently to describe their motion with respect to our Galaxy. 
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THE FRACTURE ZONES OF OROGENESIS'! 


R. O. A. ROBINSON 
ABSTRACT 

A brief discussion of existing theories of orogenesis leads on to a consideration 
of the mode of propagation of a series of primary arcs. One such series cousti- 
tutes a system, and it is suggested that the great orogenetic belts are best 
understood in terms of subdivisions into such systems. Explanations are given 
of the secondary structures and of the observed features at junctions between 
pairs of arcs and between pairs of systems. Among the latter the most notable 
are extensive, shallow transcurrent faults. In the past these have been analyzed 
in terms of states of stress persisting over long periods of time. It is suggested 
that this is incorrect and that they result from splay-faulting during the formation 
of the junction. It is shown that their character and strike are entirely deter- 
mined by the relative age of the arcs forming the junction. Since echelon struc- 
ture represents simply a series of such small transcurrent faults, it follows that 
it reveals completely the order of growth (through time) of a given primary 
arc. The resulting conclusions are in good agreement with the known geology, 
and it is felt that the methods derived will help to clarify considerably the 
orogenetic development of systems only imperfectly mapped to date. Reversed 
arcs are thought to occur only at junctions between two systems as distinct from 
junctions between two primary arcs of the same system. 


1. THEORIES OF OROGENESIS 

Theories of orogenesis are constructed for two main purposes: (i) to explain 
the physical patterns of present and past mountain-building as observed 
on the surface of the earth, and (ii) to elucidate the development through time 
of the orogenetic process. These two aspects of the general problem are clearly 
not unrelated: if a given theory is to be successful, it must establish cogent 
relations between them. The aim of this paper is to derive from a study of 
the first aspect some information regarding the second and to indicate ways 
in which further information might be sought. 

The limitation of theories of orogenesis to two main purposes can be objected 
to on the grounds that the orogenetic process is closely related also to such 
problems as the geochemistry of the earth’s crust—and particularly of con- 
tinental regions—and to the interpretation of gravity measurements. This 
is admittedly so; but it is felt that since geochemistry and gravity measure- 
ments are already extensive fields in their own right, the present limitation 
may—at least temporarily-be a convenient and useful one. 

The physical patterns of the earth’s land surfaces have attracted attention 
for many years and led to a variety of theories. The most notable feature of 
these theories has been their gradual shift of emphasis from what might be 
called continental lay-out to the study of the process of mountain-building; 
the vast differences in age and composition displayed by continental rocks 
and the striking events associated with continued seismicity and volcanism- 
to mention only a few causes—-led to the abandonment of the idea of a per- 
manent and therefore uniformly old continental structure. The problem 
now is to explain continental structure and composition in terms of continental 


growth, i.e. orogenesis. 
‘Manuscript received December 27, 1956. 

Contribution from the Department of Mathematics, University of Toronto, Toronto 
Ontario. 
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Patterns of mountain-building are being mapped and delineated with 
increasing success and several mechanisms have been postulated to account 
for them. One group of ideas much discussed in recent years is chiefly due to 
Jeffreys (1929) and Scheidegger and Wilson (1954). They ascribe mountain- 
building to disruption of the earth’s outer crust by fracture (i.e. faulting) 
and to distortion by folding. Fracture and folding result from certain states 
of stress which appear to follow from the hypothesis of a contracting earth. 
The former is due to catastrophic circumstances: the stresses in certain regions 
increase over periods of time until the breaking strength of the material under 
stress is reached; the result is release of elastic energy through seismicity, 
fracture, and volcanism. The latter results from the action of stresses con- 
tinuously exerted upon the continental structure. There is abundant geological 
evidence of both. 

Wilson's ideas are usually described as an extension of those of Jeffreys. 
This is true, but only in the sense that the postulated states of stress and the 
broad mechanisms of mountain-building are the same. For example, Wilson 
retains the division of the crust into three regions—upper, intermediate, and 
lower—and the states of stress postulated for each. However, the differences 
in development are sufficiently important to be emphasized. In the first 
place Jeffreys’ fractures lack pattern of any sort and appear to be confined 
to the upper region, viz. ‘‘When the stress-differences reach the strength, 
complete fracture takes place in surface rocks, and the strength is reduced 
to zero.’ There is no evidence of complete fracture or of zero strength in con- 
tinental rocks; while on the other hand it has been found possible to distinguish 
well-defined and clearly separate zones of fracture. Again, there is a suggestion 
of permanence of the granitic and sedimentary regions which sometimes 
leads to confusing statements. For example: ‘Our problem is to explain how 
the basaltic layer comes to be heated up by the requisite 100° at least to make 
it capable of rising to the surface through the granitic and sedimentary 
layers, and how, when it has done so, it manages to solidify again.”” Finally, 
there is little distinction made between the respective roles of faulting and 
folding. 

The hypothesis of continental growth through faulting and folding does 
not imply that the orogenetic process has been an altogether turbulent and 
random affair: it is not to be expected that any large region of the earth’s 
crust has been “completely” fractured or that fracture has taken place 
throughout regions lying below the continents. On the contrary a major result 
arrived at in recent years is that the basaltic layer shows surprising con- 
tinuity. It forms the floor of the oceans and is simply depressed by the weight 
of the continents. Its continuity is broken by certain fault zones described 
by Wilson, which are related to events taking place at greater depth. It can 
therefore be conclud&d that the basaltic layer is strong, has been strong 
for a very long time, and that its breaking strength has only been reached 
in the past as a result of added stress arising from seismic activity below. 
The basaltic laver must have solidified at an early stage. Further, since it 
shows little puckering and less instability, then if the earth has contracted, 
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its plasticity must have remained considerable over a long period of time. 
An important consequence of this is that estimates of the earth’s contraction 
based upon measurements of folding in continental regions become meaning- 
less: continental structures are both too young and too temporary; the strain 
resulting from contraction has been taken by the basaltic layer. 

The basaltic layer thus appears to provide a convenient historical outer 
casing for the earth. Wilson has focused attention on the fracture zones 
that penetrate it and has suggested that continental matter rose to the surface 
through them and spread out through erosion and deposition to form the 
known geographical types of structure. The downward pressure exerted by 
these structures could then help to bring about further fracture at depth, 
notably below continental shelves where the sudden down-dip of the basaltic 
layer takes place. The primary structures of orogenesis thus overlie the 
fracture zones. Subsequent folding as a result of stresses continuously applied 
leads to certain secondary structures. 

The broad geochemical problem posed by this approach has the virtue of 
being clearly stated, and it appears that a solution can be found. Wilson has 
shown that the present rate of volcanism would have been sufficient to form 
the continents. It can be added that from the standpoint of energy the present 
rate of release of energy through seismicity would also have been sufficient. 
Gutenberg and Richter (1949) have estimated the rate of energy release from 
shallow earthquakes alone to be 9X10” ergs per year. Taking the volume of 
continents to be 4.510'8 cm.* and their average density to be 3, this rate 
of energy release over a period of 3.510° years would have been sufficient to 
raise them from a depth of 2.310" km. It is not unreasonable to suppose 
that the infinitesimal proportion of seismic energy required is actually devoted 
to mountain-building. 

Wilson's is the only theory of orogenesis which provides a satisfactory 
answer to the question of the distinction between continents and oceans: 
the location of the continents is simply the result of the location of the fracture 
zones which have themselves resulted from events at depth. This implies a 
degree of inhomogeneity at depth, but it must be emphasized that the inhomo- 
geneity envisaged is local and applies to very limited regions. The continents 
could have been built from a few separated nuclei of inhomogeneity. In 
Section 2 it will be shown that one such nucleus leads to a system of fracture 
zones rather than to an isolated fracture zone; continental shelves stimulate 
fracture offshore and in the same way one such fracture may lead to a system 
of fracture zones. 

Some theories have attempted to ascribe orogenesis to flow phenomena. 
A few criticisms might be added to those already made by previous writers. 
While it is possible that such phenomena exist, their scale can hardly be very 
great in view of the present shape of the basaltic layer. For the same reason 
it is impossible that the continents were formed from the folding and puckering 
of pre-existing matter. Theories based on flow can explain only continuous 
displacement of long duration; it has not been demonstrated (and is extremely 
unlikely) that flow can give rise to fracture zones of the types observed, and 
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in particular to the prominent zones of transcurrent faulting. Finally, even 
if it is allowed that orogenesis has been affected by flow, account remains to 
be taken of the vast amounts of material that must have reached the surface 
of the earth as a result of volcanism. The conclusion appears inescapable that 
seismicity, fracture, and volcanism are the significant agents of orogenesis. 


2. MAIN FRACTURE ZONES: PRIMARY STRUCTURES 


The basaltic layer has suffered gradual, stable, and therefore essentially 
plastic deformation over a long period of time. The same is probably true 
also of the material immediately underlying it. However, this does not in 
any way contradict the hypothesis of fracture, since all materials display 
brittle behavior when suddenly stressed, and seismicity provides the required 
sudden stresses. Moreover, the yield stress is known to fall significantly under 
these conditions: highly ductile steel can be broken by moderate stresses 
suddenly applied or oscillating rapidly. It is wrong to speak of a purely ductile 
as opposed to brittle material, since these terms apply only to the situation 
of gradual loading (Timoshenko. 1942). The deep-seated fracture zones are 
assumed to start at depth and to proceed upwards under the influence of 
persistent seismic activity. In discussing the shapes of the zones the theory 
of Anderson (1952) can therefore be applied.* 

The postulated state of stress in the earth’s crust is as follows. Dividing the 
crust into upper, intermediate, and lower regions, the transverse stresses 
(og and og in spherical polar coordinates) are moderate in the upper, small 
in the intermediate, and large in the lower; the intermediate region marks 
the transition from moderate pressure above to large tension below. Consider- 
ing the earth in first approximation to be spherically symmetrical, the two 
transverse stresses are equal. The third principal stress is a vertical pressure 
which increases steadily with depth; its magnitude is comparable with that 
of the transverse stresses only in the intermediate region. The upper region 
is marked by epicenters of shallow earthquakes especially numerous below a 
depth of 40 km. and extends down to approximately 70 km.; the intermediate 
region is marked by the absence of earthquake epicenters and proceeds from 
70 km. to 80km.; the lower region is marked by epicenters of deep-focus 
earthquakes particularly numerous between the depths of 80 km. and 200 km., 
and extends down to 700 km. Depths are measured from sea-level. The con- 
traction hypothesis leads to a state of stress of the type postulated. 

These subdivisions of the crust refer only to earthquakes of recent date: 
it is not to be expected that the measurements quoted have remained un- 
altered throughout the orogenetic process. The contraction hypothesis leads 
to the further result that, since the earth has cooled and contracted inwards, 
the boundaries between regions have lowered significantly and continue to 
do so: old mountains were formed from activity at smaller depth (and in 
different parts of the earth’s surface). Wilson has found some support for 


*Anderson’s theory establishes the geometrical identification of the main types of fault: 
angle of dip, nature of strike, etc. None of his conclusions is altered by the more compre- 
hensive theory of brittle fracture due to Mohr (1928) and discussed at length by Timoshenko. 
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this in his study of the older mountain systems of North America. The regions 
defined here refer to present orogenesis. 

Given the state of stress indicated, theory predicts normal faulting in the 
lower region and thrust faulting in the upper. Since the two transverse stresses 
are everywhere approximately equal, the resulting faults will be approximately 
conical in shape, giving rise to nearly circular formations at the surface. 
Indeed Anderson (1952, p. 15) anticipated this result: “It might happen, for 
instance, that while there was a general increase of horizontal pressure, the 
amount was the same across every vertical plane. Thrusting might then 
develop along faces in an indefinite number of directions, all of which were 
tangential to a certain cone. A similar possibility exists with regard to normal 
faults. These facts must be borne in mind, but at the present stage of investi- 
gation they are not of special importance, as no such systems of faulting have 
yet been recognized.”’ In the lower region there is the added possibility of 
tensile fracture. Tensile fracture on a plane subjected to uniform stresses at 
infinity takes place along a straight line; the spherical analogue of the straight 
line being a great circle, tensile fracture will tend to guide an orogenetic 
system along a great circle. The evidence suggests that tensile fracture and 
normal faulting occur jointly at depth. 

Stress conditions at the edges of incomplete fractures (i.e. fractures which 
do not lead to breakage of the material into two separate parts) can be in- 
ferred from work done by Inglis (1913). Even in cases where the stresses 
applied at a great distance off are small, the sharp discontinuities at the 
edges give rise to large stresses in their neighborhood:* a fracture tends to 
propagate itself. The fractures under consideration are of course to be thought 
of as zones of fracture rather than neat fractures having sharply defined 
edges. Nevertheless the same tendencies will remain at the extremities of 
fracture zones and can be used to explain several features. Recurrent move- 
ment has been observed along old transcurrent fault zones as a result of 
shallow seismic activity; it is clear that shallow earthquakes may be them- 
selves stimulated by surface transcurrent faults. Deep and shallow earth- 
quakes occur along the same conical zones; the shallow earthquakes may 
therefore be stimulated by the deeper during the formation of the zones, or 
vice versa. Benioff’s (1949) suggestion that there is ‘‘no effective mechanical 
coupling”’ between the upper and lower regions can hardly be correct. 

The development of one type of orogenetic system can therefore be visualized 
as follows. Deep-seated activity gives rise to normal and tensile fault zones. 
The former propagate to the surface under the influence of persistent deep 
activity as well as stimulated shallow activity. Two tensile zones spread out 
in opposite directions from the original disturbed region and along the same 
great circle. The tensile zones lead to disturbance at their ends, and this new 
disturbance leads to new deep-seated activity and therefore new normal 
zones. The tensile zones extend further, giving rise in this way to a series of 
related primary arcs. The original center of disturbance must lie in a region 


*Theoretically the stresses at the edges are always infinite. 














ROBINSON: OROGENESIS 541 


of inhomogeneity.* One conical fault zone may give rise to a series of arcs 
in a different but less likely way: the large stresses occurring at its fault-face 
during its extension upwards could lead to fracture at a distance not too 
far away and thus to the development of two new zones, one on either side. 
Later the new zones could give rise to others spreading outwards as before. 
Primary arcs formed in this way would be short. The Yukon arc may be 
representative of this type. 

Unfortunately since tensile fractures at depth would give rise to no visible 
distortion at the surface, evidence of their existence is unobtainable. However 
their effect on any given primary arc can be roughly estimated: the arcs 
most influenced by tensile fracture are built by an elongated pattern of 
seismic activity and therefore deviate most from a circular shape. The best 
examples are the system extending north from New Zealand and that ex- 
tending south from Bolivia to the Straits of Magellan. 

The down-dip of the basaltic layer (see Fig. 1) under the weight of a growing 
continent leads to significant additional stress: the amount of down-dip 
exceeds 25 km., which is a third of the thickness of the upper region. 


Continent 





Basalt 


Fic. 1. Down-dip of basaltic layer. 


The complete mathematical solution of the idealized case is given and 
discussed by Jeffreys (1929, Chap. X, “‘The Bending of the Earth’s Crust 
by the Weight of Mountains’). In the region A underlying the continent 
there is an addition of moderate vertical pressure and smaller transverse 
tension. Since the pre-existing state of stress at this depth has been supposed 
to be one of smali vertical pressure and moderate transverse pressure, it 
seems likely that the effect of the continent is to bring the three principal 
pressures more nearly into equality, thus leading to an increase and not a 
decrease in stability. Off the continental shelves at B the vertical pressure 
remains unaffected but the transverse pressures are obviously increased. In- 
stability is therefore to be expected at the shelves rather than under the 
continents. In the absence of more detailed estimates of the stresses it is 
impossible to exclude altogether the likelihood of fracture at A. However, 
it might be claimed that fracture zones originating there would be unlikely 
to penetrate ultimately the continental cover. 

On the other hand it can be stated definitely that a tendency to fracture 
will arise at the points B, where the additional transverse pressures represent 


*Regions of inhomogeneity at smaller depth would have contributed to previous ages of 
mountain-building and so need not be considered. 
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the cumulative effect of the sideways displacement of matter from below the 
continent. The development of an orogenetic system could then begin with 
shallow seismic activity at B, leading to an embryonic conical fracture zone 
in the neighborhood. One such zone or a succession of zones off the shelf 
would lead to a system of arcs. Significant downward extension of the cones 
being unlikely, tensile fractures at depth would be irregular and only very 
poorly developed and deep-seated activity rare. The general direction of the 
system is therefore largely determined by that of the pre-existing coastline. 
The distinguishing feature of a series of primary arcs built in this way ought 
therefore to be the deviation of its direction from that of any great circle and 
the relative absence of deep-seated activity. The arcs of the Aleutian and 
Kuril Islands appear to be representative of this type; so do the Persian arc 
and those of the Western Mediterranean. 

The developed portions of conical fracture zones initiated at the points 
B should lie entirely offshore. There are two reasons for this. First the con- 
tinental cover is more difficult to penetrate, and secondly the gravitational 
attraction of the continental cover has the effect of tilting inland the vertical 
axis of principal stress: this axis being also the axis of the cone of fracture, 
the distance to be completed for fracture offshore thus becomes significantly 
less than that to be completed for fracture inland. The tilt of the axis of the 
cone would give primary arcs a mildly elliptical shape and this explains why 
their centers often appear to lie very tar inland. 

The developed portions of all the conical fracture zones of any one orogenetic 
system, however initiated, must all lie largely on the same side of the line of 
centers. In the case of offshore fracture this follows immediately from the 
argument of the preceding paragraph. In other cases it follows from the in- 
fluence exerted on any given zone by that zone which immediately precedes 
it in the series. 

Three causes of the development of the primary structures have been 
given. These are: (1) the propagation of disturbance from a nucleus of inhomo- 
geneity, guided in opposite directions (and along the same great circle) by 
tensile fracture at depth; (ii) stimulation by (shallow) activity within the 
fault-face of a previously developed neighboring zone; (iii) offshore fracture 
induced by a continental shelf. The second is the least powerful of all. The 
first and third lead to systems of arcs rather than to isolated phenomena: 
it is to be expected that the second influence becomes most apparent towards 
the ends of such systems or at their junctions with others. It is suggested 
that orogenetic belts can best be understood in terms of a subdivision into 
such systems. 

Since very few known arcs are sufficiently isolated to have resulted from 
one influence only, examples must be regarded with some amount of caution. 
However it appears possible to subdivide the East Asian — Cordilleran belt 
into four systems. It was suggested earlier that the arcs proceeding south from 
Bolivia resulted from influence (i). The requisite nucleus must clearly lie 
beneath the very large and older North Andes arc. The system is terminated 
at both ends by reversed arcs. It was also suggested earlier that the arcs of 
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the Aleutian and Kuril Islands resulted from offshore fracture: their centers 
all lie within admissible continental shelves. Fortunately these two systems 
divide the belt as a whole rather conveniently: we are left with the North 
and Central American system of arcs and a fourth system extending south- 
wards from Japan and terminating on the South Eurasian — Melanesian belt 
just south of the Philippine Islands. 

The absence of deep-focus earthquakes from the Japanese arc (except in 
central Japan) and from the are of the Ryukyu Islands leaves little doubt 
that these also were built by offshore fracture. The Fossa Magna (in central 
Japan) and the Bonin Islands must therefore be the result of powerful seismic 
activity of more recent origin; the Mariana system must represent disruption 
of the Japanese arc after its main outlines were determined. This view is 
well supported by the fact that the region of deep earthquakes crosses Japan 
at the Fossa Magna and proceeds along the Mariana system. An attempt at 
explaining the growth of the Mariana system will be made in the next section. 
With this exception it appears that all the major arcs from Alaska to the 
Philippines were built by offshore fracture. 

The great masses of sediments that have been upfolded to form the second- 
ary ranges of the North American system make it certain that the British 
Columbia and United States arcs were formed by fracture induced by pre- 
existing continental shelves in western North America. The short length of 
the Yukon arc and the attenuation of the system southwards through Central 
America suggest influence (ii) at the extremities. Accordingly the United 
States and British Columbia arcs must be the oldest portions of the system. 
The northern end of the system in Alaska is marked by a distinct change in 
direction of the orogenetic belt as a whole as it proceeds towards Japan. 
The most prominent feature towards the south is the (sinistral) transcurrent 
fault zone extending from southern Yucatan through the Greater Antilles 
of the Caribbean. It is suggested that the more southerly portion of Central 
America is the youngest formation of the system and has suffered significant 
northeastward displacement along the Yucatan fault zone. 


3. JUNCTIONS, ECHELON STRUCTURE, AND SECONDARY STRUCTURES 

The work of Inglis (1913) quoted earlier makes it inevitable that during 
the formation of a junction—whether of two arcs or of two systems—consider- 
able local activity may arise. The formation of the junction will thus in 
general be hastened, but new structures will in some sense characterize the 
junction formed. Wilson has listed all observed examples and offered explana- 
tions for them. However, it is felt that the explanations so far offered (e.g. 
Scheidegger 1953) do not sufficiently relate any given junction-type to the 
structures with which it is associated. This appears to result from the fact 
that the suggested explanations are broadly speaking imprecise and conse- 
quently rather difficult to visualize. In what follows an attempt is made to 
relate junction-types to the ages and shapes of the arcs comprising them. 
With the aid of simple explanations rules are derived concerning the proper- 
ties of respective primary arcs. Similar procedures are adopted with regard 
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to secondary structures unconnected with junctions. Already in the previous 
section suggestions have been made regarding subdivisions of the East Asian — 
Cordilleran Belt and the relative ages of certain primary arcs. To facilitate 
comparison the conclusions of this section concerning the same orogenetic 
belt will be stated as the argument proceeds. Other belts and systems will be 
discussed in Section 4. 

Nothing has yet been said regarding the relief of stress in fault zones: 
orogenetic systems are truly extensive, but they nevertheless come to an 
end. Some relief is achieved by upwards extension to the surface and by 
junction at the edges. But the major source of relief must be the influx of new 
material. Ocean deeps rely largely on the available sediments, while primary 
arcs receive molten material rising from below. The latter material soon 
solidifies and thus has a wedging effect on the arc as a whole. The scarcity of 
earthquakes at a depth of 30 km. or less underneath the older primary arcs 
suggests that in time their roots are well secured in and below the basaltic 
layer. Volcanoes then provide convenient channels for the outflow of fresh 
material rising from greater depth, while the upper structure as a whole 
becomes increasingly stable. Stability is thus a measure of age, and con- 
versely. 

A securely wedged structure possesses a physical property of great 
importance: since ideally it cannot be displaced, it follows that external stresses 
applied on one side of it are not transmitted to the other. 


(1) Simple Junctions 

By a “‘simple junction” is meant a completed junction between two primary 
arcs which differ significantly in age (at least in the vicinity of the junction). 
What happens in such cases is well known: the younger zone simply joins 
the older and does not traverse it. The junction may be either the starting- 
point or the end-point of the younger zone. In either event the older is not 
traversed. Examples of this are the linkages of Kamchatka and Sakhalin, and 
these must therefore be older formations than the western Aleutian Islands 
and southern Kuril Islands respectively. The junction of the two great belts 
just south of the Philippines appears also to be of this type, suggesting that 
the South Eurasian — Melanesian belt is the older in that region. 


(11) Secondary Arcs 

When the primary arcs are sufficiently wedged into place, they act as a 
barrier against which pre-existing sediment is upfolded to form secondary 
arcs. Those facing the Asiatic primary arcs are as yet undeveloped owing 
to the absence of sediment, suggesting that the formations of North America 
are on the whole older structures. 

Two general cases are to be distinguished. The first occurs when the junction 
of the primary arcs is only just completed if at all. Under such circumstances 
the two primary arcs concerned either must have been both built towards 
the junction or must differ significantly in age. The pattern of folding to be 
expected is shown in Fig. 2: a noticeable increase in height near the junction 
should result from the increased strain in that vicinity; the smaller the 
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angle a, the sharper the discontinuity, and therefore the greater the increase 
in height. Small values of a correspond to capped deflections while larger values 
correspond to common deflections. If the respective primary arcs differ 
significantly in age, it is possible that the secondary arcs will face the older 
rather squarely at the junction and be higher towards that side. Since up- 
folding is itself rather a slow process, however, this effect is unlikely to be 
very marked. Indeed it appears that nothing very definite can be said in this 
case (mainly because of the trivial possibility that both were built towards 
the junction). In all examples examined it is easy to find an alternative which 
agrees with conclusions arrived at on other grounds, e.g. a difference in age 
between the arcs meeting at the Alaska Cap Range has already been suggested. 

The second general case of secondary arc formation occurs when both 
arcs proceed beyond this junction. (It is easy to imagine portions of both 
built simultaneously, especially under conditions of offshore fracture.) Over- 
lapping gives rise to lineaments. When fully developed these exert a clamping 
effect on the region A (of Fig. 3) so that the secondary arc is developed at 
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Fic. 3. Lineaments. 


its outer boundary and curves to face the junction. The pressures which pro- 
duce the secondary range may press the lineaments outwards towards the 
dotted lines during their growth to stability. The secondary arc should there- 
fore be poorly developed near its ends. The portion immediately opposite 
the junction should of course be highest. Smaller secondary ranges (e.g. 
Churchill Pk.) may arise in the positions B and C. The irregularities observed 
in connection with the precise locations of secondary ranges are not serious 
enough to warrant individual investigation. They may to a certain extent 
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result from incomplete mapping (especially as regards the length of the 
Texas lineament). 

This interpretation implies that lineaments should possess the same geolo- 
gical features as primary arcs, and is therefore readily open to confirmation 
or otherwise. Available evidence is unfortunately insufficient. Ransome 
(1915) has noted transcurrent movement along the two most southerly 
lineaments of North America. Since movement at right angles is inhibited, 
such transcurrent movement is to be expected. However, it is doubtful that 
lineaments owe their origin to transcurrent faults; they are at once too high 
and too continuous. These features become particularly striking when the 
Texas lineament is compared with the (transcurrent) San Andreas fault which 
springs from the same junction. Moreover, from purely geometrical considera- 
tions the two structures cannot represent complementary faults (in the sense 
of Anderson). Hence if our interpretation proves to be incorrect lineaments 
must be related to the advance of the pre-existing coastline and in a manner 
not yet understood. 

An earlier statement in parenthesis suggests a relatively small difference 
in age between two primary arcs which form lineaments. The North American 
arcs in question are the Yukon, British Columbia, United States, and Mexican 
arcs (the first and last of which form lineaments only at one end). Our present 
conclusion supplements the suggestions made in Section 2 that the system 
is closed north and south and began its growth along the British Columbia 
and United States arcs. 

(177) Transcurrent Faulting 

Next to primary arcs and ocean deeps the most prominent features of 
orogenetic systems are extensive zones of transcurrent faulting springing 
from junctions of pairs of primary arcs. These zones proceed downwards from 
the surface and are associated with shallow shocks. 

Comparison of orogenetic systems at different stages of development suggests 
that they appear soon after the establishment of the primary structures and 
subsequently suffer great extension; that during the formation of the secondary 
structures they become overlain by sediments, while their extremities remain 
visible far into the hinterland; and that after long erosion they become once 
again clearly visible. Examples of these three respective stages are Melanesia, 
the Alps, and the Canadian Shield. It is proposed that grabens belong to this 
class of transcurrent fault. On the convex side the zones appear to end in 
simple junctions with the ophiolitic outer arcs or with ocean deeps. 

The following explanation is proposed. Seismic activity within a growing 
primary fault-zone leads to sudden large pressures applied against the fault- 
faces in opposite directions as indicated in Fig. 4. These pressures tend to 
cause extension of the zone outwards from its two ends, and in this way create 
regions of large tension in their vicinity.* 
~ *This is easily verified mathematically in the case where the zone is treated as a straight 
line. The theoretical tension is of course infinite at the ends. The extent of the regions of 


tension depends on the magnitude of the applied pressure. However the degree of dependence 
is unimportant since the transcurrent zone will extend itself—and without reversal of character. 
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The transverse pressures normally existing at the surface exceed the ver- 
tical pressures. Superposition of large tension in one horizontal direction 
therefore makes the vertical pressure the intermediate one and transcurrent 
faulting results. Thus transcurrent faults are splay faults arising from the 
ends of primary zones. Splay faulting has often been observed by geologists: 
it is not surprising that the most prominent subsidiary fractures of orogenesis 
should arise in this way. 

There are always two complementary directions of transcurrent faulting 
both inclined at angles lying between 45° and 90° to the direction of tension. 
These are illustrated in Fig. 5, where two adjoining primary structures A and 
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Fic. 5. Sinistral and dextral alternatives. 


B are shown. In one case the character of the fault is dextral, in the other 
sinistral. Let us suppose that A is the older. If so, strike across its medianland 
being the more inhibited, the sinistral movement shown in (i) takes place. 
Conversely if B is the older the dextral movement shown in (ii) takes place. 
Note that in either case, if the system is viewed from the concave side, the 
younger arc is displaced to lie behind the older and with slight overlapping. 
To summarize: 

(a) The transcurrent fault strikes across the medianland of the younger 

are. 

(6) The younger arc is displaced to lie behind the older. 

If the first of these two statements is regarded as an assumption, then 
since the second follows from it, it can be used as a check, viz. the fault should 
be found to traverse the medianland of that are which is displaced backwards 
at the junction. 

Further checks are provided by the following two statements, which are 
clearly equivalent to (b) above: 

(c) If the transcurrent fault is sinistral the arc to the left is the older. 

(d) If the transcurrent fault is dextral the arc to the right is the older. 


“Right” and “‘left’’ are as observed from the concave side. 
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In older mountains the backwards displacement is not clearly visible. 
In many cases too the transcurrent fault zone is visible only at a great distance 
in the hinterland. In such cases the relative ages of the primary arcs forming 
the junction can be determined merely from the character of the transcurrent 
faulting (i.e. whether dextral or sinistral) with the help of (c) and (d) above. 

The San Andreas fault is dextral and strikes across the medianland of the 
Mexican arc. In addition the Mexican arc is pushed noticeably backwards 
relative to the United States arc. It follows from (0) and (d) that the United 
States arc is the older, while (a) clearly holds. A parallel fault reported by 
Buckham (1947) to occur at the junction of the British Columbia and United 
States arcs indicates similarly that the former is the older. In the past the 
tendency has been to analyze systems of transcurrent faulting in terms of states 
of stress persisting over long periods of time. Instead it is suggested that they 
must be understood in terms of orogenetic development at relatively early 
stages. The fault systems of Scotland are a case in point. An excellent map 
is provided by Anderson (1952, p. 42). The Uplands, Highland Boundary, 
and Great Glen faults are all sinistral and all strike roughly northeast. A 
similar fault probably once existed at the boundary with England and is 
now heavily overlain. From this it follows that England is the older of the 
two structures and that Scotland developed northward. The Moine thrust, 
if it is indeed a thrust fault, must mark the northern end of the associated 
primary arc. On the other hand, if it is another transcurrent fault, as its 
strike suggests, then the northern end of the primary arc occurs in the Outer 
Hebrides. The latter view is supported by the continuance, from Skye across 
the Outer Hebrides, of minor transcurrent faulting which undoubtedly rep- 
resents echelon structure (see below). Scotland, together with the remainder 
of the British Isles, seems to derive from offshore fracture by the continental 
shelf of Western Europe. Further examples are to be given later. 

Transcurrent faulting requires that the vertical be the intermediate pressure. 
Since the regions of tension relieve the transverse pressure in only one of two 
principal directions, and since the vertical pressure increases with depth, 
it follows that the conditions for transcurrent faulting are most favorable 
at the surface. As a result the zones extend downwards and cannot be re- 
garded as surface expressions of displacements taking place at depth: a depth 
is definable beyond which the present possibility ceases to exist. On the 
other hand, as depth is attained, transcurrent faulting becomes increasingly 
likely towards the central portion of the curved fault zones (see Fig. 6). The 
stresses normally existing at depth are large transverse tensions and a moder- 
ate vertical pressure. Superposition of large pressure in one horizontal principal 
direction can thus make the vertical the intermediate stress. It is suggested 
that the Fossa Magna and the Bonin Islands owe their origin to such a trans- 
current fault, which traverses the Japanese arc. Influence (ii) of Section 1 
then led to extension towards the Mariana, Palau, and Yap Islands, along 
each of which curvature is more pronounced and ocean deeps well developed. 
It is possible to imagine that the deep zone was deflected by the Asian main- 
land to branch northeastward from Vladivostok. The southeastward deflec- 
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tion of the ocean deep associated with Northern Japan can be similarly 
understood. 

The rules given for shallow transcurrent faults can clearly also be derived 
for deep ones, the only change being that in the latter case the two segments 
into which the primary structure is divided now take the place of the two 
arcs forming the junction in the former case. The strike of the Bonin Islands, 
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Fic. 6. Transcurrent faulting at depth. 


the dextral nature of the Fossa Magna fault, and the slight outward dis- 
placement of Northern relative to Southern Japan thus all confirm that 
Southern Japan is the older of the two formations. 

Finally, it now appears that deep earthquakes occur in association not only 
with normal faults, but also with tensile fractures and transcurrent faults. 
The first group are of greatest immediate importance for orogenesis. Neverthe- 
less the other two almost certainly exist in the vicinity of the earthquake 
foci. 

(iv) Echelon Structure 

Shallow transcurrent faulting of the type discussed above takes place 
during the development of primary arcs. As a result detailed investigation 
reveals series of smaller segments each lying slightly behind the one previously 
built. Echelon structure is therefore fully explained and application of our 
rules yields complete information regarding the order of growth of the various 
segments. A glance at the map arrived at by Tokuda (1926) and quoted by 
Wilson (1954, p. 178, Fig. 15) reveals the following. The Kuril Islands arc 
was built southward from Kamchatka as well as northward from Hokkaido. 
(The central portion is as yet relatively undeveloped.) This establishes that 
Sakhalin and Kamchatka are relatively old members of the belt and that the 
former is definitely a simple junction. Since the Kuril arc has grown northward 
from Northern Japan, the axis of deep-focus activity branching northeastward 
from Vladivostok cannot possibly be an extension of it. Northern Japan grew 
northward. The Ryukyu are grew southward from Korea and Southern Japan 
and northward from Taiwan; again, the central portion is relatively un- 
developed. The whole Taiwan—Luzon arc grew southward from Taiwan. 
Unfortunately information is unavailable regarding the echelon structure 
of the Aleutian are and of Southern Japan. 

The growth of the East Asian arcs must accordingly have proceeded some- 
what as follows. The earliest formations were Kamchatka, Sakhalin and 
Hokkaido, Southern Japan and Taiwan. These have subsequently been 
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linked by the Kuril, Japanese, and Ryukyu arcs, development of each arc 
proceeding from both extremities. Since the earliest formations thus played 
the role of simple junctions from the outset, shallow transcurrent faults at 
junctions did not appear. The northward extension of Japan was interrupted 
by a deep-seated transcurrent fault which gave rise to the Mariana belt, 
and which suggests that southern Japan is the oldest of the four formations 
named. The Taiwan-—Luzon arc grew entirely southward. The Aleutian arc 
might have grown northeastward from Kamchatka to join the North 
American system at the Alaska Cap Range which was probably already well 
developed. Alternatively it may have developed simultaneously from both 
ends and thus represent a link between the older formations of northwestern 
Alaska and Kamchatka. The point can be settled by reference to echelon 
structure when this becomes available in sufficient detail. 

A contradiction arises in connection with the fault zone which extends along 
the Philippine Islands (see Wilson 1954, p. 163, Fig. 9). Its sinistral character 
indicates southerly development from Luzon in accordance with rule (c); 
so does its outward displacement in accordance with (6). But it appears to 
strike across the medianland of the more northerly Taiwan-—Luzon arc in 
contradiction to (a). Further if (a) is reversed the arguments of subsection 
(iii) lead to reversal of all three of (6), (c), and (d), and the contradiction 
remains. It is therefore suggested that what is observed in the Philippines is 
not an extensive and continuous transcurrent fault but a series of small zones, 
i.e. echelon structure. Indeed a long zone of the type indicated in the map 
quoted cannot belong to the class of either deep or shallow transcurrent faults 
as described above, since it runs roughly parallel to the ocean deep. Again, 
it will be seen in the next section that the very presence of an ocean deep 
precludes the possibility that the Philippines developed primarily as a result 
of transcurrent faulting. Our suggestion appears to be the only reasonable 
one. If it is correct, then development continued southward from Luzon 
along the Philippines, and both are significantly younger formations than 
Taiwan. 


(v) Reversed Arcs 
It is suggested that these result from the mutual approach of two orogenetic 
systems (as opposed to two arcs). Suppose that A and B (see Fig. 7) represent 
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Fic. 7. Reversed arc. 
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two primary arcs belonging to two different systems and built in the direc- 
tions indicated by the arrows. Seismic activity is ultimately stimulated at 
depth approximately below the point P; and if the distance of closest approach 
is sufficiently great (say 50 miles or more) the intervening period of time 
will be sufficiently long to allow the achievement of considerable stability 
within both the zones A and B. Mountain-building that results from activity 
below P must clearly find surface expression on the far side of the arcs, since 
on the near side displacement is inhibited. Consequently a reversed arc C 
is to be expected. Persistent seismicity leads to two transcurrent fault zones 
of obvious character. The rules (c) and (d) can still be applied provided that 
“right’”’ and ‘‘left’’ are as observed from P, i.e. from the concave side of the 
reversed arc. 

The arc C is strictly a ‘‘reversed”’ arc (i.e. reversed with respect to both 
A and B) only in the case where A and B are curved in the senses shown 
in the diagram as they approach the point P. C will still arise if the curvature 
of either A or B is itself reversed. What is important is the angle of approach: 
C will develop towards the more ‘‘open”’ side, i.e. the side on which the angle 
of approach is greater than 180°. 

The West Indies arc is bordered by two (shallow) transcurrent faults of the 
sort required. The more striking one to the north probably gave rise to the 
Greater Antilles, below which there is no deep-seated activity. Subsequent 
movement appears to have taken place along a third and more central trans- 
current fault, leading to southward rotation of the island chain as a whole. 
Unfortunately this third zone is not very well identified. 

Suggestions made in Section 2 regarding the active orogenetic systems of 
North and South America are supported by the conclusions of this section. 
The British Columbia and United States were the earliest arcs of the former 
system. The West Indies reversed arc marks the collision between the two 
systems, while the South American system terminates to the south on another 
reversed arc. 

4. DEVELOPMENT OF SOME OROGENETIC SYSTEMS 


The results of the previous section hinge largely on an interpretation of 
transcurrent faults. For this reason a few remarks must be added regarding 
the topography to be expected in their vicinity. The displacements accompany- 
ing transcurrent faulting have been studied by Anderson, who arrives at the 
two following rules: (a) the material is uplifted on both sides of the fault; 
(6) the regions of maximum uplift occur at the ends of the fault and, on each 
side, towards the direction of movement. The case of sinistral faulting is 
shown in Fig. 8. The situation for dextral faulting is exactly reversed. 
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Fic. 8. Uplift accompanying transcurrent faulting. 
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Rule (a) is the more closely followed in geological examples, of which the 
best are the Greater Antilles of the Caribbean and the Bonin Islands; both 
sit astride their associated fault zones. Gradual elongation of the zones and 
the seismic activity they stimulate will have obvious subsequent effects on 
the uplifted structures. There is clearly no way in which such zones can 
lead to ocean deeps (nor, consequently, to ophiolitic arcs). 

In older continental regions the shallow transcurrent fault zones are so 
frequently overlain that it is difficult to tell their character. In such cases a 
decision can often be made on the basis of echelon structure, which reveals 
some amount of overlapping between successive segments, and therefore 
their relative movement.* The situation is illustrated in Fig. 9. 
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Fic. 9. Echelon structure within transcurrent fault zone. 


(1) The New Zealand System 

This system includes New Zealand, the Kermadec Islands, and the Tonga 
Islands (Wilson 1954, p. 160, Fig. 7). All the transcurrent faults within the 
system are dextral, indicating northeastward growth. The most pronounced 
of these is the dextral fault separating the North Island of New Zealand from 
the South Island, which has displaced the former distinctly outwards and 
strikes across its medianland. It is probable that the remaining transcurrent 
faults represent embryonic echelon structure rather than long continuous 
zones. If so, the system as a whole must still be quite young. South Island, 
which must be the oldest member of the system, might have resulted from 
fracture induced by southeastern Australia, while the small curvature of the 
two remaining ocean deeps suggests propagation by tensile fracture at depth. 
In either case, southwesterly extension of the system from South Island 
is to be expected in the future. 


(21) Older North American Systems 

The fault zones which point towards the junctions between the primary 
arcs of the Appalachian system are good illustrations of the rules derived 
earlier. All three have the appropriate direction of strike. The echelon struc- 
tures within the Ottawa-Bonnechere and Rough Creek — Kentucky River 
zones show that both are definitely sinistral. Evidence from the Saguenay zone 
is not decisive. Proceeding from east to west the primary arcs are displaced 





*Echelon structure within transcurrent zones differs from that already discussed for normal 
zones in one important respect: since the former strike along straight lines, the terms “right”’ 
and “‘left’’ and ‘‘behind’’ cannot be defined. While it is possible to derive the character, it 
is not possible to tell the order in which the segments were built. This is unfortunate, since 
it should provide a further check for the suggestion that the zones began at the junctions of 
pairs of primary arcs and proceeded inward toward the hinterland. 
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further and further outwards relative to the Grenville Province. Accordingly, 
the system must have begun with the Maritime are and proceeded south- 
westward. The role of the Nemaha zone is not clear. 

In the Grenville Province primary arcs are considerably shorter and trans- 
current faults much more frequent as a result. The Chibougamau, Kirkland- 
Cadillac, Porcupine, Agawa, and Heron zones (as well as the Labrador Trough) 
all strike in directions which suggest westward development from Labrador. 
The character of each zone is unknown; it is to be expected that most of them 
are sinistral. 

Wilson has advanced arguments which favor the suggestion that both the 
Grenville and Appalachian systems were built by offshore fracture in successive 
stages. If so, it is probable that the growth of the eastern portion of the latter 
overlapped that of the western portion of the former. 


(iit) The South Eurasian — Melanesian Belt 

It was suggested earlier that the eastern end of this belt is older than 
the southern end of the East Asiatic system. The dextral nature of the trans- 
current fault zone which traverses Sumatra suggests development eastwards. 
The situation along the Sumatra zone is similar to that along the Philippine 
zone discussed earlier: the strike of the zone and the presence of an ophiolitic 
arc roughly parallel to it suggest that what is observed is echelon structure, 
rather than an extensive zone. If so, Sumatra and Java cannot be much 
older than the Philippines. Offshore fracture seems to be the most natural 
explanation of the more northerly portion of the Indonesian arc, which 
could then have propagated southeastward towards Sumatra. 

The cap ranges which occur at both ends of the Himalayan arc suggest 
that it is on the whole considerably older than the two others which join it. 
The transcurrent faults occurring along the eastern portion of the Persian 
arc show that it grew towards the junction at the Pamirs, while there can 
be little doubt that both the Persian and East Mediterranean arcs resulted 
mainly from offshore fracture. Orogenetic patterns in the Indian subcontinent 
and in Arabia are unfortunately very little mapped. 

Further west, the strike of the Rhine graben suggests that France and 
Spain are younger structures than those of the eastern Mediterranean. If 
so it should be a sinistral fault. North Africa appears to be separated from 
Sicily and Southern Italy by a dextral transcurrent fault. However, it is 
felt that no interpretation of this need be advanced at present since it is 
almost certain from the curvature of the mountain ranges of North Africa 
that they are related primarily to orogenetic development further south. 
The Sahara and Libyan deserts probably represent older continental shelves 
whose topography has been altered by a northward advance of the African 
continent, and whose waterways have disappeared as a result. In the same 
way no interpretation can be given of the very pronounced sinistral fault of 
the Red Sea until the orogenetic systems of eastern Africa and of Arabia 
are sufficiently clarified. 

The belt as a whole thus divides into four convenient systems. One of these 
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is the full extent of the Indonesian arc. A second is the Himalayan arc; a 
third extends from the Pamirs to the Alps and includes two primary arcs 
both built by offshore fracture. Spain, France, and Italy appear to represent 
a collision region of some sort, whose classification must depend on past move- 
ments further north in Europe and further south in Africa. The Himalayan 
arc is probably much the oldest member of the belt. 


(iv) The Fractured Arcs of Melanesia 

Unlike the Sumatra zone, those observed in New Guinea, the Solomon 
Islands, and the New Hebrides Islands are all sinistral. They cannot there- 
fore represent an extension of the Indonesian arc. New Guinea is probably 
orogenetically closely related to Australia. In the case of the others this 
possibility is precluded by the fact that their ocean deeps lie towards Australia. 
Nothing very useful can be said concerning their past or likely future develop- 
ment. 


Finally, it is noteworthy that only two nuclei of inhomogeneity have been 
postulated throughout this paper, one below the northern Andes and the 
other below the South Island of New Zealand. The second may even be 
unnecessary. Wilson has shown that all the eastern North American ranges 
could’ have resulted from one such nucleus located in Northern Athabasca. 
The same nucleus can account for the British Columbia arc and consequently 
for the whole North American system. Two regions of probable inhomogeneity 
are the poles. Southward development from the North Pole may have 
accounted for all of Europe, Asia, and North America. There is evidence of 
past northward growth from the South Pole. Accordingly it is clear that 
only a few nuclei—and at varying depth—are required to account for the 
growth of all the continents. 
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THE FORMATION OF ANTISYMMETRIC WAVE FUNCTIONS! 
L. E. H. TRAINOR 


ABSTRACT 


The problem of forming antisymmetric wave functions is discussed, and 
it is shown that a convenient method developed previously by the author leads 
to the usual results. 


1. INTRODUCTION 

A problem which arises in atomic spectroscopy is the formation of completely 
antisymmetric wave functions from linear combinations of products of spin 
and space wave functions. Similar problems with additional complications also 
arise in nuclear spectroscopy. The usual approach is to use the method of 
Slater determinants. A second approach involving use of a theorem from the 
formal theory of groups has been used both in atomic spectroscopy (e.g. 
Van der Waerden 1932, page 119) and in nuclear spectroscopy (e.g. Jahn and 
Van Wieringen 1951). This group-theoretic approach, which will be reviewed 
briefly in Sections 2 and 3, enables one to exploit the unique connection which 
exists between the rotation and permutation groups in regard to the classifi- 
cation of the spin functions for systems of particles of spin 3. In Section 4 
it will be shown that an alternative approach (Trainor 1952), which combines 
advantages of both the Slater and group-theoretic approaches, leads to the 
same results. In Section 5 an example is given to illustrate the application 
of the method. 

2. GROUP-THEORETIC APPROACH 

Let x; denote the set of space coordinates and y, the set of spin coordinates 
of the ith particle in a system of N identical particles. For the present the 
terms space and spin need not be interpreted literally. (For example, spin 
may refer to the two-valued spin of the electron or to the four-valued spin- 
isospin of the nucleon.) Further, let F(x1, x2, ...xy), which we write simply 
as F(x), be an unsymmetrized function of the space coordinates. By permu- 
tations and linear combinations one can construct an orthogonal set of 
functions 


(1) vi(x), k= RSs as tes 


forming a basis for the irreducible representation v of dimension p, of the 
symmetric permutation group on the space coordinates of the N particles. 
Here v denotes that representation which is characterized by the symmetry 
partition [+++ ...] of N. Similarly, by permutations on an unsym- 
metrized function G(y1, ye, ...¥v) = G(y) and linear combinations, one can 
construct an orthogonal set of functions 
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forming a basis for the irreducible representation » of dimension p, of the 





4Manuscript received January 7, 1957. : ; 
Contribution from the Department of Physics, University of Alberta, Edmonton, Alberta. 


555 








556 CANADIAN JOURNAL OF PHYSICS. VOL. 35, 1957 


symmetric permutation group on the spin coordinates of the N particles. 
For completely unsymmetrized functions F and G these constructions can 
be carried out for every irreducible representation of the symmetric permu- 
tation group. If the function F is already partially symmetrized, the possible 
representations v are restricted to those for which the functions ¥; possess 
at least an equivalent symmetry. Similar restrictions apply to the possible 
representations p if the function G is already partially symmetrized. 

It follows from the completeness property of the irreducible representations 
(see Wigner 1944, page 121) that the most general function 2 which can be 
formed from linear combinations of products of spin and space wave functions 
may be written in the form 


(3) Q(x; y) = x x X, » ands (y) vi(x), 


where the a*? are constant coefficients and where the sums over yw and v go 
over all irreducible representations of the symmetric permutation group. 
It is now easy to show (e.g. Van der Waerden 1932) that in order for 2 to 
have the antisymmetric property under simultaneous permutations of space 
and spin coordinates (exclusion principle), the coefficients must satisfy 


(4) Ox = Abn Ay , 


where the A# are constant coefficients. The quantity 6, in equation (4) is 
unity if 7 = & but is otherwise zero, while the quantity A,, is zero unless u and 
vy are conjugate representations, in which case it is unity. (Two representations 
are conjugate if their Young diagrams differ only by an interchange of rows 
and columns (Littlewood 1950, Chapter V); if » is conjugate to uw we will 
write vy = @.) Hence for completely antisymmetric functions 2 one may 
write 


(5) Qe; 9) =D Ade gry’. 
Hu = 


In many cases of physical interest, only a single representation is involved in 
the sum (5), say the representation » = X, so that 


Pr on 
(6) Q(x; y) = AD oy. 


A* now appears purely as a normalizing factor. 

As a particular example of equation (6), consider the wave functions which 
can be formed from products of spin and space wave functions for a system 
of particles of spin 3. The unique connection between the rotation and per- 
mutation groups which was mentioned in the introduction can be expressed 
in the following way. For a spin state of total angular momentum /[S(S+1)]h, 
the spin functions describing the magnetic substates form an irreducible 
representation of dimension (2S+1) of the rotation group. These functions 
have identical symmetry properties, and any one of them generates under 
permutations of the spin variables an irreducible representation \ of the 
symmetric permutation group which can be characterized in the following 














= 
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manner. Let N be the number of identical particles in the system; then A 
signifies that representation of the symmetric group whose two-summand 
partition of N is [Ai+):], where 

(7) 4 = 43N+S and d= 3N-S. 


It follows that if the state in question possesses a definite spin quantum 
number S, it is described by a wave function of the form (6). 

The problem of constructing totally antisymmetric functions of appro- 
priate symmetry is reduced, according to equation (6), to the problem of 
constructing the symmetry functions ¢\ and Vr which form the bases for the 
orthogonal representations \ and X of the symmetric permutation group. 
Young (1902-1934) and Yamanouchi (1937) have shown how these con- 
structions can be carried out. A particular procedure which has been outlined 
by Specht (1935, 1937) will be discussed in the next section. 

3. CONSTRUCTION OF THE SYMMETRY FUNCTIONS 

With each representation \ of the symmetric group one can associate a 
Young diagram whose successive rows are of length Aj, As, Az, etc., and exactly 
px standard Young tableaux, where p, is the dimensionality of the representa- 
tion. A standard Young tableau (Littlewood 1950) is an arrangement of the 
numbers 1, 2,...N in the Young diagram such that they are in ascending 
order across any row or down any column. That particular standard tableau 
in which the numbers 1, 2,...N appear in regular numerical order when 
reading across successive rows we call the fundamental tableau of the represen- 
tation. The p, standard tableaux can be used to construct p, linearly inde- 
pendent functions forming a basis of the representation A, as has been shown 
by Specht (1935, 1937). 


Let R be any permutation of the numbers 1, 2,...N, and Xz and Yp 
be the corresponding permutation operators on the N space coordinates 
X1, X2,...Xy and on the N spin coordinates 1, yo,... yy, respectively. For a 


given irreducible representation \ there are two subgroups of permutations 
which are of particular interest to us, viz. the subgroup of row permutations 
which are defined by the condition that every number in the fundamental 
tableau remains in the same row under permutation, and the subgroup of 
column permutations defined by the condition that every number in the 
fundamental tableau remains in the same column under permutation. Let 
P denote any permutation R which belongs to the row subgroup and Q any 
permutation R which belongs to the column subgroup. Further, let the per- 
mutation R which takes the fundamental tableau into the jth standard 
tableau be denoted by J. 
By way of example, the two-dimensional representation [2+2] of the 

permutation group on four things has the two standard tableaux 

12 12 

3 4 and 24 
of which the first is the fundamental tableau. The permutation 1 < 2, 3 4 
is a P permutation belonging to the row subgroup, while the permutation 
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1 <3 is aQ permutation belonging to the column subgroup; the permutation 
1 «+ 4, 2 <3 is a permutation R which belongs to neither of these subgroups. 
For the first tableau J is the identity permutation, while for the second 
tableau J is the permutation 2 <> 3. 

Given an unsymmetrized function G(y), the procedure outlined by Specht 
is to associate with the jth standard tableau corresponding to representation 
A a function ¢\(y), which apart from any convenient normalization and 
phase factors can be taken as 


(8) ¢. = (= beYod, ¥2)¥,G(y oe yn). 


In this expression 6g is +1 as Q is an even or odd permutation, and the sums 
over P and Q go over all elements of the row and column subgroups. The 
complete set of functions ¢\ corresponding to all p, standard tableaux can be 
shown to be linearly independent and to provide a basis for the representation 
d. In an entirely similar fashion one can construct from an unsymmetrized 
space function F(x) a set of px = py linearly independent functions vy forming 
a basis for the representation X conjugate to X. 

The set of linearly independent functions ¢. corresponding to expression 
(8) can be replaced by an orthogonal set by taking appropriate linear com- 
binations in the usual way. Yamanouchi (1937) has shown how to construct 
an orthogonal set directly by requiring the representation \ to be fully re- 
duced in each of the subgroups of permutations on N—1, N—2,... 2 particles. 
(For an example, see Trainor 1954, Appendix II.) We shall not go into the 
details of Yamanouchi’s procedure, which is considerably more complicated 
than expression (8), since they are only incidental to the present development. 


4. ALTERNATIVE PROCEDURE 


We now state the following theorem. The expression 


(9) (xy. yw) = (= ieX¥x)( 3 Xo) E Yr) FG() 


is identical, up to a normalization factor, with expression (6). 

Before proving the theorem we pause to note the great simplicity of ex- 
pression (9) as compared with (6): whereas the form of expression (6) amounts 
to a sum over every standard tableau belonging to the representation \, 
expression (9) involves only the fundamental tableau. 

To prove the theorem, we first note that since the sum over RX in equation 
(9) is just the formation of a Slater determinant, 9’ is manifestly an anti- 
symmetric function under simultaneous permutations of spin and space 
coordinates. Hence it can be expanded in a series analogous to (5), 


(5’) 0’ (x;y) = dX BY), oy’. 


It only remains to show that the coefficients B4 vanish for all representations 
nu except for » = \. What is the same thing, we must show that the expression 
(9), regarded as a function of the spin coordinates, has a symmetry corre- 
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sponding to representation A. It then follows directly that, regarded as a 
function of the space coordinates, it has a symmetry corresponding to X, and 
hence must be identical with the expression (6) up to a normalization factor. 

To prove the proposition we first observe that the sum over the group of 
permutations R can be written as a sum over the left cosets of any proper 
subgroup (Murnaghan 1938, page 92). Consider the subgroup of column 
permutations Q. Then 


(10) 2, XeYpr = (X0.¥0+Xe. Yat eee ) = XeYoe 
R Q 
and 
(1 1) a OrpXRrVYR = (sa Min: ¥n:-btaRasWinct eee \z 5eXeYo, 
Q 


where 2, Re, ... are the elements R which generate the first, second, .. . left 
cosets of the subgroup of column permutations Q. The number g of left cosets 
is given, of course, by dividing the order of the full group by the order of the 
subgroup of column permutation Q. Thus expression (9) becomes 


(x in Xen, 5Xe¥o)(E Xo)(E Yr) Fx)G(y) 
i=1 Q Q P 

nthe De Xow) E 50Yo>, ¥,G()) 

Q Q P 

‘ 1(0.X:. =: KoF())( Yr x 5eVo ¥-G(y)) t 


Q 


— 
bo 
o) 
. 

ll 


Il 
M- 


i=1 


ll 
i Ms 


1 


2 


= , a(oe)ge(9)- 


W 


Now, according to equation (8), the function 


» beYo » YpG(y) 


belongs to the irreducible representation \. Hence, each function 


(13) 2i(y) = Yard beYod, Y?G(y) 


in equation (12) also belongs to X. It then follows directly from a comparison 
of expressions (5’) and (12), using the orthogonality of functions belonging 
to different representations, that every coefficient B* except B® in equation 
(5) must vanish. 

In an entirely similar fashion one could arrange expression (9) to display 
explicitly the conjugate symmetry X of the space functions. 

5. EXAMPLES 

For purposes of illustration and comparison we shall construct the same 
wave function using both the group-theoretic approach and the approach 
of Section 4. Consider the wave functions that can be formed for a three- 
electron system possessing a total spin angular momentum quantum number 
S = 3. From expression (7) with NV = 3 and S = 3, we get A = [2+1], hence 
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\ = \ = [2+1]. The standard Young tableaux corresponding to representation 
[2+1] are 

i? 7 42 

3 and 4. 


For convenience we take for the function F(x, x2, x3) the product of orbitals 
@(x1)b(x2)c(x3), which we abbreviate simply as abc; for the spin function 
G(y1, Ye, ¥3) we take the product a(y1) a(y2) B(ys) = aap. 
According to the procedure of Yamanouchi (1937) the functions to be 

associated with the standard Young tableaux are: 

1 1//6. (aBa+Baa—2(aaB)), 

de 1//2. (aBa—Baa), 

v1 = 1/V4. (bac+bca—abc—cba), 

Yo. = 1/V/12. (abc+cba+bac+bca—2(achb+cab)), 


(14) 


where we have included the appropriate normalizations and choices of phase 

(see Jahn and Van Wieringen 1951). The totally antisymmetric function is 

then given by the substitution of equations (14) into equation (6): 

(15) Q = piyit oye. 

Using the abbreviated notation a(x1)a(yi) = ai(%1) and a(x1)B(y1) = a2(x1) 

for products of space and spin functions, the result can be written 

(16) i=] //6. (€1b,C2 + C1012 — db — Cob1a1, + by 02a; + by a2¢1 — bya — by aco 

+ ¢20;b; + a2¢,b, — a2), —4C»b)). 

The method of Section 4 leads to the same result much more directly. 


From the fundamental tableau, which is the first one of the two standard 
Young tableaux, equation (9) yields directly 


(17) Q’ = > beX RY z(abce+cba) (aap) 
R 
= = OrpXRY p(Q1b\Co+€1b)a2) 
R 


| ! ! 


| | | 

| by Ce | C1 by a> | 
= |a by te] hes b as| ’ 

}@1 by C2 G1 by Qe | 


where the last two expressions are Slater determinants. It may easily be 
checked that results (16) and (17) are identical apart from a normalization 
factor. The present method has the additional advantage over the group- 
theoretic method that no superfluous terms are introduced (i.e. terms which 
cancel in the final result). 
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MINIMUM SPARK BREAKDOWN AND GLOW VOLTAGES! 


W. A. GAMBLING? AND F. W. CRAWFORD? 


ABSTRACT 


Measurements of the spark breakdown voltage between carbon electrodes 
in hydrogen, argon, nitrogen, and air are given for ranges of the product 
p (mm. Hg) X d (cm.) between 0.1 and 1000 mm. Hg cm. The results show 
that in each gas Paschen’s Law is obeyed for pd > 10 mm. Hg cm. For 
pd < 10mm. Hg cm. deviations from Paschen’s Law were observed at the longer 
gap lengths. The minimum spark breakdown voltage, Vsm, occurred near 
pd = 1 mm. Hg cm. The normal cathode-fall voltage, V.n, was also measured, 
and was found to be less than Vsm in hydrogen, argon, and air, and greater than 
Vem in nitrogen. A theoretical analysis is made which predicts the relationship 
Ven = 1.110V.» and the reasons why this condition is seldom found in practice 
are discussed. 


INTRODUCTION 

For a given gas and electrode system the spark breakdown voltage in a 
uniform field at constant temperature is, in general, a function only of the 
product of pressure (p mm. Hg) and electrode separation (d cm.), and has a 
minimum at pd ~1 mm. Hg cm. Similarly the cathode-fall voltage of a 
glow discharge is also a function of the product pd, where d is now the length 
of the cathode dark space, and it too has a minimum, the so-called ‘‘normal’”’ 
cathode fall voltage, at pd ~ 1. In the glow the length of the dark space is 
not an independent variable, being determined by the cathode current density, 
but this does not affect the present argument. Near these minima the funda- 
mental mechanisms in both discharges are generally considered to be the 
same, namely ionization by electron impact in the gas, and electron emission 
from the cathode by positive-ion bombardment. It is thus not altogether 
surprising that minimum breakdown and glow voltages should be of the same 
order of magnitude. However, because of the effects of slight impurities and 
electrode treatments a comparison of these voltages is only of value when 
they are measured under identical conditions. Very few such measurements 
are available. 

As part of a program of dielectric recovery voltage measurements it became 
necessary to determine, for carbon electrodes in various gases, the breakdown 
voltage for a range of pd values, and the cathode-fall voltage. These results 
are reported here because carbon electrodes have not been used in the past, 
and also a valid comparison of minimum breakdown and glow voltages is 
possible. A theoretical analysis of these voltages is also given. 


EXPERIMENT 
The electrodes used were of spectroscopically pure carbon rod 0.4 cm. in 
diameter. The surfaces were polished with fine emery paper before each series 
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of tests. The gases used were hydrogen containing less than 0.02% impurities, 
air, and commercially pure argon and nitrogen. 

The breakdown voltages were measured with an electrostatic voltmeter, 
in conjunction with a potential divider of high-stability resistors connected 
to the high-voltage d-c. source. The voltage was raised slowly until a drop 
in the voltmeter reading indicated that breakdown had occurred. The voltage 
observed immediately before this happened was taken as the breakdown 
voltage. The pressure was varied from atmospheric to 3 mm. Hg, and the 
gap length from 0.5 cm. to 0.002 cm., covering a range of pd from 0.1 to 
1000 mm. Hg cm. The breakdown voltage ranged from 200 v. to 11 kv. 

The cathode-fall voltage was determined by running a normal glow dis- 
charge between the electrodes and noting the minimum voltage as the electrode 
separation was reduced slowly to zero. For accurate results it is essential that 
the electrode surfaces are parallel, and that the separation can be varied 
smoothly and slowly. This method has been discussed elsewhere (Gambling 
and Edels 1954). With carbon electrodes an arc-type cathode spot forms 
very easily, so that it was necessary to take measurements at low currents 
and at not too high a pressure. Currents from 1 to 50 ma. and pressures from 
30 to 400 mm. Hg were used, the ranges covered depending on the gas being 
investigated. 

RESULTS 

The results of the breakdown voltage measurements are given in Figs. 1 
to 4. Measurements at less than the minimal pd are not plotted since sparking 
under these conditions took place down the side of the electrodes, making the 
sparking distance indeterminate. It is seen that at high pd values the break- 
down voltage obeys Paschen’s Law. Near the minima, however, the break- 
down voltage does not obey Paschen’s Law, the deviation being greater at the 
longer gaps. Similar deviations from Paschen’s Law have been observed 
previously (Meek and Craggs 1953) and it has been suggested that when the 
ratio of electrode diameter to gap length is small, diffusion of electrons and 
positive ions from the discharge gap takes place. This hypothesis is supported 
by the present results, since at the very short gaps used in hydrogen and 
argon, and at the higher pressures in all gases, when loss by diffusion is much 
less, all the points fall on a single curve. It may be concluded that when loss 
of carriers by diffusion does not occur, Paschen’s Law is obeyed over the full 
range of pd investigated. The minimum breakdown voltages obtained under 
these conditions are given in Table I, and it can be seen that they all occur 
near pd = 1 mm. Hg cm. 











TABLE I 
MINIMUM SPARK BREAKDOWN AND GLOW VOLTAGES WITH CARBON ELECTRODES 
Hydrogen Argon Nitrogen Air 
Ven; V- 216 190-220 335 335 
lem, Vs 300 220 328 350 





(pd) sm, mm. Hg cm. 1 0.8 0.7 0.6 
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10,000 





Fic. 1. Breakdown voltage (volts) as a function of pd (mm. Hg cm.) in hydrogen at the 
following gap lengths: + 0.1 cm., X 0.05 cm., @ 0.02 cm., A 0.012 cm. and smaller gaps. 

Fic. 2. Breakdown voltage (volts) as a function of pd (mm. Hg cm.) in argon at the following 
gap lengths: + 0.5 cm., X 0.3 cm., @ 0.1 cm., & 0.05 cm. and smaller gaps. 
pe Fic. 3. Breakdown voltage (volts) as a function of pd (mm. Hg cm.) in nitrogen at the 
following gap lengths: + 0.5 cm., X 0.3 cm., @ 0.1 cm. 

Fic. 4. Breakdown voltage (volts) as a function of pd (mm. Hg cm.) in air at the following 
gap lengths: +0.5 cm., X 0.3 cm., @ 0.1 cm. 
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The normal cathode-fall voltages are also given in Table I. In hydrogen, 
nitrogen, and air no dependence on pressure or current was observed, but in 
argon the cathode-fall voltage appears to decrease as the pressure is increased, 
falling from 215 v. at 50 mm. Hg to 203 v. at 400 mm. Hg. This result indicates 
that the cathode dark space in argon does not conform to the similarity prin- 
ciple. Table I shows that except perhaps in nitrogen the normal cathode- 
fall voltage is less than the corresponding minimum breakdown voltage. 
Furthermore, while a comparison is not strictly permissible unless the measure- 
ments are taken under identical conditions, the various published cathode- 
fall voltages are nearly all less than the corresponding minimum breakdown 
voltages. 

THEORETICAL ANALYSIS 

Since the fundamental mechanisms operative in the cathode dark space, 
and at breakdown at low pd values, are known, it should be possible to deduce 
a relationship between the normal cathode-fall voltage, V.,, and the minimum 
spark breakdown voltage, Vs. The condition for either spark breakdown, or 
the existence of a glow, is that an electron leaving the cathode shall form just 
sufficient positive ions in the gas to release one further electron, i.e. 


ad 
(1) J adx = In(1+1/y), 


0 
where a@ ion pairs/cm. is the ionization coefficient of the gas, y is the average 
number of electrons released for each positive ion reaching the cathode, and 
d is the discharge length. The coefficient a may often be represented over 
appreciable ranges of field strength to pressure ratios, E/p, by an arbitrary 
relation of the form 
(2) a/p = A exp(—Bp/E), 
where A and B are constants, p mm. Hg is the pressure, and E v./cm. is the 
field at any point. It will be assumed that Eq. (2), with suitable values of 
A and B, is valid for the range of E/p covered by the cathode dark space, 
and under minimum breakdown conditions. Substitution in Eq. (1) then 
gives 


vd 
(3) Ap \ exp(—Bp/E)dx = In(1+1/y). 
v7 


This equation applies both to the glow and to breakdown. The difference 
between these two forms of discharge is determined by the variation of field. 
The threshold of spark breakdown may be defined (Loeb 1955a) as the con- 
dition when a very small externally induced current becomes self-maintaining. 
An infinitely small increase in the applied voltage then results in a build-up 
of current and space charge, resulting in a spark. Thus at the breakdown 
threshold there is negligible space charge present and the field is uniform. 
The coefficient a is therefore constant across the gap and the sparking voltage, 
V,, is given by V, = Ed, and may be found from Eq. (3) as 


ae __ Apd = 
(4) V;, = Bp / wo] ite 2 
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This is the well-known theoretical justification of Paschen’s Law since it 
may be written V, = f(pd). Vsm may now be found by differentiation of 
Eq. (4) with respect to pd, and equating to zero. Thus (Cobine 1941) 

(5) Vem = 2.718 BIn(1+1/y)/A 


and this occurs at 


(pd) sm = 2.718 In(1+1/y) AY 


In the cathode dark space, on the other hand, experiment shows (Aston 
1911; Stein 1953; Little and von Engel 1954) that the field falls linearly with 
distance from the cathode, so that 
(6) E = 2V,(1—<x/d)/d. 


When this condition is inserted in Eq. (8) and the appropriate substitution 
is made, we obtain (von Engel and Steenbeck 1934) 


“Ve /Bd . ~*~) _ 2V.In(1+1/y) 
(7) ; exp(—1/y)dy = 3 2% ~  AB(pdy * 


This equation gives V, implicitly as a function of pd, and it is possible (see 
Appendix) to deduce an expression for the minimum (normal) cathode-fall 
voltage, which is 


(8) Ven = 3.017B In(1+1/y)/A 


and occurs at 


(pd) en = 3.680 In(1+1/y)/A. 


Eq. (8) depends only on the continuity condition, the known field distribution, 
and the expression for a, so that it involves fewer assumptions than the 
dimensionless characteristic of von Engel and Steenbeck (1934) and in this 
respect is to be preferred. 

Hence if A, B, and y are known in each case, it is possible to calculate and 
compare V’,, and V, from Eqs. (5) and (8). In particular if these parameters 
are constant over the minimum conditions of glow and spark breakdown, 
then 
(9) Vea = OT... 


i.e. V, should be greater than V’,, whereas in practice this is rarely the case. 
The underlying assumptions should thus be examined more closely. 
DISCUSSION 

The ions formed in the discharges drift to the cathode, and the electron 
emission which they produce depends on the value of E/p near the cathode. 
For the simplified theoretical model described above it may be shown from 
Eqs. (5), (6), and (8) that E/p at the cathode is twice as high in the glow as 
at breakdown, under the minimum conditions. In practice the ratio may 
be even greater than this, as the observed /p values are in the ranges 200 to 
800 v./cm. mm. Hg at breakdown and 500 to 2500 v./cm. mm. Hg for the 
glow. y is a complicated function of E/p but in the above ranges it usually 





ot 


n 
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increases as E/p increases so that it will be higher in the glow than at break- 
down. Even though y appears in a logarithmic term this would produce a 
lowering of V., compared with Vp. 

A further possible limitation is the range of E/p for which Eq. (2) is valid. 
In the cathode dark space E/p varies from a maximum at the cathode to zero 
in the negative glow and it cannot be expected that Eq. (2) will cover this 
large variation. An analysis has been made of the available experimental 
values of a/p (Loeb 1955b; Rose 1956) giving the conditions under which 
this equation may be used for those gases which have been studied up to 
high E/p. Their results, some of which are given in Table II, show that except 














TABLE II 
RANGE OF VALIDITY OF EQ. (2) 
Hydrogen Argon Nitrogen Air Krypton 
E/p,v./em.mm.Hg = 22 to 150 to 120 to 100 to 160 to 
> 1000 > 1600 > 1000 >500 > 2000 
A, (cm. mm. Hg)7! o. 15.5 10.5 12 19 
B, v./cm. mm, Hg 139 245 340 295 275 





in xenon, Eq. (2) is valid within about 5% from a lower limit between 22 and 
160 v./cm. mm. Hg to as high an E/p for which values are available. The 
deviations from Eq. (2) therefore occur when a/p is small, and it follows from 
Eq. (3) that with most combinations of gas and electrode material the error 
introduced into the analysis will also be small. Eq. (2) is thus usually a good 
approximation for the range of E/p values found in the cathode dark space, 
and it covers also the E/p value of the corresponding spark. It may be ob- 
served, nevertheless, that at low E/p, a/p is nearly always greater than the 
value indicated by (2) with the above constants and this will tend to lower 
Via 

The effect on @ of the rapid variation of the field in the cathode dark space 
must also be considered. In certain cases where the dark space is long and the 
field at the cathode is low it is possible that Eq. (2), in which it is implicitly 
assumed that the electrons are everywhere in equilibrium with the field, can 
be used. In general, however, the field falls so rapidly that, except near the 
cathode, the electrons will have energies greater than those corresponding to 
equilibrium with the field, making V less than that indicated by Eq. (8). 
At present it is not possible to take into account analytically the effect of the 
non-linearity of the field upon a, and in an interesting discussion Loeb (1955d) 
points out that where non-equilibrium exists the field condition should be 
simulated and {‘adx measured directly. 

Finally it should be mentioned that very recent work (Rose and Eisinger 
1957; also private discussion) has indicated the existence of photoelectric 
emission from the cathode, in a normal glow discharge in hydrogen, due to 
radiation from the negative glow region. With the method of measuring 
cathode-fall voltages used here there is very little, if any, negative glow present 
so that the effect is probably small. Such radiation would not affect the above 
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analysis since y has been defined as the ratio of positive-ion to electron current 
at the cathode, but it would increase the effective value of y in the glow and 
lead to a lowering of Vn. 

It may be concluded that while the above theory predicts that for a given 
gas and electrode material the minimum glow voltage will be greater than the 
minimum breakdown voltage, this is usually not so since (a) y is probably 
greater in the glow than at breakdown, and (b) the rapid variation of the 
field in the cathode dark space causes Eq. (2) to underestimate the amount 
of ionization occurring in the cathode dark space. 
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APPENDIX 
It is possible to obtain an expression for V,, from Eq. (7) by two methods. 


The rigorous method involves differentiating and setting dV,/d(pd) = 0. 
This may be done using the standard formula for the differentiation of integrals 


and gives ultimately 


; = A cn 
(10) Vin = B(pd ne 2a) 5 ipa) =| 


Substitution of this expression for V,, back in Eq. (7) now gives 


a1/ing 1 
( 1) J exp(— I /y)dy = 28 InB ’ 


0 


where B = A(pd) n/2 In(1+1/y). 

The left-hand side of (11) can be expanded by putting 1/y = x and integrating 
by parts, giving 

exp(—Ing) , ,. 1 

1 Ei(—1n8):= ———, 

ale HE) ~ S555 

where Ei( ) is the exponential integral, values of which are given in tables. 
By plotting both sides of Eq. (12) as functions of 8, the value 8, corres- 
ponding to V is given by the point of intersection of the two curves. This 
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may be checked by numerical computation, and gives 8, = 1.840 so that 
substitution in Eq. (10) gives finally 


(13) Ven = 3.017B In(1+1/y)/A. 


The disadvantage of the above method is that it gives only the single 
value V,., and does not enable a plot of V, vs. pd to be made. This may be 
done as follows. The function S( ) may be evaluated as described above, 
and suppose that XY and Y are any two numerical values satisfying Eq. (7), 
such that 
(14) S(Y) = 
where Y = 2V,./Bpd and X = 2V,1In(1+1/y)/AB(pd)*. For this pair of 
values we have V, = BY? In(1+1/y)/2AX corresponding to pd = YIn(1+ 
1/y)/AX. Thus knowing the constants A, B, and y, evaluation of corres- 
ponding values of X and Y enables a curve of V, against pd to be plotted. 
In the present case only V, is required and this is given by 


as) ~ Phe -) _ Bin(+1/y) ) 
- 2A X / min 2A S( Y) on 


As required, this results again in Eq. (13). 
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HIGH-DISPERSION TWO-DIRECTIONAL-FOCUSING 
B-SPECTROMETERS'! 


G. E. LEE-WHITING 


ABSTRACT 

Momentum spectra of charged particles are often analyzed with the aid of 
magnetic focusing; in one type of spectrometer the particles move along a 
circular arc roughly perpendicular to the lines of force. It is shown that when the 
beam is turned through an angle of r(v?+1)} radians in a suitably shaped mag- 
netic field a two-directional focus is obtained. For this type of instrument the 
dispersion increases rapidly as m is increased, while the aberrations remain 
roughly constant. Even for values of ” in the range 3 to 7 an enormous gain in 
“luminosity”? and a useful increase in the permitted source width should be 
obtained. Although practical difficulties are introduced by the use of paths of 
more than one complete revolution, these should not be insuperable if the size 
of the apparatus is large enough relative to the size of the source, especially 
if an odd value of 7 is used. 

The chief defects of the w+/2 6-spectrometer are the residual second- 
order aberration and the narrowness required of the source for work at high 
resolution. It is of interest to ask whether these defects can be remedied by 
some modification of the magnetic field or of the positions of the source and 
detector. An attempt to minimize the effect of source width by looking for 
an arrangement with a magnification of absolute value less than one might 
be made. However, any double-focusing spectrometer having the source 
and detector on the same constant-field circle has a magnification equal to 
+1. Spiral-orbit systems, which may have different magnifications, are 
not susceptible to analytical investigation. The only change which seems to 
be consistent with simple analysis is the removal of the restriction that the 
particles make less than a complete revolution about the symmetry axis. 
In the absence of this restriction the possibility exists, as we shall show, of 
increasing the dispersion of the instrument enormously, without increasing 
the aberrations appreciably. An increased dispersion with a fixed aberration 
means an increased transmission for a given resolution. Equally important, 
the width of the source may also be increased. If the width of the beam when 
passing the source or the detector is much wider than that of either of these 
obstacles, then only a small fraction of the beam will be lost. Some of the 
“‘lost”’ electrons will enter the detector and contribute to the counting back- 
ground; the ratio of these background counts to the focused counts will be 
roughly equal to the ratio of the exit-slit width to the minimum beam width 
at the detector during the premature encounters. If the source emits a small 
number of electron groups of sharp momentum, the background can be 
eliminated by placing a number of narrow, vertical shields a short distance 
in front of the source, to remove those electrons moving directly toward the 
slit. If the source emits a continuous spectrum, the background will have to 
be tolerated. It seems to the author that, at least for some purposes, the 
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great increase in luminosity to be gained by tolerating orbits of several revo- 
lutions outweighs the added experimental difficulties. One possible application 
is the measurement of the widths of conversion-electron lines. 

We shall begin by examining the first-order expressions for the electron 
orbits. The geometrical arrangement and the notation to be used are the 
same as those employed by Lee-Whiting and Taylor (1957), except that 
we use the angular polar coordinate ¢ as the independent variable instead 
of the reduced angle y. The solution of the first-order orbital equations is 


(la) n = Hsin ai6+h cos wid+are(1 —cos wig), 
(1d) t = T sin wo@+t COS and. 


The parameters H and T are simply related to the initial values of the ¢- 
derivatives of n and 7; their definition in the reference just cited was a little 
different. For a point source on the optic circle emitting electrons of the 
standard momentun, i.e., fork = t = e = 0, Hand 7 are the first-order values 
of the maximum radial and axial departures from the optic circle. The defini- 
tions of the frequencies w; and we, viz. 

w”? =1+a and wo? = —a,, 


differ from those used by Lee-Whiting and Taylor, because of the change 
in the definition of the independent variable. A two-directional focus in the 
plane @ = @» will exist if the coefficients of H and T in (1) vanish for ¢ = @o. 
These coefficients vanish if, and only if, 


(2) @id9 = Mr and woo = nr, 


m and n being positive integers. The projection of an orbit for which h = 

t = e = 0 on the plane of symmetry returns to the optic circle for the mth 

time at the focus. The radial projection on a right circular cylinder standing 

on the optic circle returns to the optic circle for the nth time at the focus. 
The unique solution of equations (2) is 


(3a) bo = x(m?+n?)?, 
(3b) a, = —n?(m?+n?)-1 
Let us use the symbol D to represent the dispersion, which we define as the 
distance in units of 7) between the traces on the focal plane of the H = T = 0 
orbits of two electron groups differing by ¢ in relative momentum. It follows 
from (la) that 

D = {1—(—1)"] [1+2?/m?]e. 


The dispersion is clearly zero if m is even. Because the maximum dispersion 
is attained for m = 1, we shall restrict our discussion to the special case of 
m = 1 in the remainder of this work; then 


(4) D = 2A1+n?)e. 


In order to be assured that the increased dispersion of the (1+)? spectro- 
meter is of any value, we must satisfy ourselves that the various aberrations 
do not increase rapidly as is increased. To facilitate this demonstration we 
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next quote formulae for the aberrations obtained from the solution of second- 
order orbital equations for arbitrary values of the parameters a; and a»; this 
solution was obtained by the method of Svartholm (1946): 


(5) n(o) = —h—(1+a,)""'(1+3a,+ 4a.) 7? 
+(1+4a1)7'(a1+-pae) T? —3(1+41)~ (a1 +a2)h? 
+ (1+ a;)—!(a,+2a2—pa2)t?+va2Tt, 
(6) t(do) = 2(1+5a,)—'{ —ai(1 +ai)71}? (1+5a,+4a2)HT cos x 
+4a.(1+5a,)—'ht cos x -hT sin x 
+2(a;+a2) | —a;(a,+a,)}-? Ht sin x 
+tcosx+T sin x, 
mw = (1+5a,)—'{(1+a,) sin?x+4a;}, 
vy = (1+5a;)— sin 2x, 
{ —a,(1 +a,)™ 4 T. 
For the wide-aperture spectrometer the value of a2 is obtained by equating 
the coefficient of H7? in (5) to zero, taking the value of a, from (30). Thus 
(7) dz = (n?—32)(n?+1)-. 
The coefficient of J? in (5) then becomes — 2n?(4n?—1)~!; it changes monotonic- 
ally from —? to -3 asm increases from one to infinity. The coefficients of ? 
and h? in (5) become —(4n?—3)(4n?—1)—' and 3 respectively; the former 
changes from --' to —1 as m increases from one to infinity. For the high- 
aperture spectrometer the value of a2 is obtained by equating the coefficient 
of 7? in (5) to zero. Thus 
(8) a. = (n?—4) (+1). 
The coefficients of H?, ?, and h? are —3, —3, and 3, independent of the value 
of n. Note that the values of a2 for the wide- and high-aperture spectrometers 
are both contained in the relation 


(9) dy = (n?--1N)(n?+1)-, 


X = 


if N is assigned the value 3 for the former and 1 for the latter. With this new 
notation the coefficient of HT in (6) becomes 
(—1)"2(N—1)n(4n?—-1)-. 
Note that this coefficient vanishes for all high-aperture spectrometers; it 
decreases in magnitude with increasing » for wide-aperture spectrometers. 
The terms dependent upon HJ and T in the third-order radial aberration 
have been worked out for any double-focusing 8-spectrometer. These are 


(10) 2m {[2 +N — gn? +5 (1-34) (1—-§) 
—}(2n?+5) (m2? +1)! —3(n?+ 1)as|I 
+[n?-4{N+43N(1—-3N) —3n2(n? +1) 
+§(4n? — N)?(4n? —1)-'+:3(n?+1)a,)HT? 
+[5-8N+3(1—4)(1—2N) +303]6,.HT"}, 
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6,1 being the Kronecker delta. The value of a; for the wide-aperture type is 
obtained by equating the coefficient of 7? in (10) to zero. Thus 


(11) a3 = (+1) "Ps —n?—3(n?+1)). 
The coefficient of 77? becomes 
(12) da[—3n?+4(4n? —3)?(4n?— 1)! —}(3n?+5)(m?+1)-!+43}]. 


This coefficient rises from 2/12 for n = 1 to 2/8 for nm = o. For the high- 
aperture type of instrument we find 


a3 = (W? +1461) 1X — +) n2(n? +1) — 35,1). 


The coefficient of 73, 
3m — 3 (30? +5) (nm? +1)! — Boal, 


12 
rises from zero for n = 1, to 57/48 for n = o~. 

From the results given in the preceding paragraphs we conclude that no 
second-order aberration increases appreciably as 7 increases, for either type 
of aperture; likewise, the important third-order terms, those dependent on the 
dimensions of the aperture, remain smaller than unity. Though the coefficient 
of HT in 7(¢o) vanishes for all high-aperture spectrometers, this advantage 
over the wide-aperture type is of increasingly less importance for higher 
values of m, where the same coefficient for the latter type is decreasing as 
1/n. The importance of the smaller source-height term in the radial aberration 
of the high-aperture instrument is counterbalanced by the smaller second- 
order-aperture term of the wide-aperture modification. On the whole there 
is little to choose between the two types of aperture in the matter of 
aberrations. 

As we have already stated, the loss of electrons in the passage of the source 
and detector depends on the width of the beam at these obstacles. Obviously 
the wide-aperture type will suffer much less from such losses. Since we have 
shown that as far as aberrations are concerned there is little difference between 
the two types, the wide-aperture type is therefore definitely to be preferred 
for nm > 1. In deciding what value of m to use it is necessary to know the 
dependence of the beam widths at the obstacles on m. Let 2S be the largest 
even integer less than (1-+n?)}, Then the beam must return to the source 
S times before coming to a focus. Restrict the orbits accepted by the spectro- 
meter to those having H/ in the range —H) to Hy, Hy being a positive constant 
roughly equal to the maximum half-width of the beam. Then the half-width 
of the beam at the sth passage of the source is approximately Hp sin[2sx(n?+1)-*]. 
Similarly the beam passes the detector S times before being brought to a 
focus. The half-widths of the beam at the various passages of the detector are 
equal to those at the passages of the source taken in reverse order. It is not 
difficult to show that the minimum beam half-width at any obstacle is 
Hysin[2Sx(n?+1)-3] = b. The ratio of b to Hy decreases as n increases. Also, 
this ratio is very much smaller for even values of than it is for neighboring 
odd values. Hence it is more efficient to use an odd value of n, the precise 
choice being governed by the minimum beam half-width tolerable at source 
and detector for given spectrometer dimensions. The values of b/JZ) for 
n = 3, 5, and 7 are 0.915, 0.627, and 0.459 respectively. 
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Optimum values of the coefficients a, for values of r up to 5 have already 
been given, by Saulit (1954) and by Huster ef al. (1955), for the wide-aperture 
spectrometer. The expressions (7) and (11) for a, and a3 are in agreement 
with the formulae given by these authors. 

In order to get some idea of the merits of the different odd values of n 
we shall calculate the maximum luminosity consistent with a given basal 
image width. A more complete calculation in which the width of the exit 
slit would be included would be exceedingly complicated. The luminosity, 
L, is defined as the product of the area of the source, A = 4ro7hoto, and the 
transmission, -7. Let it be assumed that baffles are provided to give an aperture 


-H) < H < AM, —-TM <T < To. 


Then 7 wr (wiF1o)(w2T) X 100% = 2 n(n?+1)—' HoT X 100%. Now we as- 
sume that H/™ is the first uncancelled power of #7 in the expansion of (¢0). 
For o, the basal image-width, we write 

o = 2ho+AtP?+BT/+CH”. 


The parameters A and B are the coefficients of f? and of T? in n(¢o); C is equal 
to the coefficient of H” when WM is even, but to twice this coefficient when 
M is odd. Now let w be the fractional change in electron momentum, or in 
focusing field, corresponding to the image-width o; then o = 2(n?+1)w. 
The maximum value of Z under the constraint of constant w, attained when 
(13) ho = At? = BT,?- = M(2M+1)—(n?+1)w, 


CH)” = 2(2M+1) (n?+1)w, 
is 
(14) L ~ 4n'r°{2C1(2M +17] 22M +1)? 
x (AB)! "n(n? 1)'t*" x 100%. 


As an example of a field which might be realized in practice let us take 
M = 4. Then the relative luminosities for 2 = 1, 3, 5, and 7 are approximately 
1, 23, 130, and 412; no correction is included for the loss caused by scattering 
during the premature encounters with the detector. This calculation is only 
valid for Ho's sufficiently small that the terms in (@o) proportional to powers 
of H greater than M are relatively small. For w = 0.01% and C of order unity 
we have Hy = [2(n*+ 1)]*10—; even for as large as 7, Hy is still sufficiently 
small—it is approximately equal to 0.18—that the condition is satisfied. 
It should be understood, however, that this astonishingly rapid increase in 
luminosity with ” can only be realized at very high resolution. At resolutions 
of 1 or 2% it will probably not be possible to permit a large increase in aperture 
or source height with increasing 1; nevertheless, the luminosity will still 
be increased because of the larger permitted source width. 

We are now in a position to give more definite information on the back- 
ground produced in the presence of a continuous spectrum by electrons entering 
the detector on their first encounter with it. If the baffles which restrict H 
to values in the range —H, to Hy are placed between the source and the 
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detector, the momenta of continuum electrons accepted by the spectrometer 
will be limited to a small range about the nominal momentum;; let the width 
in relative momentum of this band be 2. It is not difficult to show that 
€) = 2(xn)—!Ho. For the example discussed in the preceding paragraph ¢) takes 
the values 0.025, 0.020, and 0.016 for m equal to 3, 5, and 7 respectively. Let 
the spectrometer be presumed to be operating with transmission -7 and resolu- 
tion w for electrons of momentum po. A uniform, continuous background of p 
electrons per second per unit momentum interval produces -7 ppow focused 
background counts per second. The counting rate for electrons entering the 
detector directly is -7 (.S,/b) ppo2€, S, being the width of the exit slit and 2b the 
width of the beam at the first passage of the detector. Put S, equal to the 
source width, 2h». Using the value of hy from (13) we find that the ratio of 
the direct background counting rate to the focused background counting rate 
is approximately 2x~'n(H,/b). Values of b/H,) have already been given. For 
n = 3, 5, and 7 we find that the ratios of direct to focused background 
counting rates are 2.2, 5.1, and 9.5. This enhancement of the effect of a con- 
tinuous background appears to be an unavoidable defect of the (1+n?) 
type of instrument. 

It might be suspected that the accuracy required in fitting the magnetic 
field coefficients a, would also increase with n. To allay such fears the effects 
on the first-order focusing of a small error in a; have been calculated. Put 


a, = —n*(n?+1)—7(14+8). 


Then, if 276 is much smaller than unity, we find 
An(¢o) 5 dan*H6 


and 
Ar(do) = (—1)"3anT5. 


Although the radial defocusing increases like *, the effect does not become 
very serious because the 7-displacement corresponding to a given fractional 
momentum difference is proportional to (m?+1). 

An alternative proposal for an improved high-resolution spectrometer, 
which proved unsuccessful, was to try to obtain a perfect second-order radial 
focus at the cost of sacrificing the first-order axial focus. By a suitable choice 
of a; and a2 one might hope to make the coefficients of both H? and T° in (5) 
vanish. It can be shown that this is impossible for m = 1. For larger values 
of m solutions exist, but the dispersion is little better than that of the 180° 
homogeneous-field instrument. 
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SPHERICAL-HARMONICS METHOD FOR NEUTRON-TRANSPORT 
PROBLEMS IN CYLINDRICAL GEOMETRY! 


B. DAvISON 


ABSTRACT 


The paper deals with the application of the spherical-harmonics method to 
systems with complete cylindrical symmetry, that is, to systems invariant under 
rotation around and translation parallel to an axis. Closed-form expressions are 
given in an arbitrary order of approximation both for the spherical-harmonics 
moments in terms of the constants of integration and, conversely, for the constants 
of integration in terms of the spherical-harmonics moments. This removes 
the need for numerical inversion of matrices and simplifies the treatment of 
multilayer problems. 


1. INTRODUCTION 


We deal with neutron-transport problems in one-velocity theory with 
isotropic scattering in systems possessing complete cylindrical symmetry and, 
more specifically, with the application of the spherical-harmonics method 
to such problems. The purpose of the present paper is twofold. Firstly, for 
systems with plane or spherical symmetry, expressions for the spherical- 
harmonics moments for an arbitrary order of approximation are readily 
available in closed form. For systems with cylindrical symmetry, on the other 
hand, this is not the case, the available expressions being limited to a few 
lowest-order approximations. Our first, though somewhat auxiliary, purpose 
is to close this gap. 

Next, in applying the spherical-harmonics method to multilayer systems, 
an important and, unless properly handled, the most time-consuming part of 
the calculation is the determination of the constants of integration for one 
layer in terms of those for the preceding layer. What is involved is expressing 
the constants of integration in terms of the spherical-harmonics moments, 
that is, inversion of the matrix which gives the spherical-harmonics moments 
in terms of the constants of integration. In principle this inversion of the 
matrix can always be done numerically. In the case of cylindrical geometry, 
however, the matrix in question is of the order }(N+1)(N+3), where NV 
is the order of approximation, so that, with increasing order of approximation, 
inverting it numerically soon becomes prohibitively laborious. However, it 
has been shown by the author in a recent paper (Davison 1957a) that, in 
the cases of plane and spherical symmetry, the numerical inversion of the 
corresponding matrices is not necessary since, owing to some orthogonality 
properties of the functions involved, the inverse matrix can easily be written 
down explicitly in closed form. The second and main purpose of the present 
paper is to prove the corresponding result for the case of cylindrical symmetry. 
In what follows we shall refer to the formula giving the elements of this 
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inverse matrix, that is, giving the constants of integration in terms of the 
spherical-harmonics moments, simply as the ‘inversion formula”’. 

Section 2 is devoted to our first (the auxiliary) purpose. We derive there 
the expression for the spherical-harmonics moments in terms of the constants 
of integration for a general-order approximation. In Section 3 some identities 
appertaining to the quantities introduced in Section 2 and used in Section 4 
are proved. Our main problem is dealt with in Section 4, where we state and 
prove the expression for the constants of integration in terms of the spherical- 
harmonics moments. The expression for the constants of integration in the 
next layer in terms of those in the preceding layer is then given by a product 
of two matrices, both known explicitly beforehand. One may inquire, next, 
whether it is possible to obtain this product directly, without actual numerical 
multiplication of two matrices. This appears to be possible only if the total 
mean free paths in the two layers are the same. If this is so (so that the two 
layers differ only in the number of secondaries per collision) and the two layers 
are contiguous, such direct expression is possible and is comparatively simple. 
This is shown in Section 5. For effective application of the spherical-harmonics 
method one needs certain auxiliary functions and constants. Some of these 
are already encountered in dealing with problems of plane or spherical sym- 
metry and have already been extensively tabulated. In dealing with cylindrical 
systems, apart from the above, one encounters certain further auxiliary 
constants. These have now also been tabulated and are given in the Appendix. 

In the present paper, as already mentioned, we restrict ourselves to the case 
of complete cylindrical symmetry: by this we mean that the neutron distri- 
bution is assumed to be invariant under both rotation around and translation 
parallel to the axis of symmetry, as well as under the appropriate reflections. 
For the sake of simplicity it is further assumed that the particular layer with 
which we deal contains no sources and the number of secondaries per collision 
there is not unity. The modifications necessary when these two assumptions 
are not satisfied are easily found. 


2. SPHERICAL-HARMONICS MOMENTS IN CYLINDRICAL GEOMETRY 
2.1. Spherical-Harmonics Method for Unrestricted Geometrical Arrangements 


In the one-velocity theory, with isotropic scattering in the laboratory system 
of coordinates, the neutron angular distribution is governed by the well- 


known equation 


(2.1) Q.grady(r, Q)+y¥(r, Q)/l = (c/4ml)ffy(r, Q’)da’ 


(Davison 1957b), where r is the position vector, Q the unit vector in the 
direction of neutron travel, y(r,Q) the neutron angular distribution (that is, 
yd VdQ is the probable number of neutrons in the volume element dV travelling 
in a direction within dQ), J is the total mean free path, and c is the mean 
number of secondaries per collision. We have purposely omitted the source 
terms from (2.1). 

In the spherical-harmonics method Py approximation, one approximates 
¥(r,Q) by expanding it in terms of spherical harmonics and neglecting all 
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harmonics of order greater than N. In the cases of plane and spherical symmetry 
(where ¥(r,Q) can involve only one component of each particular order), 
this amounts to expanding ¥(r,Q) in Legendre polynomials in the cosine of 
the appropriate angle. To expand Q.grady(r,Q) in Legendre polynomials, 
one resorts to the recurrence relationships between those polynomials. In 
more general cases, where ¥(r,Q) may involve several spherical harmonics 
of the same order, a convenient procedure is as follows. 
Let U be the vector of arbitrary magnitude U and direction Q: 


(2:2) U = UQ; 


and let W, be 4rU”/(2n+1) times the contribution of all spherical harmonics 
of order n to ¥(r,Q). Then the spherical-harmonics expansion of ¥(r,Q) can 
be expressed as 


(2.3) (1/4) D5 (2n+1)V]v-1, 


where the factor (2n+1)/4m has been introduced to preserve similarity with 
the Legendre polynomial expansion used in the simpler cases. The quantities 
W, are functions of the two vector variables r and U. In dealing with such 
functions, we shall distinguish the operators grad, div, and V? taken with 
respect to r and U by corresponding subscripts. The fact that W,]yo1 is a 
lmear combination of spherical harmonics of order n means that W, is a homo- 
geneous polynomial of order 1 in Us, U,, and U,, satisfying the equation 


(2.4) Vue, = 0. 


Conversely, if we have a homogeneous polynomial of order » in Us, U,, and 

U,, satisfying (2.4), its value for U = 1 will then be a linear combination of 

spherical harmonics of order n. To expand Q.grad,-(2n+1)¥,]y—1 in spherical 

harmonics, it is sufficient to notice the following. It follows at once from 

(2.4) that Vy?(divygrad,-¥,) = 0, while, combining (2.4) with Euler’s identity 

and the fact that W, is a homogeneous polynomial of order m, one also gets 
Vu" { (2n+1)U. — U*divy}gradr¥, = 0. 


Thus, if we write 
Q.grad,(2n+1)V,Jye1 = {(2n+1)U.—U*divy} grads¥,Jye1 
+divygrad-V,],<1, 


the first term on the right side consists of spherical harmonics of order (n+1) 
and the second of those of order (n—1). Thus, equating separately to zero 
the spherical harmonics of each order in (2.1) gives 
(2.5) divygrad-V,,4:+(2n+1—cb) ,)¥,/l 

+ {(2n—1)U.— U*divy}grad,¥,_; = 0, 
where 6),, is the Kronecker symbol. Terminating each of the series involved 


after the spherical harmonics of order N is equivalent to disregarding the 
equation (2.5) for 2 > N and supplementing those for » < N by 


(2.6) Wy = 0. 
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2.2. Specialization to Cylindrical Geometry 
We now specialize the treatment to cylindrical systems. Let s be measured 
along the axis, r perpendicular to it, and @ be the azimuthal angle. Let U 
= UQ be specified by its components U, and U, and its azimuthal angle 
6’. In this system of coordinates, 
U.grad, U ,{cos(6’ —6)8/dr+sin(6’ — 0) (1/r)a/a0} + U.d/dz, 


(2.7) divygrad, = cos(6’—@){d?/drdU,+(1/rU ,) 07/0006’ } 
+sin(6’—6) {(1/r)a2/AU ,00—(1/U,) d2/ara6’} +.a2/adU,, 


while V,? and Vy? have their familiar expressions. 

We assume complete cylindrical symmetry; that is, ¥(r,Q) is invariant 
under translations parallel to the z axis, rotations around that axis, and reflec- 
tions with respect to the plane z = 0, and with respect to any plane passing 
through the z axis. Each ¥, should possess, of course, the same symmetry pro- 
perties, and it can be easily shown (Davison 19576) that the only form of 
VY, compatible with these is 


(2.8) ¥, - > cos m(0’—80) Yn.m (7) Bn m(U;, U.), 


m=0 
n—m even 


where Yp.m(r) are some functions of r only, while each B,,,(U,, U.) is a 
homogeneous polynomial of order m in U, and U,, satisfying the equation 
(2.9) Vis{cos mé’B, »(U,, U,)} = 0. 
This determines B,,,(U,, Uz) uniquely, apart from the normalization con- 
stant. We normalize it by the condition that the coefficient accompanying 
U,” is unity. We need later the following recurrence relationships for these 
polynomials: 
(0/0U ,4Am/U,)Batim(U,, U2) = (n2m—1)By mzi(U;, U2), 
{(2n—-1)U,-(U 2+ UZ) (0/0U ,4Am/U,)} Ba-1.m(U +, U2) 

= (nm) By mzi(U », U,). 


(2.10) 


To prove the first of (2.10), with the upper signs, notice that 
cos(m—1)0'(0/dU ,+m/U,)Brsim(U,, U2) 
= O{cos m6’Byiim(U,, U,)}/d(U, cos 6’) 

+ {sin m@’Basim(U,, U,)}/d(U,; sin 6), 
and hence it must satisfy (2.9). Also, it is a homogeneous polynomial of order 
n in U,cos@’, U,sin@’, and U, and therefore must be proportional to 
cos(m—1)6'B, m(U,;, U,). Determining the coefficient of proportionality by 
comparing the terms with U,”, one immediately arrives at the first of (2.10) 
with the upper signs. The other three formulae can be proved similarly. 

We turn now to the functions y, (7) in (2.8). With W, given by (2.8), the 
equations (2.5) and (2.6) represent a system of equations for the Yn,m(7). 
We proceed to show that a particular solution of this system is 
(2.11) Ynim(1) = On mKm(—vr/l), 
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where v and b, .» are certain constants and K,,(y) is the modified Bessel function 
of the second kind, the Macdonald definition of these, 


(2.12) Kn(y) = (4/2) {I—-m(¥) —Im(y) }cosec mr, 


being used throughout (Whittaker and Watson 1950). 

Substituting (2.8) and (2.11) into (2.5), using (2.7) and (2.10) and the 
well-known recurrence formulae for the Bessel functions, and collecting the 
coefficients accompanying cos m’(6’—@) for each m’ separately, we obtain 
(2.13) (14-80 m—1)(" —M+2) p41 m1 + (m+ m+2)bn+1 m41 

+(1 +60 m—1)(n-+m 1)bn-1 m1 t(n = 1)bp—1 »m+1 
+2(2n+1 —C8 2) On m/v = 0. 


The factors (1+69,m—1) arise because the coefficients accompanying cos(6’ —@) 
and cos(@--6’) should, of course, be combined. 

In view of (2.6), (2.13) should be supplemented by 
(2.14) byii,m = 0 for all m. 


Thus, if the },,, satisfy the above conditions, (2.11) gives indeed a par- 
ticular solution of the equations for Y» (7). 
2.3. The Solution of an Auxiliary Problem 
To facilitate the solution of the system of equations (2.13) and (2.14), 
introduce the auxiliary quantities W, defined by 
(2.15) Wr = D> bimcos m0’ Bam(U;, U2), 
n—m even 
O0<m<n 
where b,,m are some constants, and let us try to determine these so that the 
W, satisfy the conditions 
(2.16) OWys1/0(U, cos 6’) +(2n+1—cby 2) Wr /v 
+{(2n—1)U,cos #’—(U?+U,7)0/0(U, cos 6’)}W,_1 = 0 
together with 
(2.17) Wwe = 0. 
Substituting (2.15) into (2.16) and (2.17) and proceeding much as before, one 
arrives at a system of recurrence relationships for b,,_ which are identical 
with those ((2.13) and (2.14)) for },.,, and hence a particular solution of 
the latter system of equations is 
(2.18) Daim = On m- 
Thus the solution of the system of equations (2.13) and (2.14) is reduced to 
the solution of (2.16) and (2.17). The latter, however, can be easily accom- 
plished if we change the representation of the vector U, putting now 


CU cesie’ =a; 
(2.19) U,sind’ = U; sina, 
U, = U;, cose, 


and re-expand VW, as a Fourier series in w. 
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Let C,,.(Uz, U,) be a homogeneous polynomial of order m in U,; and U,, 
satisfying the equation 
(2.20) Vu" {cos kwC, (Uz, U,)} = 


and normalized by the condition that the coefficient accompanying U,"-*U * 
is unity. Let also the functions G, ,(v) be defined by the recurrence relation- 
ships. 

(2.: 21) (n—Rk+1)Gyii, x(v) +(2n+1 —cb ») n) a. x(v) v+(n+k)G n— 1,4(V) = 0 


together with 
G x-1,x() = 0, 


(2.22) 
Gx,x(v) = 1, 


which also implies 
(2:22) G,.x(v) = 0 for alla < k-1. 


The polynomials C,,,(Uz, U;) are uniquely determined by the conditions 
imposed above. One can readily verify, much as in the case of (2.10), that they 
satisfy the recurrence relationships 
(2.23) 9Cn+1,x(U2,U )/dUz = (n—R+1)C, (U,V), 
| (2n—1) U,—(UP+U ?)0/dU 2} Cra, e(U2,U 1) = (L—bn, x) (+R) Cr x( U2, U1). 


Next, one can easily verify, by direct substitution and using (2.23), (2.21), 
and (2.22), that, if we put 
(2.24) W, = Gn,x(v) cos Rw, .(U2,U 2), 


they will satisfy (2.16). The polynomials B,..,(U,;,U.) involve only even 
powers of U,. (No odd functions of U, could appear in (2.8) on account of 
the assumed invariance of y, under reflections with respect to the plane z = 0.) 
Hence, by (2.15), W, also is an even function of U,, that is, of cos w. This 
will be so, provided we restrict ourselves in (2.24) to even values of k. Finally, 
to satisfy (2.17), we must have 

(2. 25) Gy+1,x(v) = 0, 


which gives us the permissible values of v. This completes the determination 
of the quantities W,. To determine the b, ,, it is sufficient to return in (2.24) 
to the coordinates U,, U,, and 6’ and re-expand this W, as a Fourier series in 
rT . k - . ° 
rhus, if we denote by hig d the coefficient in the expansion 
(2.26) cos kwCyx(Ur, U) = YS 1, cos m0'Bym(U;, Us) 


n—m even 
O0<m<n 


and v,., is a root of (2.25) for a particular k, assumed even, then the values 


of b, . corresponding to this value of »—call them b{.*)_ —are given by 


9907 (j.k (k) 
(2.27) bait? me Tam Ga.n (5,2): 


2.4. The Final Expression for the Spherical-Harmonics Moments 
With N odd and k even, one can readily see that Gy41,;(v) is a polynomial 


of order (V+1—k)/2 in 1/v?. Thus the roots of (2.25) are in pairs (ify = vj, 
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is a root, so is y = —v,;x), and there are (V+1—k)/2 such pairs of roots. For 
k = 0, G, 9(v) and vj; coincide with the corresponding quantities encountered 
in the case of plane symmetry, and it is known (Davison 19570) that, if c ¥ 1, 
all v; are different from each other. One can similarly show in general that, 
for any fixed k, the roots of (2.25) are different from each other. 

Labelling these roots in accordance with the convention 


2 2 
(2.28) Vj = ——V4K» Vik SVi4Lk » 


substituting (2.27) into (2.11), and superimposing the contributions of all 
permissible k and of all v;,, for each k, we have 


n i A(N+1—k)/2 
)€« , k - 
(2.29) Wass (r) = > fo. i, A 4G, x (V5.4) Km(—vy,4r/1), 
k even 


where i, v;,x, and G,,x(v) are defined by (2.26), (2.25), and (2.21) together 
with (2.22) respectively, while the Aj;,, are the arbitrary constants (the 
constants of integration) to be determined from boundary conditions, con- 
ditions of regularity at the origin, and conditions at infinity. The boundary 
conditions at the interface between two contiguous media are 


(2.30) Wn m(r) continuous across the interface (1 < N). 


Since for a given k the v,,, are all distinct, while for different k the G, x(v,,x) 
are linearly independent (see (2.22’), say), one readily sees that the number of 
constants of integration A,,, for each medium is equal to the number o} 
conditions at each interface, which shows that we have obtained the most 
general solution under the symmetry properties assumed. 

It may be mentioned that the polynomials B, _(U,, Uz) and C,,.(Uz,U 2) 
are closely related to the associated Legendre functions, namely 


(2.31) Bam(U;, Uz) = (UP +U2"" PR(U./VU+U,)/Pa (0) , 
(2.32) Cyr(Ur Us) = (Us +U PY” Pr(Uz/VU + Ue) /[d"Pa(u)/du" Jeo 
where Ferrer’s definition, 

Pr(u) = (1—u")"” d™P, (4) /du” , 
is used (Whittaker and Watson 1950). Thus the expansion (2.3), on substi- 
tuting (2.8), becomes 


(2.3) p(t, Q) = (1/4) DY D7 (2n+1) cos m(6’—6) Px (22) Yam(r)/Pn (0), 


n n—-m 
even 


which shows more clearly the normalization of %_,.m(r) adopted above. 

The constants 12, are discussed in greater detail in Section 3.2 below, and 
their numerical values are quoted, for n<7, in Table IV in the Appendix. 
The values of vj» and G, (vj) have been extensively tabulated previously 
(Mark 1957). The values of v;,, and G, .,(vj,x,) fork > 2 and N <7 are given 
in Tables I and II in the Appendix. 
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3. SOME AUXILIARY IDENTITIES 


3.1. Identities Appertaining to G,,x(v) 
We shall later need the following identities: 


(3.1) Grx(v) { (n—k'+1)Gas1,x(v’) + (n+k’)Gy—1x° (v’)} 
X {Km (yv) —Km-2(yv) }Km—1(—yv’) 
+Gnx(v’) {| (M—R+L) Gara (v) + (WM +R)Gi-14()} 
x {Kn(—yv’) —K,y_2(—yv’) }Km—1(yv) = 0, 
N 
n—k)!(2k)! 
8.2) YEE on + 1—chon)Gnalsa)Gaalrya) = halrra)B ss 
“. (n—k)!(2k)! ‘ , 
(8.3) ye EE (Gu ales s)Gaa.a(0y'a) Kye (54) Kyinn) (=I) 
+Gn,x(¥ 9,4) Gn—1,4 (05,4) Kony ( — yy x) Kpin—1) (93,x) } 
= — mth, (v;.x)65, y/2w*. x 
where 
(3.4) p(n) = O if n is even, 
= 1 if n is odd, 
v, v’, and y are any constants, the v,,, are the roots of (2.25) for a particular k, 
numbered in accordance with the convention (2.28), and 


‘ _ (N—k+1)! (2k)! » dGws1.e(¥)_ 
(3.5) hy (v) = (V+k)! v Gy,x(v) dy ° 
The identity (3.1) follows at once from the recurrence relationships (2.21) 
together with those for the Bessel functions. 

To prove the identity (3.2) we note that the following identity readily 
follows from (2.21): 


Se Gs) Gas Gabl 


(n+k)! 
= (1/r'—1/v) (2n+1—cbon) ae Gn.r(V)Gn,x(0") 
+ CoENO Ga ale)Gu-12(0")— Gu x VGr1.000)} ‘ 


By repeated application of this equality we have 


n'—k+1)!(2k)! ; 
(EE) Gusta Gu2 0") Gursi.2 (0 )Gy2(0)] 
. 2a (n—k)!(2k)! 
mad ) Pon 2 _ = Ink 7 ED: 
(1 v ] v) 2 (2n-+1 Cb0.n) (n+k)! G n.k(V)Gn,x(v") 
Multiplying both sides by wv’/(v—v’), taking n’ = N, v’ = vy x, and passing 
to the limit with v tending to v;,,, bearing in mind that both vy», and v,., are 
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roots of (2.25) and, unless j = 7’, they are different from each other, we 
immediately arrive at (3.2) with h,(v,) given by (3.5). 

It may be noted that a particular case of the identity (3.2), namely that 
for k = 0, is encountered in dealing with problems with plane or spherical 
symmetry. This case has received some attention previously. In particular it 
is known (Davison 1957a) that an alternative expression for ho(v;o) is 
available, namely 
(3.6) ho(vj.0) = —vy5,0/(dv;0/dc). 


This is rather more convenient than (3.5) for computation. For k > 2, 
when (3.5) has to be used, h,;(v;,,) are given for N < 7 in Table III of the 
Appendix. 

It may be noted also that, since G,,.(—v) = (—1)"Gp,x(v) while h,(—v) = 
h,(v), the identity (3.2) implies 


(3.7) . - re thy i ben i dlecbekihi Si bhi 


n even 
We turn finally to proving the identity (3.3). By suitably relabelling the 
summation index (namely, putting 2 = n’ if m is even and n = n’+1 if n is 
odd and then writing 7 instead of n’), the left side of (3.3) becomes 


ag re “ELM RAL) Gr 1.¢j.4) + (MFR )Gr1,e%3.4)] 


XK Gri (vy x) Ko(—yvy x) Ki (yv;,x) 
+[(m—R+1) G41. (vyc) FM +R) G14 (09,4) Gre (¥ 5,4) Ko (yr y.n)K1( — yy) } : 


In view of (2.21) and the recurrence relations for the Bessel functions, this 
is equal to 


(38) —(y/2) ease —Ka(—yry-)Ko(o75.2)} 
x e - or (2n+1—céo, aie. x (Vy, «Gn, avy’ a 


Now if v5., # v},,, the quantity in the second braces in (3.8) vanishes in 
view of (3.7), while if v;,, = —vy,, that in the first braces vanishes. Thus, 
unless vj, = vy,x", the left side of (3.3) vanishes, and to complete the proof 
of this identity it is sufficient to verify the coefficient accompanying 6,» on 
the right. But from the properties of Bessel functions, 


K,(2)Ko(—2) —K2(—2)Ko(z) = 2[Ki(z)Ko(—2) +Ki(—2)Ko(z)]/z 
= —2mi[Ki(2)Io(z)+J1(2)Ko(z)|/2 = —2zi/z*, 
which, combined with (3.7) and (3.8), immediately gives the right side of (3.3). 
3.2. Formulae and Recurrence Relationships for Ii"), 
We shall also need the following recurrence relationships: 
2(n—k+1) I, = (1+4o, m1) (n—m+2) Ii 1m—-1+ (n-+-m+2) I ho 


(3.9) 
2(1—4,,4) (n +k, = (1+60,m- 1) (n+m—1)I 1. n— it(n— m—1)1,” l,m+l1- 
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To prove the first (the second) of these, substitute (2.26) into the first (the 
second) of (2.23), use (2.10) to eliminate the derivatives of By m(U,, U2), 
and then equate the coefficients accompanying cos m’@’ for any particular m’. 
The factor (1+6 9-1) has the same origin as the corresponding factor in 
(2.13). 

The recurrence relationships (3.9) are the only properties of the 1 that 
will be involved in the subsequent discussion. For the actual evaluation of 
I. they should be supplemented, however, by the value of 12 forn =k 
and one m in the range 0 < m < n. This can be obtained as follows. Put, 
in (2.26), U, = 0 and notice that then B,.,(U,, Uz) reduces to U,", and 
cos w = 0, so that cos kw = (—1)*”. Substituting then from (2.31) and (2.32) 
and taking 1 = k, we obtain 

k 
(3.10) (—1)*” sin’#’ = >> I, cos mé’, 


m=0 
m even 


and hence re, say, is given by 
(3.11) Tyke = 1/2*""(1+60,.). 


4. THE INVERSION FORMULA 
4.1. The Statement of the Inversion Formula 


We turn now to the second and main purpose of this paper, namely, to 
expressing the constants of integration A ;,, in terms of the spherical-harmonics 
moments Wp (7), defined by (2.8). We show that this is given by 


N n 
(4.1) A 5. = (rX ;.4/1) a » Vn.m(r) 


n—m even 


XK {(1—So,m) (nm) Ses, m—1K m—1 (05,47 /1)Ga—1,4(¥ 5.x) 
+ (14+50,m)(a—m) Sos. metK mos (05,00 /L)Gn—1,0 (04,2) 
+ (1—60,m) (m—mM+1) Seh1,m—1K m—1(¥ 5,07 /1)Gas,4 (04,2) 
+(1+50,m)(mm+1) SrPr.metK mys (¥ 5,07 /1)Gn4s.0(¥s,x) }s 
with 
(4.2) X je = 5 n/t (5,4) 


and the constants S,“), defined by the relationships 


(4.3) (n—m+2) Si,+ (nm) Sein-2—2(n+R+I) See i.m—1 = 0 
together with 

(4.4) (k+-m—1) on + (kR-m+1)S,,-2 = 0 (m even) 

and 

(4.5) YS she, = 1. 


m=0 
m even 
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The relationships (4.3) to (4.5) allow us to determine sf only for n 2 k. 
These are, however, the only Se which in fact enter into (4.1); i and 
SL? o me are accompanied there by Gy_1,,(v) and G;_2,,(v) respectively, and these 
vanish by (2.22’). 

The factors (1—6),m) and (1+69,) in (4.1) have the effect of replacing 
SO _Ka(vy.xr/l) by S?1Ki(v;,,7/l). But since K_i(y) = Ki(y) and, as we 
shall see shortly, SM, = S&Y, such replacement does not affect the result. 
It is introduced merely for the sake of convenience. 

In view of (2.29), in order to establish (4.1) it is sufficient to prove the 
identity 


N n 
4.6) Sd 1G eye )Km(—vy.er/)) {quantity in braces in (4.1)} 
=k— 


n 1 m=0 


n—m even 
= lbp, 45y, 9° /17X 5.x . 
Before we can prove it, however, for a general order approximation, we 
should first examine more closely the numerical coefficients appearing on its 
left side. 
4.2. The Constants Sf. 
y . v(k ad ‘ 
We start with the constants . and show, first, that apart from (4.3) 
they also satisfy the recurrence relationships 
(k) 


(4.7) (n+-m—1) Sx? + (n—m+1) Se,-2—2(n—k) Se? m1 = (n > k+1), 


and, second, that 

To establish (4.7), let Fi(m, m) and F.(n, m) denote the left sides of (4.3) 
and (4.7) respectively for particular m and m (so that Fi(n, m—2), say, will 
denote the left side of (4.3) with m replaced by m—2, and so on). Similarly 
let H(m) denote the left side of (4.4) for a particular m and consider the 
expressions 
(4.9) (n+m)F,(n, m)+(n—m) F2(n, m+2) —2(n+k+1) Fo(n+1, m+1) 

—(n—m+1)F,(n, m) —(n+-m+1)Fi(n, m+2)+2(n—k) Fi(n—1, m+1) 


and 

(4.10) (k-+-m)H(m)+(k—m)H(m+2) —2(2k+1)F:(k+1, m+1) 
—(k—m+1)Fi(k, m) —(k+m+1)Fi(k, m+2). 

Collecting in (4.9) the coefficients accompanying each particular Soy, we 

see that they vanish, and hence (4.9) vanishes also. On the other hand, See 

were chosen so as to satisfy (4.3), and hence all Fi(n’,m’) vanish. Thus 


(4.11) (n+m)F.(n, m)+(n—m)F.(n, m+2) = 2(n+k+1)F2(n4+1, m+1). 


Examining similarly the quantity (4.10), we get 
(4.12) (2k+1)F.(k+1,m+1) = 0. 


Now, since n > k > 0, neither (2k+1) nor (n+k+1) can vanish, and hence 





> 
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comparison of (4.12) and (4.11) shows at once that F.(m, m) vanishes, that is, 
(4.7) holds, for all > k+1. 

To prove (4.8), notice that, for a given k, once Sei is given, S22 for all 
n > k and all m are uniquely defined by (4.4) and (4.3). On the other hand, 
replacing in (4.4) and (4.3) m by 2—m, we see that S,, satisfy the same 
relationships as S\“),. Hence (4.8) follows. 


4.3. The Coefficients in Formula (4.6) 


We proceed now to examine the complete coefficients accompanying, on 
the left side of (4.6), various products 
Gn, xi (V9 Gn. e (05,4) Km (— 99,07 /D Kms (vsx7/l). 
To save writing we shall use the following abbreviations: 
Kin (v5.20 / l) = Mn, Kn(—vy 7/1) = Re, 
€ ‘ ~ _— + 
(4.13) Grin (¥5.4)Gn—1.0' (Vy .e) = fa. -» 
— + 
Gna (Vy.e )Gn~1,4 (Vin) = Bn = Bn 
We shall be particularly interested in the quantities fy.m, fim, tim, and tht, 
defined as follows: t7,» is the sum of the coefficients accompanying g, KmKh-1, 
0K eK i+1, Sn Kn 2K nyt, 82 Kin42K ines, etc. on the left side of (4.6), tkms thims 
and ¢/+, being defined in a similar manner. Inspection of the left side of (4.6) 
shows that the two subscripts m and m in ft; are always of the same parity, 
that is, either both odd or both even, and similarly for ttm, tm, and ttn, 
Also all the four quantities fim, ttm, tom, and t4, vanish for m > n. 
Comparing the expressions for tym and t{tim41, one readily sees all the 
addends entering into ¢4+: 41 appearing also in fm; but the latter contains 
also one further term, namely the coefficient accompanying g,K,Ah—-1. Thus 


tim = (1+60.m—1)(n+-m— He Fi nat Cia 


and similarly 


c. = (1 +60, m—1) (n—m+2) ST} mitt mtis 
(4.14) e (1—80,m) (nm) Sos m— 11 FE mats 
th'm = (1—8o,m)(#—m-+1) Spri.m—1T nm Abt t.m41; 


where the first term on each right side is written out in the form applicable 
for all m > O (though not necessarily for m < 0). 

Substituting into the first equation (4.14) from the fourth equation (4.14), 
we get 

Pas = { (1 +60, m—1)(n+m— 1 ) es (n—m— 1 ) ee ss } Sr 4+e 

If n > k’'+1, the second of (3.9) shows that the quantity in braces above is 
equal to 2(n+k’)I*>. For n < k’ the equality just stated need not hold, 
but then gz vanishes (see (4.13) and (2.22’)). Thus, without any restrictions 
upon m, we can write 


tr m&n = 2(n+k') Seo gy +h m2 8h 
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The expressions for tm, ti7m, and t+, can be transformed in a similar manner, 
except that, instead of appealing to the second of (3.9), we would have to 
appeal to the first of (3.9), to (4.3), and to (4.7) respectively, the last two, in 
case m = Q, taken in conjunction with (4.8). Bearing in mind that f7m+2, 
etc. can be transformed in exactly the same manner as above and introducing 
the abbreviation 


n 
6 Bik) (k) 7 (k’) 
(4.15) Peres = ps Sit laces 
m'’=m 


we thus have 
tn.mBx = 2(n-Ek')Raim Bas 
(4.16) temgt = 2(n—k’+1)RE* gt , 
tema = 2(m+k)Reim Be» 
thingat = 2(n—k+1) Ree git , 
4.4. The Final Proof of the Inversion Formula 


We are now in a position to return to the proof of (4.6). We show first that 
all the higher-order Bessel functions can be eliminated from its left side. 
To see this, multiply the first two equations (4.16) by (Ky,—Knp_—2)Kh_1 and 
the other two by (K;,—Kh_2)Km-1, add, and compare with (3.1). Summing 
also the results over all m of the same parity as m and lying in the range 
m<n«<_QN, we see that 


N 


(4.17) DY  (Memea tt met KmK nit [tenes Hh n8n KinKm—1} 


n=m 
n—m even 


will remain unaltered if we replace K,, and Ky by K,»~2 and Kj,_2 respectively. 
Consider now the actual elimination of the higher-order Bessel functions. 
The highest-order Bessel functions initially present on the left-hand side of 
(4.6) are those of order N: Ky and Ky. The assembly of terms involving 
these is given, as one can coy see, by (4.17) with m = N. (Notice that, in 
view of (4.13) and (2.25), gt = gt = 0.) Thus, in view of our conclusions 
regarding (4.17), we can replace K. and Ky by Ky_»2 and Ky_» respectively. 
The highest-order Bessel functions present are now Ky; and Ky_,. Recalling 
that gr = g’*,, gt = gj, etc. and the definitions of ty,m, etc., one readily 
sees that the assembly of terms involving these, at the present stage of elimina- 
tion, is given by (4.17) with m = N—1. Thus, by the properties of (4.17), 
we can now replace Ky_; and Ky_; by Ky_3; and Ky_; respectively, and 
so on. Proceeding in this manner, we can eliminate all the Bessel functions of 
order > 2, and the entire left side of (4.6) reduces to (4.17) with m = 1. 

Let us now examine the result of this elimination. For this parpees we need 
to know various f7 1, tf 1, etc., that is, in view of (4.16), various Re i” for odd 
n. Notice, however, that for m = 0 the first terms in all four ieieiaiboe (4.14) 
vanish either on account of the factor (1—49.,) or because i vanishes by 
definition. Thus substituting (4.16) into (4.14) with m = 0 gives 











CR tt 


, 
, 
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(n+k')Ruo ge = (MARE, — | 
(n-+R)Ryto Bn = (MR) RET Ae » 

(M— RR Tg, = (WFR) ee, | 
(n- RRO = (WR IRE gS. | 


_ show at once that, unless k”? = k?, that is, unless k’ = k, all R“g? and 
REoF i*? vanish, while for k’ = k they can all be easily expressed in terms of 
Re; ). Now (4.5), in the notations (4.15), is simply Rf 3 ; = 1. Thus putting, 
as in (3.4), p(n) = 0 or 1 depending on whether x is even or odd, we obtain 


, (Op)! 
(4.19) REX) = oe = ECE Sx.n - 


(n even) 


(4.18) 


(n odd) 


Substituting this into (4.16) to obtain f7 1, t*1, ti71, and #1, substituting these 
into (4.17) with m = 1 (which, as we have remarked previously, is equal to 
the entire left side of (4.6)), and comparing with the identity (3.3), we see at 
once that the left side of (4.6) is 
ml (v5.%)8x.4'85, 3° /t1V5,.x ‘ 
This, in view of (4.2), completes the proof of (4.6) and hence also of the 
inversion formula (4.1). 
Miscellaneous Remarks Regarding the Constants S, and I, 

en we leave the constants So, and J, we may mention the following 

relations: 


(4.20) SO, = 1 for all m and m, 
9 : (k) 7k) (n—k)!(2k)! ; 
(4.21) x Tei tae (n +k)! Ox,k ’ 
99 . ah (k) 7k) . 
(4.22) » a naa Ee Gea ’ 
k even 
(4.23) Ze (s+) Shin CoS kwCy,x(Uz, Ut) = cos m0’Bnm(U;, U2), 
sae 
(4.24) = 1/2**(1+60,). 


(4.20) can be at once verified by substitution into (4.3) to (4.5); (4.21) is just 
(4.19) rewritten more explicitly, while (4.22) is a direct consequence of (4.21). 
Finally, (4.23) follows from combining (2.26) with (4.22), and (4.24) follows 
from (4.23) if we take there U, = 0 and m = n, assumed even. 

It is also interesting to compare (2.26), (2.29), (4.23), and (4.1). This 
comparison shows that, while the expression for Y,,(7) in terms of Aj, 
involves the coefficients in the expansion of cos kwC,,,(Uz,U,) in terms of 
cos m6’B, m(U,,U;), the expression for A ,,, in terms of Y, (7) involves some 
numbers closely related to the coefficients of the expansion of cos m6’ B, m(U ,,U,) 
in terms of cos kwC, ,(Uz,U,). This, of course, is just what one would have 


oa n+k\. re , 
expected. The appearance of the factor("*#) in (4.23) is due to the normaliza- 


tions adopted. 
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5. RELATIONS BETWEEN THE CONSTANTS OF INTEGRATION 
IN TWO ADJACENT MEDIA HAVING 
THE SAME MEAN FREE PATH 
The ultimate purpose of the calculations described in the last section, that 
is, of expressing A,,, in terms of Yy.m(7), is to express the constants A ;,, in 
any layer in terms of those in the preceding layer, that is, if A‘, are the 
values of A,., for the sth layer, to determine the coefficients 0A $*f”?/0A 


in the expression 


* : Pry 
(6.1) ast” = Oe Ae. 
= J’ <1 7j',k 


If the sth and (s+1)th layers are contiguous, so that (2.30) holds, and both 
are source-free, by combining (2.30) with (2.29) and substituting into (4.1), 
one readily obtains 


(5.2) AAS? (AAG pp = (7X VE?/Ly41) {the left side of (4.1) with each 
product [Gree (V9.0 )Gngr.e (V5.4) Km (vy? /l) Kai (vy i7/)] 
replaced by [Gp,x/ (05? x4 6s)Gnar,e(OGt?, Cort) Km (0 vr s/Ls) Kar (vot rs/Issi)]}, 


r, being the radial coordinate of the interface between the sth and the (s+1)th 
layers, /, and c, the mean free path and the number of secondaries per collision 
for the sth layer, Ps ag and vy,” the values of Xj, and v;., calculated for 
C = Cs41, and G, ,,(v, c) the function G, ,(v) for a particular value of c. 

Similarly to the case of spherical symmetry, no significant simplifications 
arise in the expression (5.2) unless /,41 = /,. When this is so, so that the two 
media differ only in the number of secondaries per collision, the expression 
(5.2) can be appreciably simplified. In fact we shall show that 


(5.3) At? = = AS*,+ terms vanishing for /,41 = 1, if k>2, 


and 


+(N—1)/2 


rn 4 std Coi—C, Ss, vy a 
(5.4) Ajo Py [» ad ee —[p vy al, de Pikes 


po JHit8"K (raStt? /h)Ko(—ro'? o/Ls) 


\ 
Hv soKi(—rvs"0/ls) Koro /Is) (A j"20 


+terms vanishing for /, = /541. 


ic 


To see (5.3), notice that the G,,,(v, ¢), vj,x, and X ;,, actually anpene upon ¢ 
only when k = 0 (see (2.21)). Thus for k > 2, [aage) ‘aA »] can differ 
from [04%./dA%? »] only because of the difference between 1,4; and iss and 
if J,4,; = 71, the above quantities should be identical. But [a.A$*/ aAY»] is 
obviously equal to 6;, + 5¢,x", whence (5.3) follows at once. By a similar argu- 
ment one can show that [aA (%t9/ dA‘ .] vanishes if /,,, = 1, for all k’ > 2 
Thus to prove (5.4) it remains to estimate (aA, ‘0A J] fOr Foy =ob,, 








at 
in 


he 


n 
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For this purpose we review the evaluation of the left side of (4.6), as given 
in Section 4.4, fork = k’ = 0, and see what alterations are needed owing to the 
fact that vj» and G, (vj) no longer refer to the same value of ¢ as vy » and 
Gasio(vy o). The first step in evaluating the left side of (4.6) was to eliminate 
all the higher-order Bessel functions by means of the identity (3.1). But in 
the derivation of (3.1) no restrictions were imposed upon the values of v and v’, 
and the assumption that the G function appertained to the same value of ¢ 
was utilized only for the case of n = 0. Thus, as long as /,4; = /;, (3.1) is still 
applicable for all » > 1. On the other hand it is obvious, from the limits of 
summation on the left side of (4.6), that, in order to eliminate the Bessel 
functions of order > 2, one would not have to invoke (3.1) with » = 0. Thus 
the elimination of the Bessel functions of higher order can be carried out 
exactly as before, and the result will be equal to (r,; Aig) EG” times (4.17), 
for m = 1, altered in the same manner as indicated in (5.2). Substituting here 
from (4.16) together with (4.19), recalling that we deal now with k = k’ = 0, 
and relabelling the terms much in the same way as was done in deriving (3.3), 
we obtain 


a got? fa / 4‘? 


(5.5) 7.0)t, +1=ls 


g% ( ) 
= 2y sx : [(m+1)Gr41, ovo. , Co41) +NG,-1,0(090 > Cs41)] 
r= 
n even 


28) 


x Gp, o(vs” 0, € c;)Ko (— yo Ki (yy, 0 
+ the same with j and 7’, s and s+1, y and —y interchanged j 


where we have put for brevity y = r;/l, = rs/ls41. 

Sums closely related to those in (5.5) were studied in a previous paper 
(Davison 1957a), where it was shown, much as in the derivation of (3.2), that 
(in the present notation) 

N 


(5.6) _ (: 2n+1 =: 300, n)Gn, a(n” ’ Co41)Gu,0(P Se, Cs) 


n=0 
«= (¢,- Cop) v9! o/ (v5 


‘ a 3 2 , 
Replacing here v{°9” by —»\” and adding to (5.6) as it stands, we also have 


fo. (s+1) 
—=F7.0 yF 


N-1 


(5.7) > f{addends as in (5.6)} = (cs—ce41) (v§0)?/ { (v$0)°— (v§'0)”} 


n=0 
n even 


Using now (2.21) to simplify (5.5), comparing with (5.7), recalling that 
y =r,/l,, and substituting for xin from (4.2) together with (3.6’, we 
arrive at the same value of 
[A199 8A Pol imte vs 
as is implied in (5.4). This, together with 
) ) 
[aA $3" / OL (Fit 0 for R’ a 2. 


established earlier, completes the proof of (5.4). 
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APPENDIX 
We give below tables of the values of vj, and v5, Gax(vye), Ae(vye), 1%, 
and S\“), that are encountered in the P;, Ps, and P; approximations. For 
k = 2, 4, and 6, all five of the above quantities are given. For k = 0 we give 
only 1, since vj and v5,oand G, o(v;) have already been extensively tabulated 
(Mark 1957), and Ao(v;) can be easily obtained, using (3.6) and tables of 
vj,0, While SO, = 1 for all 2 and m (see (4.20)). 














TABLE I 
[v;,4]1? for k >2;¢ = 1,2 
‘3 1 . 3 
N k q ~*~ 
3 2 1 2.645751 — — 
2 7.000000 — —_ 
5 2 1 1.439374 3.991015 ica 
2 2.071797 15.928203 = 
4 ] 3.316625 a = 
2 11.000000 — — 
7 2 1 1.219741 1.849780 5.300051 
2 1.487769 3.421688 28 .090543 
4 I 1.673906 4.816434 — 
2 2.801961 23. 198039 —- 
6 1 3.872983 — —— 
2 15. 000000 — — 
TABLE II 


Gry k(y 


jk) for R>2 





‘ j 1 2 3 
N k n 


3 2 2 1.000000 = —_ 





3 — 1.889822 = — 
5 2 2 1.000000 1.000000 — 
3 —3.473732 — 1.252814 — 
4 5.946772 — 1.401320 — 
5 —5.447038 3.558984 = 
4 4 1.000000 — - 
5 — 2.713602 — _ 
7 2 2 1.000000 1.000000 1.000000 
3 — 4.099230 — 2.703023 — .943387 
4 9 . 262580 2.614434 —1.877015 
5 —14.58319 1.165921 2.949225 
6 16.66940 — 6.308591 1.754533 
7 —12.19937 7.001702 —5.579466 
4 4 1.000000 1.000000 _ 
5 — 5.376646 — 1.868602 — 
6 13. 16620 —2.366199 — 
7 — 16.16192 8.357536 — 
6 6 1.000000 — — 
é 


— 3.356585 ae a 
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TABLE III 
hk(v;j,x) for k>2 
































-338 \ j 1 2 3 
idge N k 
3 2 10.00000 =~ — 
5 2 52.43695 12.35644 - 
(k) 4 18. 00000 —_ _ 
n,m 7 2 216.1634 32.98455 15.37122 
For 4 118.1571 21. 23484 — 
. 6 .( pass = 
ive 6 26 .00000 
ted 
of 
TABLE IV 
1) 
n,m 
m 0O 1 2 3 4 5 6 7 
n k 
0 Oo 1 
ee 1 
2 0 1/4 3/4 
2 -1/2 1/2 
3 #0 3/8 5/8 
2 —1/4 1/4 
a | 9/64 5/16 35/64 
2 —1/16 —1/12 7/48 
4 3/8 —1/2 1/8 
5 © 15/64 35/128 63/128 
2 —1/16 —1/32 3/32 
4 1/8 —3/16 1/16 
6 0 25/256 105/512 63/256 231/512 
2 —5/256 —17/512 — 3/256 33/512 
4 1/32 1/64 — 13/160 11/320 
6 —5/16 15/32 —3/16 1/32 
re 175/1024 189/1024 231/1024 429/1024 
2 — 25/1024 —19/1024 — 11/3072 143/3072 
4 3/128 —3/640 —5/128 13/640 
6 — 5/64 9/64 —5/64 1/64 
TABLE V 
(k) 
Sam for k>2 
m 0 gr wg 4 5 el 7 
k n 
2 3 —3/2 1/2 
3 —1/2 3/10 
4 —1/3 —1/5 1/5 
5 —1/5 —3/35 1/7 
6 —3/20 —17/140 —1/28 /2 
7 —3/28 — 19/252 —1/84 1/12 
4 4 35/24 -7/8 1/8 
5 7/24 -3/8 5/72 
6 7/40 1/24 —13/72 /24 
7 3/40 —1/72 — 25/264 7/264 
6 6 —231/160 33/32 —11/32 1/32 
7 — 33/160 11/32 —5/32 7/416 











AN INVESTIGATION OF SOME BARIUM TITANATE 
COMPOSITIONS FOR TRANSDUCER APPLICATIONS! 


D. SCHOFIELD AND R. F. BRown 


ABSTRACT 


The most important factor limiting the use of barium titanate in high power 
electroacoustic transducer applications is the large dielectric loss in high exciting 
fields. It has been shown that the addition of cobalt to 5% calcium, 95% barium 
titanate compositions produces a large reduction in the loss in high fields without 
significantly affecting the piezoelectric constants of polarized ceramic. 


I. INTRODUCTION 


Barium titanate is a ferroelectric material exhibiting a large non-linear 
electrostrictive effect. For transducer applications barium titanate is manu- 
factured as a ceramic and then polarized in a high d-c. electric field to ‘‘align’’ 
the spontaneous polarization of the individual crystallites in the direction 
of the applied field. On removal of the electric field, the remanent polarization 
is high and the ceramic element behaves as a quasi-piezoelectric crystal 
with the piezoelectric axis in the direction of the polarizing field. After such 
processing and within certain limits of mechanical and electric strain, the 
ceramic can be used as a linear electromechanical transducer element and is 
usually, though erroneously, said to be piezoelectric. 

The properties of barium titanate can be profoundly affected by small 
percentages of additions, e.g. calcium and lead titanate. One effect of these 
additions is to change the transition temperatures. The transition in pure 
barium titanate at 10° C. is in the neighborhood of the ambient temperature 
and is therefore undesirable. The addition of 5% of either of the above 
additives shifts this transition point below 0° C. 

It has been pointed out (Schofield and Brown 1957) that the major dis- 
advantage of barium titanate as a transducer material is that the dielectric 
loss in high a-c. fields is large; although at low fields the loss tangent is only 
of the order of 0.01, as the field is increased the loss tangent rises sharply 
reaching about 0.1 in fields of 1 kv. r.m.s./em. Although Baerwald and Berlin- 
court (1953) have shown that the high field dielectric loss can be substantially 
reduced by applying positive d-c. bias equal to the negative peak of the driving 
field, this technique in underwater transducers is not practical and materials 
requiring such treatment must be rejected as unsuitable for high power pro- 
jectors. This led to a search for a material with piezoelectric constants similar 
to the presently available barium titanate compositions but with lower 
hysteretic losses. 

It was reported in a recent U.K. Provisional Patent (1953) that the addition 
of small quantities of cobalt to barium—lead titanate compositions produces a 
large reduction in the high field losses. Other workers (Berlincourt 1955) have 
reported that the addition of small quantities of cobalt “had been used to 


‘Manuscript received January 7, 1957. 
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improve piezoelectric properties of marginal barium titanate lots’’, but with 
evidence of increased aging rates. The above work suggested that the effect 
of the addition of small quantities of cobalt to barium-calcium titanate should 
be investigated. 

The following properties have been determined: 

(i) magnitude and variation with temperature of the piezoelectric effects, 

(ii) variation of characteristic constants after polarization, 

(iii) dielectric or hysteretic losses in high a-c. exciting fields, 

(iv) coercivity. 

II. EXPERIMENTAL PROCEDURE 

(a) Manufacturing Technique 

The compositions investigated are listed in Table I. The materials are 
mixed in 2000 g. batches. The barium titanate (Tamco commercial piezoelectric 
grade), calcium titanate (Tamco commercial grade), and cobalt carbonate 
are mixed together with 400 cc. water, 70 cc. 10° ammonium hydroxide 
solution, 70 cc. of 1% tannic acid solution, 80 cc. 1% citric acid solution, and 
4000 g. flint pebbles. After 1 hour of mixing the mill is emptied and the slurry 
converted into a wet filter cake. The wet filter cakes are then dried at 110° C., 
passed through a disintegrator, and the resulting powder stored in airtight 
containers. The powder is tempered as required with 6 cc. of a 10°% solution 
of polyvinyl alcohol per 100 g. of mixture. Sufficient of the dampened mixture 
for a disk approximately 1} in. diam. by } in. thick is then charged into a 
mold and pressed at 10,000 p.s.i. 

The “green’’ elements are placed in a sagger in a gas-fired kiln and the 
. The temperature of the 


temperature raised 350° C. per hour up to 1100° ¢ 

kiln is held at this level for 1 hour, then raised 100° C. per hour to 1400° C. 
After holding at this temperature for two hours, the gas is turned off and the 
kiln is allowed to cool. Steam is injected into the sagger at kiln temperatures 
above 600° C. and the humid atmosphere maintained until the gas is shut 
off. 

The rough disks are lapped to ensure that the plane surfaces are parallel 
and also perpendicular to the axis of the disk. The grinding process is followed 
by a stringent solvent (trichloroethylene) and alkaline (hot sodium meta- 
silicate) degreasing. The surfaces to be electroded are sprayed with a thin 
coat of Dupont conducting silver No. 4756 and the disks are then fired in an 
electric furnace at 700° C. The silver forms a very strongly adhering electrode 
approximately 0.0005 in. thick. 


(b) Polarization 

Two techniques of polarization are available: firstly, a high d-c. field may be 
applied across the electrodes at room temperature and, secondly, the ceramic 
may be cooled through the Curie point with a high d-c. field applied. It has 
been shown that the second technique is more satisfactory and the investiga- 
tions described in this paper have been carried out on ceramic hot polarized 
in a field of 10 kv./cm. with the specimen immersed in a silicone oil bath. 
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(c) Dielectric Constant 
The measurements of capacity were made on a Schering bridge (GR-716C 
capacity bridge) at a frequency of 1 kc., the dielectric constant being cal- 
culated from the expression for a parallel plate condenser: 
(1) K = xC/0.0884A, 
where x = thickness in cm., 
C = capacity in upf., 
A = area in cm? 
(d) Piezoelectric Measurements 
The coupling coefficient is probably the most important figure of merit 
of any transducer material. For a given mode of vibration, it is defined as 
the square root of the ratio of energy stored in mechanical form to the total 


input electrical energy. In terms of the physical constants of a piezoelectric 
material, the longitudinal mode coupling factor may be expressed in m.k.s. 


units as: 


(2) kx = dy /(Keo/ Y)}, 


where d;, = transverse piezoelectric constant in coulombs/newton, 


K = relative dielectric constant = €/€, 
€ = permittivity of free space, 
Y = Young’s modulus at constant field. 


Mason (1950) has shown that for simple modes of vibration, the coupling 
factor can be expressed in terms of the resonant and antiresonant frequencies. 
For a radially resonant disk polarized along the axis, the relation is: 


(3) k, = (2.514f/fp)*/(1+2.514f/fr)!, 
where k, = radial coupling coefficient, 
Af 
fr = resonant frequency, 
fa = antiresonant frequency. 


ta —fr, 


In order to calculate the other piezoelectric quantities of interest the following 


expressions were used: 


(4) Y = (2rafp/2.03)*p(1—o°), 
where a = radius of disk in meters, 

p = density in kg./m.’, 

« = Poisson’s ratio, assumed to be 0.3; 
(5) dy = k,{(1—oc)Ke/2 Y}?, 
(6) dx, = Keogai. 


The piezoelectric constants can therefore be evaluated from measurements 
of the coupling factor, capacity, density, and dimensions of the specimens. 
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The coupling coefficient was determined by the resonance—antiresonance 
method using a circuit similar to that described by Mason. 


(e) Coercivity 
The “‘static’’ coercivity was determined as the negative d-c. field which 
reduced the coupling coefficient to zero. 


(f) Dielectric Loss 

The losses in a vibrating polarized barium titanate element excited by an 
a-c. electric field have both dielectric and elastic components, although at 
frequencies well removed from the resonance of the specimen, the losses are 
almost entirely hysteretic or dielectric in origin. The electrical behavior can 
be represented by a series resistance RK and electrostatic capacity C; the 
electrical dissipation factor can then be expressed as tan 6 = wCR. 

It has been shown by Baerwald and Berlincourt (1953) that, although the 
low field electrical losses follow a relaxation-type frequency dependence, at 
high fields the losses are of a hysteretic type and independent of frequency. 
The mechanical loss component is insignificant at frequencies well removed 
from the resonance of the sample; the measurements were therefore made 
at a suitable single frequency, 12 kc. 

The normal commercially available capacity bridges and Q-meters are 
not designed for measurements at high a-c. voltages and it was found necessary 
to construct the substitution resonance bridge shown in Fig. 1. The bridge is 





Fic. 1. Substitution bridge. 


essentially a Wheatstone network in which three arms are resistive and the 
fourth contains the sample under test. A fixed inductance Z approximately 
tunes out the capacity of the ceramic specimen while the variable condenser 
Cr allows fine tuning. The bridge is thus balanced by adjusting C7 for maxi- 
mum voltage across the specimen and setting the ratio R2/R; for minimum 
detector response. The barium titanate specimen is then replaced by the 
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substitution components, which are adjusted to rebalance the bridge using a 
small signal voltage. To reduce the effect of surface and absorbed moisture, 
the measurements were made with thoroughly dried samples in a desiccated 
atmosphere. 

Confirmation that the mechanical component of tan 6 was small was 
obtained from hysteresis loops using a circuit similar to that described by 
Sawyer and Tower (1930). The values of tan 6 calculated from hysteresis 
loops at 60 c.p.s. and 10 kc. were in good agreement with the results obtained 
by the direct electrical measurements. 


III. EXPERIMENTAL RESULTS 


It is known that the electromechanical properties of barium titanate can 
be critically dependent on the composition and firing conditions, and that 
samples of apparently identical manufacture can exhibit considerable varia- 
tion in characteristics. A complete investigation of the properties of these 
materials would, therefore, have to include a statistical examination of large 
numbers of specimens of separate mixes and firings. Because sufficient effort 
was not available for such an exhaustive program, the properties of com- 
positions No. 2, 3, 4, and 5 were determined from 30 disks which had been 
prepared in three separate batches, A, B, and M, of 10 disks each; only 20 
disks of the remaining three compositions were manufactured in two separate 
batches, B and M, of 10 disks each (Table I). Batches A and M were manu- 


TABLE I 
COMPOSITION OF DMTS* CERAMICS 


Wt. % of cobalt 








Series Barium titanate Wt. % of added — carbonate after 
No. No. of disks “tot” No. cobalt carbonate firing 
Bl 10 47 0 0 
M1 10 61 0 0 
A2 10 47 0.25 0.23 
B2 10 47 0.25 0.23 
M2 10 61 0.25 0.23 
A3 10 47 0.50 0.43 
B3 10 47 0.50 0.37 
M3 10 61 0.50 0.37 
A4 10 47 0.75 0.58 
B4 10 47 0.75 0.62 
M4 10 61 0.75 0.53 
A5 10 47 LO 0.62 
B5 10 47 1.0 0.74 
M5 10 61 1.0 0.67 
B6 10 47 1.25 0.86 
M6 10 61 1.25 0.91 
B7 10 47 1.5 1.09 

5 1.05 


M7 10 61 tL; 


*Department of Mines and Technical Surveys. 
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factured from the same lot, No. 47 of barium titanate, the final series being 
prepared from a new lot, No. 61, of basic material. Each mix was prepared 
and fired separately. 

At the sintering temperature of the ceramic, cobalt is volatile, and the 
amount remaining after firing may be expected to vary. The last column of 
Table | lists the average percentage of additive expressed as cobalt carbonate 
present after firing.* Taking into account the volatility of cobalt the differences 
in the percentage additive found in samples of the same composition from 
different batches are surprisingly small. 


(a) Dielectric Loss 
The loss tangent of representative samples of the seven DMTS materials 
is plotted against a-c. exciting field in Fig. 2. It appears that the dielectric 
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Fic. 2. Dielectric loss vs. exciting field. 


losses are dependent on the amount of cobalt additive, and that there is an 
optimum amount of added cobalt carbonate, about 0.75%, which will pro- 
duce minimum high field losses; however, the dielectric loss is not a critical 
function of the percentage of added cobalt. 


(b) Temperature Dependence of Characteristics 

At a phase transition the characteristics of a material usually change 
abruptly; in barium titanate at each of the three phase transition tem- 
peratures, the dielectric constant exhibits a maximum. In Fig. 3 the dielectric 
constant is plotted as a function of temperature over the range 0° C. to 


*The chemical analysis of the A series of compositions was carried out by Mr. D. G. Gage 
of the Physical Chemistry Section of N.R.E.; analysis of the later series was carried out at 
the laboratories of the Department of Mines and Technical Surveys. 











600 CANADIAN JOURNAL OF PHYSICS. VOL. 35, 1957 


x 


OIELECTRIC CONSTANT 








° 20 40 60 80 100 120 
TEMPERATURE DEG. C 


Fic. 3. Temperature dependence of dielectric constant. 


130° C. (1.25% Co has been omitted for clarity). It can be clearly seen that 
there are no phase transitions between 0° C. and the Curie point; also, as the 
percentage of cobalt additive increases the Curie temperature decreases. 
Although the dielectric constant at the Curie temperature is reduced by the 
addition of cobalt, there is little effect on the dielectric constant at room 
temperature. 

The variations of coupling coefficient and radial mode frequency constant 
over the possible range of temperatures encountered in the sea, 0° C. to 30° C., 
are shown in Figs. 4 and 5. An inspection of Table II, which presents a sum- 
mary of the variation of the characteristics over the temperature range 
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Fic. 4. Temperature dependence of coupling coefficient. 
Fic. 5. Temperature dependence of frequency constant. 
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TABLE II 


PERCENTAGE VARIATION OF CHARACTERISTICS FROM 
0” ta 30" C. 





% Cobalt in Coupling Dielectric Frequency 


composition coefficient constant constant 
0 14 14 4 
0.25 14 14 t 
0.5 11 8 3 
0.75 11 5 3 
1.0 10 3 3 
1.25 11 2 3 
ico 10 3 3 





0° C. to 30° C., shows that the addition of cobalt has produced a reduction 
in the temperature coefficients over this range. 


(c) Dependence of Coupling Factor on Polarizing Field 


At temperatures below the Curie point the induced polarization in a ferro- 
electric ceramic is a function of the magnitude and duration of the applica- 
tion of the polarizing field. However, if the ceramic is cooled through the Curie 
point with the polarizing field applied, the remanent polarization seems to 
be time independent. Furthermore, the hot polarizing technique results 
in a higher maximum remanent coupling factor for a given polarizing field 
for field strengths below 20 kv./cm. 

The time dependence of coupling factor for polarizing fields up to 20 kv./cm. 
at room temperature is shown in Fig. 6 for DMTS 1% cobalt composition. 
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Fic. 6. Time dependence of coupling at room temperature. 
Fic. 7. Field dependence of coupling (hot polarization). 


The field dependence of coupling factor for the same disk hot polarized 
is presented in Fig. 7. It can be seen that the saturation coupling of 0.28 can 
be produced either by hot polarizing in a field of 10 kv./em. or by room 
temperature polarizing in a field of 20 kv./cm. applied for about 30 minutes. 
All the compositions behaved in a similar manner and could be satisfactorily 
polarized in the above fields. 
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(d) Aging of Characteristics 

Several previous investigations (Berlincourt 1955; Moseley 1955; Gray 
and Herbert 1956) have shown that the aging of the electromechanical 
characteristics of barium titanate appears to obey a logarithmic law with 
time. Accordingly, the room temperature dielectric constant, coupling co- 
efficient, and frequency constant were measured over a period of time and 
the values, corrected to 20° C., are plotted on a linear scale against logarithm 
of time in Figs. 8, 9, and 10. It is readily apparent that the aging at room 
temperature does follow a logarithmic law, at least over the period from 1 
to 100 days after polarization. 

Since the decay curves are logarithmic, the characteristics can be fitted 
to an equation of the type 


y = A log t+B, 
where B = the initial value 1 day after polarization, 
A = a decay constant, 
t = time in days. 


However, the rate of aging is more readily appreciated by expressing the 
decay as a percentage change per time decade. An inspection of the values 
listed in Table III indicates that the cobalt additive produces a slight increase 


TABLE III 
AGING OF CHARACTERISTICS 
(Percentage change per time decade) 








% Cobalt in (1) Coupling (2) Dielectric (3) Frequency 
composition factor constant constant 

0 1.5 0.4 0.3 

0.25 1.8 0.8 0.4 

0.5 1.6 La 0.4 

0.75 1.9 1.3 0.4 

1.0 2.8 De 0.5 

1.25 3.1 hie 0.6 

1.5 3.1 oe 0.5 





in the rate of aging of coupling factor and dielectric constant; aging of the 
frequency constant is not significantly altered. 

Although the rate of aging at room temperature is small, at elevated tem- 
peratures in the neighborhood of the Curie point, the decay may be con- 
siderably accelerated. Specimens of the compositions were therefore stored 
at 60°C., 70°C., 80°C., 90° C., and 100°C. and the electromechanical 
constants periodically measured at room temperature. As examples of the 
effect of temperature on aging, the decay of coupling factor as a function of 
time is plotted in Figs. 11 and 12 for storage at 60° C. and 90° C. respectively. 
It is readily apparent that the initial rate of decay increases rapidly with 
temperature until at 90° C. compositions of 0.75% to 1.5% Co are substantially 
depolarized after only a few minutes at this temperature. The dielectric 
constant is affected in a similar but less spectacular manner; the decay of the 
frequency constant remains relatively unchanged. 
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Fic. 8. Aging of dielectric constant. 
Fic. 9. Aging of coupling coefficient. 
Fic. 10. Aging of frequency constant. 
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Fic. 11. Aging of coupling coefficient at 60° C. 
Fic. 12. Aging of coupling coefficient at 90° C. 
Specimens placed in oven at time = 1 hour. 


(e) Electromechanical Characteristics 

Table IV is a summary of the physical, electromechanical, and piezoelectric 
properties. The figures listed are the values of the characteristic constants of 
average specimens corrected to 20° C. 1 day after polarization. 
(f) Reproducibility 

The reproducibility of the properties among the three batches can be 
appreciated from Table V, which summarizes the values of coupling factor, 
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TABLE V 


REPRODUCIBILITY OF BATCHES 


(Summary of values for 10 samples of the 0.75% cobalt composition 
of each batch, 1 day after polarization) 








A-4 B-4 M-4 

Coupling factor (%) High 26.8 31.6 31.2 
Average 26.6 31.2 30.4 

Low 26.4 30.7 29.6 

Dielectric constant High 1116 1420 1379 
Average 1100 1404 1366 

Low 1091 1385 1345 

Frequency constant High 3241 3156 3153 
Average 3223 3149 3144 

Low 3201 3136 3137 


dielectric constant, and frequency constant obtained from the 10 samples of 
each of the three batches of the 0.75% cobalt composition. The agreement 
between batches B and M is excellent; the somewhat lower values of coupling 
factor and dielectric constant for batch A are probably due to the lower den- 
sities of the disks in this batch. Although the data are not presented here, the 
other cobalt compositions are equally reproducible. 

‘It should be noted that the preliminary results (Schofield and Brown 
1957) were obtained from A batches in which the coupling factor and dielectric 
constant are lower than the other two batches. 


IV. DISCUSSION 


For projector applications the major defect of most barium titanate com- 
positions is the large dielectric loss under high a-c. exciting fields. The rise 
in temperature of the ceramic produced by the dielectric or hysteretic loss 
increases the loss tangent at that particular field and the effect is cumulative 
until a temperature equilibrium is attained. We have shown that if the tem- 
perature of the ceramic approaches the Curie point, partial or total loss of 
electromechanical activity may result. The dielectric loss thus imposes a 
limit on the power handling capacity of a barium titanate composition and 
must be treated as a factor of prime importance in the selection of a material 
for use in high power projectors. 

An examination of the results presented in Table IV shows that the intro- 
duction of cobalt into the 5% calcium composition has produced a large 
reduction in the high field loss tangent together with a small decrease in 
coupling factor and piezoelectric constants. The addition of cobalt has, there- 
fore, significantly increased the power handling capacity of the 5% calcium 
composition ceramic without an appreciable loss in electromechanical activity. 

The mechanism whereby the addition of cobalt to calcium—barium titanate 
compositions decreases the high field dielectric loss is not fully understood. 
The dielectric loss in ferroelectric materials may be calculated from the area 
of the minor hysteresis loops through which the sample is cycled when an 
a-c. field is applied. An examination of the change in area of the minor polariza- 
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tion-field loops with increasing field from a low value shows that the elliptical 
shape of the loop remains unchanged until in the neighborhood of the knee 
of the major hysteresis loop a bulge develops on the ellipse and much larger 
increases in area occur. This is in accord with the direct electrical determina- 
tions of tan 6. No plausible mechanism to explain the effect of the addition 
of cobalt on the shape of the minor hysteresis loops can yet be given. 

Further evidence that the addition of cobalt has some basic effect on the 
structure of the ceramic lies in the variation of dielectric constant with tem- 
perature. Not only is the Curie temperature decreased but the Curie peak is 
considerably broadened. It appears that the introduction of cobalt has caused 
the phase transition from tetragonal to cubic to be less clearly defined and 
to take place over a wider temperature range. 

Summarizing, we have shown that the addition of cobalt to 5% calcium, 
95% barium titanate produces a large reduction in hysteretic loss in high 
electric fields without a significant reduction in piezoelectric characteristics. 
It should be noted that the addition of cobalt to lead—barium titanate has a 
similar effect. The percentage addition of cobalt to the calcium composition 
is not critical and it should not be difficult to manufacture reproducible 
ceramic on a mass production scale. 
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SPECTRES DE VIBRATION-ROTATION DE MOLECULES SIMPLES 
DIATOMIQUES OU POLYATOMIQUES 
AVEC LONG PARCOURS D’ABSORPTION 


XII. LE SPECTRE DE CO, ENTRE 3500 ET 8000 CM-! ET LES CONSTANTES 
MOLECULAIRES DE CETTE MOLECULE! 


CHARLES-P. CouRTOY? 


ABSTRACT 

Numerous absorption bands of the molecule CO" have been obtained 
in the near infrared under high resolution with the help of a multiple path 
absorption cell. Of these bands, 27 have been analyzed, among them three 
A—A transitions, 

The usual formula for the vibrational levels has been extended to include 
cubic terms and the values of the vibrational constants are given. Similarly the 
rotational constants B, have been expressed by a formula including quadratic 
terms and the constants in this formula are given. The values of Bo and B, 
obtained here are respectively 0.39021 +.00004 and 0.39162 cm™. 

The /-type doubling constant q, of the II states (apart from effects of Fermi 
resonance) can be represented by 

dv = (63—1.53)3 (ve+1). 
The perturbation term of the Fermi resonance is given by the expression 
(51.31 —0.1501; —0.41v2—0.78v3) 3[(v2+2)?—2]3 013, 
where the quantum number / does not enter the first factor. The introduction 
of this expression allows one to represent all the vibrational levels as well as 
the rotational constants of each level and the constant gq of the II states with 
excellent precision. 

The value of Dp is found to be 13.5 1078 cm™. The effect of the Fermi reson- 
ance and of the perturbation between levels (v1, v2, /, v3) and (v1, v2, /42, v3) on the 
constants D is discussed. The experimental values for these constants agree in a 
very satisfactory way with those calculated by Amat, Goldsmith, and Nielsen 
as do the constants yp of /-type doubling of the II states. 

Finally the effect of Coriolis perturbation between the levels 32°0 and (05'1)¢ 
is demonstrated. 


A. INTRODUCTION 


De nombreuses recherches, anciennes et récentes, ont été consacrées a 
l’étude de la structure moléculaire du COs, soit au moyen des spectres Raman, 
soit, surtout, au moyen des spectres d’absorption obtenus a grande dispersion 
dans l’infrarouge. On trouvera dans le livre de Herzberg (1945) et l'article 
de Herzberg et Herzberg (1953) les références et l’analyse des résultats 
obtenus. 

Parmi les travaux plus récents nous signalons les suivants: En Raman, 
Welsh, Pashler et Stoicheff (1952) ont étudié les bandes (v1, 2v2) et les bandes 
chaudes correspondantes. Ces bandes ont été remesurées récemment a Ottawa 
par Stoicheff (non publié) qui a aussi obtenu le spectre correspondant pour 
la molécule CO, et le spectre de rotation pure du CO». 


1Manuscrit regu le 28 decembre 1956. 

Contribution de la Division of Pure Physics, National Research Council, Ottawa, Canada, 
et des Facultés Universitaires N.D. de la Paix, Namur-Belgique. 

Issue par le N.R.C. No. 4289. 

*National Research Council Postdoctorate Fellow 1953-1955. 
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Pour l’infrarouge moyeii, un nouveau spectre de la fondamentale v2 a été 
publié par Rossmann, Rao et Nielsen (1956). Rossmann, France, Rao et 
Nielsen (1956) étudient aussi le spectre des transitions (v3s—11, v3—2v2). 
La fondamentale v3; a été analysée par Plyler, Blaine et Tidwell (1955a). 

Dans I’infrarouge plus proche, les bandes (v1+ 73, 2v2+v3) ont été obtenues 
par France et Dickey (1955). La bande 33 a été étudiée par Gailor et Plyler 
(1952). 

Il a semblé utile de reprendre une fois de plus l'étude de cette molécule, 
pour pouvoir dégager dans ce cas simple les phénoménes particuliers d’inter- 
action qui s’y manifestent et étudier l’action sur les constantes moléculaires 
de la substitution C?—-C%, 

Le spectre infrarouge a donc été repris de maniére assez systématique entre 
3500 cm et l’infrarouge photographique au moyen d’un_ spectrométre 
donnant une bonne résolution. Des mesures précises des raies d’absorption 
ont été faites et les constantes moléculaires ont pu étre déterminées avec une 
précision suffisante pour voir apparaitre des effets de second ordre comme 
on le verra plus loin. 

Dés 1955 nous avons signalé (Courtoy et Herzberg 1955) un de ces effets: 
l’action de la résonance Fermi sur la constante de distorsion centrifuge. 
Rossmann, France, Rao et Nielsen (1956) ont retrouvé les valeurs qui avaient 
été indiquées par les niveaux (101, 02°1) et ils ont pu observer le méme effet 
pour les niveaux (100, 02°0). 

Dans cet article nous nous limiterons 4 la molécule C”O., laissant pour 
des articles prochains les molécules isotopiques. Des bandes d’absorption, 
apparaissant dans le méme domaine spectral et attribuables aux molécules 
C8O,, C?O"#*O!8 et C8O'"O!8, y seront analysées. Les relations isotopiques y 
seront calculées en partant des constantes de la fonction potentielle. 


B. TECHNIQUE EXPERIMENTALE 


Le spectrographe utilisé a été décrit par Douglas et Sharma (1953). Nous 
avons pu disposer d’un réseau a 300 traits par mm pour les bandes de 3500 a 
3800 cm! et d’un réseau 4 600 traits par mm pour les bandes suivantes. Le 
détecteur est une cellule au PbS (Kodak), refroidie 4 la température de la 
neige carbonique par une circulation d’acétone. La résolution obtenue est 
assez proche de la valeur théorique, un peu inférieure 4 0.1 cm dans la 
région de 3800 cm~!. Quand le besoin s’en faisait sentir, les ordres supérieurs 
du réseau ont été éliminés au moyen de filtres de Corning Glass. 

Comme source lumineuse nous avons en général utilisé de petites ampoules 
destinées aux phares d’auto, considérablement survoltées et renouvelées 
aprés quelques heures. Pour la partie du spectre ot l’absorption du verre 
devenait trop intense, nous avons utilisé un filament rectiligne de tungsténe 
chauffé, a basse tension, par un courant de 100 4 120 A, dans une atmosphére 
d’hélium ou d’argon. Le filament était entouré d’un cylindre de tantale, percé 
d’une fenétre rectangulaire, afin d’augmenter l’émission dans l’infrarouge. 
Tout l'ensemble contenu dans une boite de laiton, munie d’une fenétre en 
quartz ou LiF, était refroidi par une circulation d’eau. 
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Le tube d’absorption était équipé de miroirs sphériques de 1 m de rayon de 
courbure de maniére a obtenir les réflexions multiples, suivant le systéme 
proposé par White (1942) et par Bernstein et Herzberg (1948). Pour les 
bandes les plus intenses, un parcours de 8 m a été utilisé, tandis que pour les 
bandes plus faibles le parcours a été augmenté jusqu’a 80 m. Dans la mesure 
du possible, le gaz était utilisé sous faible pression, de maniére a éviter |’élargis- 
sement des raies. Cependant pour les raies avec J élevé, plus faibles, mais 
importantes pour la détermination des constantes, la pression devait étre 
augmentée jusqu’a la pression atmosphérique, de méme que pour l'ensemble 
des bandes moins intenses. 

Pour la mesure des nombres d’ondes, nous avons utilisé le systéme des 
franges d’interférences (Douglas et Sharma 1953). L’interférométre de 
Fabry-Perot est sous vide et maintenu a température constante. Cette derniére 
précaution s'est révélée absolument nécessaire, car nous avons constaté que 
l’interférométre est trés sensible aux variations de température, bien que 
constitué de plaques de quartz séparées par des lamelles de quartz. 

La source lumineuse destinée a éclairer l’interférométre est une lampe a 
décharge lumineuse dans un gaz a haute pression, soit une lampe Sylvania 
(Point Lamp K 100 DC/S), soit une lampe Osram au Xénon (XBO 301). 
Cette derniére est beaucoup plus intense, mais la position de la décharge est 
fort instable. 

La méthode utilisée est analogue a celle décrite par Plyler, Blaine et Tidwell 
(1955d), mais les raies de référence,* obtenues par une lampe a mercure a 
basse pression, sont superposées aux franges d’interférences et non au spectre 
infrarouge étudié. Cette méthode présente l’avantage de prendre les spectres 
des raies de comparaison en méme temps que le spectre infrarouge et les 
franges d’interférences, et ce point nous parait important. Par contre, l’incon- 
vénient de cette méthode est d’introduire une erreur systématique venant du 
fait que les fentes utilisées sont rectilignes. La partie centrale de la fente est 
utilisée pour le spectre d’absorption infrarouge de maniére a ne pas réduire 
le pouvoir de résolution de I’installation, tandis que le spectre de référence est 
reporté sur une partie plus éloignée de la fente. L’écart entre les deux spectres 
résultant de la courbure de l’image est donné (Minkowski 1942) par: 


dy = vy" /2f?, 


ou v est le nombre d’onde de la région étudiée, y la distance au centre de la 
fente et f la distance focale du miroir. Toutes les mesures faites par cette 
méthode doivent donc étre trop élevées. Nous avons pu vérifier le fait et 
établir la correction 4a apporter (de 0.1 a 0.2 cm). 

Comme on pourra le constater dans la suite, la précision des mesures est 
en général fort bonne, surtout la précision relative 4 l’intérieur d’une bande 
d’absorption. C’est celle-ci qui nous intéresse principalement pour établir les 
constantes moléculaires. Elle doit étre aux environs de 0.01 cm™. 


*Pour ces raies de référence nous avons utilisé les valeurs données par Burns, Adams et 
Longwell (1950). 
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C. RESULTATS EXPERIMENTAUX 


Entre 1.25 et 2.7 4 nous avons pu observer et analyser bon nombre de 
bandes attribuables a4 CO». 

Les niveaux d’énergie de vibration seront indiqués par les trois nombres 
quantiques de vibration 7, v2 et v3, le second étant accompagné en indice 
supérieur du nombre quantique de moment angulaire de vibration /. Ces 
dénominations sont claires pour les niveaux d’énergie ot les phénoménes de 
résonance Fermi, dont nous aurons 4a parler plus loin, n’interviennent pas. 
Mais 1a ov ils interviennent, nous voyons apparaitre un groupe de niveaux 
d’énergie sans qu’il soit possible d’établir une correspondance directe entre 
chacun de ces niveaux et les niveaux qu’on obtiendrait en faisant abstraction 
du phénoméne de résonance. Nous adoptons I’habitude généralement admise 
de classer ces niveaux dans l’ordre des fréquences croissantes et de les dénom- 
mer en fonction de la participation croissante du nombre quantique v7). Nous 
trouverons donc par exemple, en remontant |l’échelle d’énergie, les niveaux 
en résonance 08°1, 16°1, 24°1, 32°1, 40°1. Cette dénomination reste arbitraire, 
d’autant plus que les niveaux correspondants, abstraction faite des phéno- 
ménes de résonance, ne viendront pas dans le méme ordre, par suite de |’in- 
fluence considérable de certains facteurs d’anharmonicité (v. tableau VII). 

La plupart des bandes principales que nous avons observées sont des 
transitions Y, <— 2Z,, partant du niveau fondamental et aboutissant a un 
niveau supérieur impliquant v3 ou 3v3. La plupart de ces bandes sont accom- 
pagnées d’une bande plus faible de type Il, — II,, partant du niveau 01'0 
et aboutissant 4 un niveau comportant les mémes nombres quantiques plus 
une fois le second, par exemple 


Li, 10°1 — 00°0; 
II, — Il, 111 — 010. 


Ces bandes secondaires sont les bandes ‘‘chaudes’’. 

Nous avons assez souvent observé des bandes ou des parties de bandes en- 
core plus faibles, partant des niveaux 2, 10°0 ou 02°0. La bande 10°1 <— 02°0 
appartient a cette série. Elle apparait trés clairement, car elle est nettement 
séparée des autres bandes et nous avons pu travailler avec un parcours d’absorp- 
tion et une pression suffisante. 

Nous avons aussi obtenu partiellement plusieurs transitions A, <— A, 
partant du niveau 0270. 

Une transition II, — 2,, 01'2 — 00°0, a pu étre obtenue avec les raies de 
la branche Q séparées, en descendant, jusqu’a J = 6. 

Enfin les spectres contiennent aussi une série de bandes attribuables a 
d’autres formes isotopiques. Ces bandes sont laissées de cété ici et seront étu- 
diées dans des articles suivants. 

Les figures 1 4 3 donnent trois exemples des spectres obtenus. Ils ont 
été choisis parmi ceux ot il n’y a pas trop de superposition de différentes 
bandes et ot le phénoméne observé est particuliérement caractéristique. La 
fig. 1 donne la branche Q de la bande v2+2»3. Jusqu’a présent aucune branche 
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C70, 214+1% BRANCHE Q 


80m 
30cm Hg 
6 8 10 14 
1 BRANCHE P 
10 20 30 40 46 
| BRANCHE Q 
5315 5310 m=! 5305 


Fic. 1. Branche Q de la bande v2+2p3. 


Q n’avait pu étre analysée dans le spectre du CO, et c’est de plus la seule bande 
analysée ot le nombre quantique v3; intervient deux fois. La fig. 2 montre la 
bande 3»; et la bande chaude correspondante parfaitement marquée. La fig. 
3 montre une transition trés bien marquée, bien que partant d’un niveau 
assez élevé 02°0 et apparaissant au milieu d’une bande trés intense de vapeur 
d’eau qu'il n’a pas été possible d’éliminer complétement. 

Les tableaux I a V donnent, pour 27 bandes, le nombre d’ondes (ramené au 
vide) des raies observées. Le vp indiqué est celui qui est obtenu par I’analyse 
de la bande et qui, dans la section suivante, sera considéré comme le vo expéri- 
mental. Pour les bandes »:+»3 et 2»;+v3;—2y2, nous avons indiqué, de 
plus, les valeurs calculées au moyen des constantes de rotation trouvées pour 
les deux niveaux. Ces deux exemples (une bande intense partant du niveau 
fondamental, et une bande plus faible partant d’un niveau supérieur) permet- 
tent de se faire une idée de l’écart entre les valeurs calculées et les valeurs 
observées. 

D’autres bandes du CQO, ont été identifiées dans les spectres. Ce sont des 
bandes faibles partant des niveaux 02°0 et 10°0. L’analyse n’en est pas trés 
précise et n’apporte d’ailleurs rien de neuf. Afin de ne pas allonger davantage 
cet article, nous omettrons d’indiquer les valeurs observées pour ces bandes. 


D. NIVEAUX DE VIBRATION 
Les niveaux d’énergie de vibration ont été établis par l’analyse des bandes 
d’absorption. On peut utiliser la formule suivante ot certains termes secon- 
daires ont été négligés: 


(1) R(J)+P(J) = 2%+2B’ —2(B” —B’)J(J+1)+2(D” —D')F?(J+1)?. 


Nous reviendrons a cette formule dans la section suivante, afin d’en déduire 
les différentes constantes de rotation. L’ordonnée 4a Il’origine vaut 2v)+2B’ 
et il est assez facile d’obtenir une valeur suffisamment précise de B’ pour en 
déduire vo. 

La mise en systéme de ces fréquences de vibration est compliquée dans le 
cas du COz par un phénoméne de résonance Fermi. II se fait que le niveau 
d’énergie 02°0 a la méme symétrie et a peu prés la méme énergie que le niveau 
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TABLEAU II 
NOMBRE D’ONDES (SUITE); TRANSITION: II —Z 
v2 + 2v3 
vo = 5315.696 
J” RJ) QJ) P(J) 
0 5316 .460° 
2 7.969 
4 9.430 
6 5320.836 5315.482 
8 2.211 5.332 5309. 127° 
10 3.530 5.141 7.388° 
12 4.810 4.905 5.600 
14 6.035 4.632 3.739 
16 7.253° 4.318 1.850 
18 8.360 3.967 5299.924 
20 9.461 3.359 7.941 
22 5330.505 3.131 5.912 
24 1.513 2.645 3.846 
26 2.463 2.128 1.729 
28 3.378 1.564 5289 .576 
30 4,242 0.949° 7.365 
32 5.073 0.323 5.129 
34 5.852 5309. 645 2.823 
36 6.566 8.930° 0.488 
38 7.256 8.150 5278.092 
40 7.878 5.678 
42 8.491° 6.500 3.201° 
44 0.681° 
46 9.498° 4.674 
48 9.960 
50 2.681 


10°0. Il y a donc interaction entre ces niveaux d’énergie. I] en sera de méme 
de toutes les harmoniques ou combinaisons impliquant »; ou un nombre de 
fois v2 supérieur au nombre quantique /. Nous pouvons avoir de la sorte 2, 3, 
4, 5...bandes en résonance Fermi, si un des deux niveaux de la transition 
répond aux conditions indiquées. Pour ces groupes de niveaux (par extension, 
de bandes) en résonance, nous utiliserons fréquemment les termes diade, 
triade, tétrade et pentade.* 

Abstraction faite de ces phénoménes de résonance, les différents niveaux 
d’énergie par rapport au niveau de vibration le plus bas sont donnés par la 


formule suivante: 
(2) Golvwelvs) = Lowi tUlxipwstgol+Dyinien i<j<k, 


ot v1, v2 et v3 sont les trois nombres quantiques de vibration et / le nombre 
quantique de moment angulaire de vibration. 

Dans cette formule, nous avons introduit les termes du troisiéme degré, car 
des écarts systématiques entre les valeurs calculées et les valeurs expérimen- 
tales permettent de constater l’action de certaines de ces constantes. 

La présence de la résonance Fermi vient perturber ces niveaux, mais une 
partie des constantes peut cependant étre déterminée assez facilement, soit 
que les niveaux impliqués n’entrent pas en résonance, soit grace au fait que 
si plusieurs niveaux d’énergie sont en résonance, la somme des niveaux d’éner- 
gie n’est pas perturbée. 

Pour rendre compte des valeurs expérimentales trouvées pour les trois 
niveaux 00°; avec v; = 1 (Plyler, Blaine et Tidwell 1955a), 3, et 5 (Herzberg 





*Les niveaux d’énergie exempts de ce phénoméne de résonance sont assez rares dans le 
cas du COs. 
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3v2+va—v2 vitvr.+va—v2 v2t+3v3 —v2 
vo = 3580.305 vo = 3723.188 vo = 6935.046 
at R(J) P(J) R(J) P(J) R(J) P(J) 
1 3581.840 3724.731 6936 .527 
2 2.622 3578 .733 5.509° 3721.593° 7.220° 6933 .477 
3 3.368 7.940 6.250 0.830 7.985 
4 4.144 7.149 8.676 1.806 
5 4.882 6.330 7.736 3719. 224 9.346 0.959 
6 5.640 5.533 8.476° 8.413° 6940.005 
7 6.360 4.715 9.205 7.598 0.636 6929.175 
8 3.902 9.965 6.759 1.258° 8.262 
9 7.794 3.067 3730.650 5.929 1.855 7.349 
10 8.574 2.243 1.410 5.097 2.445 6.398 
1l 9.232 1.391 2.089° 4.236 2.990 5.438 
2 3590 .006 0.581 2.811 3.406 4.434 
13 0.652° 3569 .703 2.527 4.068 3.464 
14 1.427 8.883 4.202 1.690° 4.572 2.417 
15 2.017 7.979 4.807 0.795 5.066 1.406 
16 2.822 7.164 5.567 3709 .952 5.536 0.315 
17 3.386 6.245 6.149 9.031 5.986° 6919.274 
18 4.198° 5.440 6.419 8.162 
19 4.725 4.500 7.454 7.237 6.842 7.080 
20 5.543 3.689 8.232 6.407 7.224 5.908 
21 2.713 8.737 5.414 7.603 4.803 
22 6.879 1.912 9.541 4.600 7.980 3.589 
23 7.331 0.981 9.980 3.575 8.313 2.446 
24 8.182 0.132 3740.801 2.768 1.189 
25 8.592 3559 .061 1. 247° 1.724 8.926 0.032 
26 9.500° 8.301 2.050 0.900 9.211 6908 .730 
27 9. 826° 7.205 9.488 7.528° 
28 3600.746 6.465 3699 .027 9.721 6.194 
29 1.046 5.320 3.574 9.962 4.981 
30 1.992 4.624° 4.475° 7.117 6950.164 3.592 
31 2.253 3.438 0.388 2.345 
32 2.733 5.633 5.195 0.532° 0.904 
33 3.423 1.510 5.858 3.993 6899 .628 
34 4.440 0.842 6.784 3.246 8.144 
35 4.593 3549 . 567 6.963 2.000 6.845° 
36 5.602 8.910 7.907 5.326 
37 5. 685° 7.592 8.022° 3689 .965 3.990 
38 6.779° 6.979 9.047° 2.429 
39 6.779° 5.606 9.047° 7 .932° 1.070 
40 7.921° 5.012° 3750 .083° 7.255 6889 .426 
41 927° 3.588 0.083° 5.895° 8.072 
42 9.039° 3.055° 1.323" 5.226 6.395° 
43 1.555 1.129" 3.787° 5.017 
44 3610.120 0.998° 3.318° 
45 3609 .955 3539 .496 1.663° 1.863 
46 9.026 3.200 1.072 0.115° 
47 3610.957 2.991° 6878 .611° 
48 2.253° 6.978 4.178 3678 .952 
49 1.938 5,.275° 3.909 
50 3.246° 4.886 5.135 
51 2.886 3.172° 4.819 
52 4.245° 2.790 6.079 
53 3.788° 1.014° 5.690 
54 0.691° 6.999 
55 4.713 6.536 
56 7.890 
57 7.334 
58 8.766 
59 8.129 
60 9.627 
61 8.891 
62 3760 .425° 
63 3759 .618° 
64 3761. 256 
65 0.351° 
66 2.041 
67 1.041 
68 2.795 
69 1.706 
70 3.552 
71 2.355 
72 4.268 
73 2.961 
74 4.965 
75 3.552° 








JOURNAL OF PHYSICS. VOL. 35, 1957 


CANADIAN 


ol 8L°G 
o899'T 
oLGh'S 
ol09'0 
ofSC'L oLbG 1999 
ofSo'L o88f'6 
ocSt’ 6069 8128 
o£ 998 
FIIs 
Foe 2 
o86L'F 
SZI'°¢ 0829 'F 
12g °9I¢9 o829'F 
ol9E'E 
ol VEE 
o8S6'I 
o82l'0 
Felt of 1S OS¢c9 
FOS 6 
oltt SL '6 
o0LT ‘8 
208° 
$089 
62h 8z2¢9 
9t8°0 
o0GL* TES9 9E8'I 
1co'l 
(Nd (Ou 



































ol Zt'S 
0299 
of f0'9 F 
“g CLI 
0£90'°S 9 
oF 92'S 086% ‘¢ oo L0'€ 
o6F1'8 0800' F “2 oGla FP ot 86" 
o£96° LZIE9 “S19 ot £6 
ofZ1'0 0896'S 0 $88" 
ofZ1'0 ofZ1 1 ‘0 
o8tS SG o926'T “s 
o8FSS 8020 3 of68'0 
o8Le Ft 0828 0889 b 826 0229 
otce F o8ts 6 ‘t oOFE 6 ‘S 
oF £29 822'6 9 e 
oSSh'Y 0966 '8 ol LZt'9 Pv 
#028 162 °8 089°8 ¢ 
coe’ sce9 = S IST L 6 8919 ogc’ 2 S 
I#l 0 cer l col'o0 Tog’ 2 “s 
z1¢'0 z0¢ 0 'b 
#20°% 690 °% 6 
0980'S SLPS ol t0'S 660° 
826° o90'S 9t6'E ol f0'¢ “E 
oLt8'S Sct F of F8'E ot 
oc08°S oLF8  ELE9 282°¢ of F8°E ae 
Clty Tee°9 
t¥9'L €s9'L y 
oa'8 11z'8 Zor i pS 
I€t  6EE9 6IF'6L19 = 8a" 
Zel'O 11g°2 
$966 86I'°T 2e'8 
8c6'T 1g0°6 T88°T 000° 60T¢ 
¢z9'8 $96 °S 210°0 
TZe°¢ 9822 219° 
2ZeL'I 
os¢'s¢ c6e°9 tts 918°9 FICS S 
o8LZb'9 cor'9 62 °¢ 
082 "2 991° LZ 196 °F L0z °F 
8618 L8h'F z60°8 O8e'F FOILS 
266°8 ¢ 
898° 6FE9 oF0's 6819 666% 9 
029°0 0 SEIS 2 
26¢°T o8Ze I ‘3 
e1e°% 608 0989 881% £69 0029 O12 6IIE 
o£00°€ 166°6 
£86 eceo 928 689 €6L°¢ 26L°0 
809° F619 6CF 8619 €19° Ize 
(Nd (Ny Nd (na (Nd 
C8z'9cE9 = ™ S9T'9619 = % 


ta — ta+ tag lag 


ta—ta+ tac+ la 











0860 °F 
F8L°S% 
Est t 
G06 1 
061 °O 
G22 OST¢ 
Chl 6 
1€9'6 
260°8 
ects 
e102 
896 °L 
816°¢ 
6¢90°9 
ece's 
6611 
620° TFI¢ 
€86°6 
£626 
24e2'8 
€se'8 
92F'L 
ceo 2 
Z1r'9 
glzy°¢ 

*? 

oe 

‘s 

‘Ss 

‘S 
£69 O€1¢ 
066° 6 

‘8 

“S 


OLI'EsIg = ™ 
ta — fa-+-t44- 1az 


(mj9uo?) TIT AVATAVL 













6F0'°¢ 810°F 
‘L ‘s 
I 
6 ‘G 
 606F ‘0 
=e * 066F 
“F ‘6 
"s 
€ 
e 
f “£ 
“2 
‘9 
‘Y 
¢ 
‘¢ 
> F 
- 
G 
6c¢ I 
26$ 
ZI1t 2 e890 
CLS St6E SIE O86F 
6Eh 6 
Z1€°0 810°6 
89's 
290°% 689°2 
698°G cys 9 
‘e 
SF 
- 
°$ 
4 
s 








(nj]9U02) JI—I] SNOILISNVUL ‘(ALINS) SAGNO,d SAYHWON 





06S 


Glé 


oes" 


L6G" 





Nd 





OOOO KE KS HN 


ITO AINAOSONKNS 


‘L 628° 2 
09° 


6 
69LF 


Iioo 


S 6 
g ‘s 
‘L 

rh 

S 9 

6LFE 966° ¢ 
ScI's 

? 

‘ 


YOST 
608F 


(Ny 


GEY LOSE = 
3a — ta4 tac 








I¢ 
6F 
8h 
Lb 
UF 
cP 
tPF 
Ph 
oh 
It 
OF 
68 
8& 
Le 
9€ 
ce 


ee 
GE 
1g 
Of 


66 





mi NO TID Oh D 


ul 











COURTOY: SPECTRES DE VIBRATION-ROTATION. XII 


TABLEAU IV 
NOMBRES D'ONDES (SUITE); TRANSITION © — > 20°1 — 020 








2v1 +3 — 2v2 
vo = 3814.260 
R(J) P(J) 
_ Exp. Calc. Exp. Calc. 

0 3814.800° 801 

2 6.314° 333 3812.446 458 

4 7.837 842 0.870 867 

6 9.330 26 3809. 251 252 

8 3820.780° 786 7.613 612 
10 2.225 222 5.948 949 
12 3.642 63. 4.258 262 
14 5.028 025 2.561 553 
16 6.411° 392 0.839 821 
18 7.738 734 3799 .062 065 
20 9.060 054 7.283 287 
22 3830.351 351 5.472 486 
24 1.595° 625 3.651 663 
26 2.881 876 1.812 817 
28 4.103 107 3789 .944 951 
30 5.310 315 8.061 063 
32 6.503 501 6.148 154 
34 z: 666 4.215 225 
36 8.816 811 2.275 275 
38 9. 935 0.306 306 
40 3841. 040 3778 .327 317 
42 2. 125 6.335 311 





0 . . 2 y 
valeurs de we et yo22 indiquées au tableau VI et en supposant 
0 
Xo+Z22 = 0.14. 


wt +X +111 +2w2+4x22+8y202 = 2673.58. 





et Herzberg 1953), il faut introduire le terme y333. On obtient de la sorte les 
trois termes w3, X33 et y333 dont les valeurs sont indiquées dans le tableau VI. 

De méme pour retrouver l'ensemble des niveaux 01'0 (Rossmann, Rao et 
Nielsen 1956), 0270 et 0350 (Benedict, non publié), 0440 et 0550 (Taylor, Bene- 
dict et Strong 1952), il faut aussi introduire le terme yo22. Ce terme, d’ailleurs, 
est nécessaire aussi pour retrouver les valeurs de certains niveaux en résonance 
Fermi. L’ensemble des niveaux indiqués se retrouve assez bien avec les 


Nous passons maintenant a l’examen des diades 2 (10°v3, 02°73). Pour v; = 0, 
les deux bandes en résonance Fermi (», 22) ont été remesurées en spectre 
Raman, avec une trés bonne précision, par Stoicheff (non publié) qui trouve 
1388.153 et 1285.517 pour le maximum des branches Q. Pour 1, la différence 
B’—B” est trés petite et la valeur indiquée correspond donc de trés prés a 
vo, Mais pour 22 la différence entre les constantes de rotation est un peu 
supérieure et le maximum est décalé vers les grandes fréquences. Par le calcul 
de cette différence, ou en tenant compte des fréquences observées pour les 
transitions partant des niveaux (02°0, 10°0) vers des niveaux supérieurs, on 
trouve que le centre de la bande 2y2 doit étre environ 1285.43. On a donc: 


Nous pouvons alors passer aux diades suivantes avec v; = 1, 3 et 5, les 
deux derniers groupes ayant été observés dans |’infrarouge photographique 
par Herzberg et Herzberg (1953). Nous comparons la somme des deux fré- 


quences d’absorption avec la somme de toutes les constantes de la formule 
(2) pour les deux bandes. En tenant compte de I|’expression ci-dessus et des 


autres constantes déja établies, on trouve respectivement 
Vis +2233 = 0.09, 
0 °..9 ‘ 
Xigt2xXo3t+Virst4yn3 = — 44.30. 
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TABLEAU V 
NOMBRES D’ONDES (SUITE); TRANSITIONS A—A 





0421 — 0220 1221 — 0270 2221 — 0220 
vo = 3552.824 vo = 3726.590 vo = 5139.40 
J” R(J) P(J) R(J) P(J) R(J) 
2 3555.147° 3728 .887 
3 5.900 3550.510° 
4 6.664 3549 .674 3730.444 3723 .406° 5143.215 
5 7.411 1.149 2.603° 3.949° 
6 8.165° 8.055 1.905 1.809 
7 8.907 2.631 0.985° 5,455 
8 9.642 
9 4.091° 3719 .313° 
10 3561 .092° 7.609 
11 3.913 
12 2.512 
13 3.324 2.216 
14 3.921 1.364 7.601 5150,437° 
15 4.589 0.516 
16 5.293° 3539 .641 8.969 
17 5.995 8.779 2.427° 2.467 
18 7 .898° 
19 7.351 3740.941 3.795 
20 1.584 4.436 
21 8.673 
22 9.319° 4.331 2.874 5.754° 
23 9.977 3.422 3706 .957° 6.396° 
24 2.535 +. oa 
25 4. .632° 
26 3571 .860° 0.689° 4.178° 8. 269° 
27 3529 .764 5.958 8.871 
28 8.841° 6.568 9.457 
29 7.907 5160.051° 
30 4.443° 6.973 7.751 0.433° 0.651 
31 5.010° 6.017 8.330 1.266 
32 5.088 8.906 1.807 
33 4.111 9.505° 2.424 
34 3.166 2.973 
35 2.154° 
36 4.046 
37 8.546° 0.238 3751.709 4.692 
38 3519. 277 5.134 
39 8.257 2.782 5.778 
40 7.281 6.220 
41 3580 .787° 3.811 6.857 
42 . 284 4.312° 7.258 
43 1.840° 
44 3.260 5.290 
45 2.186° 5.832 
46 6.254 
47 0.164° 6.814 
48 3509. 192 7.212 
49 8.109° 7.759 
52 9.014 
54 9.870 
56 3760.747 
57 1.255° 
58 1.575 
62 3.129 





Remarque:—Pour la transition 2221 — 0220 la numérotation n’est pas absolument certaine. 


TABLEAU VI 
CONSTANTES DE VIBRATION DU CQO. (cm™!) 








w1? 1345.04 a? 667 .25 w3° 2361.71 

xn —3.63 X22 —0.635 X33 —12.56 22 0.775 
xt 3.44 xis —19.28 x23 12.51 

Yiu 0.13 Y222 0.01 333 0.015 

Vie —0.08 Yi22 —0.07 4133 0.07 

113 0 Y2203 0 233 0.01 

Vives 0.02 

wr 1354.94 we 673.02 w3 2396 .40 

X11 —3.75 X22 —0.63 X33 —12.63 


X12 3.62 X13 —19.37 Xo3 —12.53 
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La série 01'v3 montre que 233 doit étre nul ou trés petit. Pour obtenir des 
résultats cohérents pour l'ensemble des bandes chaudes, nous avons adopté 
4233 = 0.01, et on obtient alors la relation supplémentaire: 


Xos+-Yo03 = —12.51. 


Aprés cela on peut examiner les différences entre les bandes chaudes et les 
bandes principales (v1, v2+1, v3);.1—(01'0) —(v1, v2, v3);.0, en faisant de 
nouveau la somme de toutes les constantes de la formule (2) pour un groupe 
de bandes en résonance. 

On trouve ainsi: 

Vi23t 40208 = 0.02, 
Viurz+2y122 = — 0.22, 
xto+4x% = 0.90. 


Pour les deux premiéres relations, nous n’avons aucun moyen direct de 
déterminer séparément les valeurs des constantes. Différents essais ont 
montré que yoo; devait étre trés petit et nous l’avons choisi égal 4 0, ce qui 
donne yi23 = 0.02, et, en tenant compte de l’expression rencontrée plus haut, 
x93 = —12.51. Nous avons aussi adopté yi12 = —0.08 et yi22 = — 0.07. On 
pourrait peut-étre trouver d’aussi bons résultats, ou méme de meilleurs, avec 
une répartition fort différente de la quantité —0.22 entre ces deux constantes. 

Les triades et tétrade = utilisées de maniére analogue fournissent les valeurs 
de x}; et yi: et montrent que ¥y13 doit étre trés petit ou nul comme yo3. Nous 
l'avons supposé nul, ce qui conduit alors a x}3 = —19.28. 

Pour continuer l’examen des résultats expérimentaux, nous devons mainte- 
nant faire intervenir la perturbation des niveaux de vibration, par suite de la 
résonance Fermi. Rappelons que c’est en vue d’expliquer la diade du spectre 
Raman que Fermi (1931) puis Dennison (1932, 1940) ont proposé la théorie 
bien connue. Taylor, Benedict et Strong (1952), en calculant les constantes 
déterminant les niveaux de vibration du CO2, ont montré qu’il fallait que le 
terme de perturbation dépende de tous les nombres quantiques de vibration. 
Amat et Goldsmith (1955), en étudiant la théorie de cet effet, ont proposé 
pour ce terme de perturbation une formule que nous avons modifiée sous la 
forme suivante, équivalente: 


(3) W! = (Wo—dA1vi—dAov2— Ad —Asv3) 3[ (V2+2)? — PY]? v3” 


si les deux niveaux ont les nombres quantiques 2, v2, /, v3 et v1 —1, v2 +2, /, v3 
respectivement. 
Nous indiquerons par W}, W3, W3, etc. les niveaux de vibration calculés 
d’aprés la formule (2) abstraction faite de la résonance Fermi. 
Dans le cas des diades, nous trouvons les niveaux d’énergie par la formule 
suivante: 
Wi- Ww Ww’ 


w’ w—-w|-? 


ou bien: 


W = 3(Wi+W2)43>/(Wi—-W2)*+4W” 
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Nous examinerons d’abord les quatre diades (10°3, 02°3) avec v3 valant 
0, 1, 3, 5. Pour la premiére, nous reprenons les valeurs indiquées plus haut; 
les deux derniéres ont été obtenues dans Il’infrarouge photographique par 
Herzberg et Herzberg (1953). Nous constatons qu’ici la seule différence d'une 
diade a l’autre est le nombre quantique 23. 

Soit d, la différence W}— Wz? pour la premiére diade, on a 

d, = wt x11 +9111 — 2w2 — 4%92— By 200. 
La différence pour les autres diades de cette série sera 
oe Ww? = dy +03(x23— 2X93) +032(¥133 — 2238) = d,+5.7403+0.050;2. 


Le terme de perturbation devient 
W' = Wo—di1—3A3. 

Les premiers travaux d’interprétation de la résonance Fermi pour le CO, 
proposent des valeurs de 16 4 17 pour la différence d,. Taylor, Benedict et 
Strong (1952) proposent 11.82. Nous ne voyons pas la possibilité d’établir 
une valeur, précise et certaine, de cette grandeur, car, pour ce qui concerne 
les vo, on peut obtenir des résultats 4 peu prés équivalents pour différentes 
valeurs de d; en adaptant W»)—A, et Az. 

Cependant |’écart entre les constantes de rotation B pour les deux niveaux 
d’énergie des diades est assez sensible aux différences Wi—W2. Afin de mieux 
rendre compte des différentes constantes de rotation, nous avons adopté 
d, = 9.5. Pour retrouver les différences W,;— We, en partant des différences 
non perturbées Wi—W 2, on doit prendre Wy>—d, = 51.18 et A; = 0.78. 

Il est alors possible de recalculer les fréquences de vibration des huit bandes 
impliquées. On trouvera ces valeurs dans le tableau général des niveaux 
d’énergie de vibration. 

Le choix de d; fournit de plus les derniéres informations nécessaires en vue 
de déterminer l'ensemble des constantes de la formule (2). La valeur de ces 
constantes est indiquée au tableau VI. Dans le méme tableau, on trouvera 
aussi les valeurs de w; et x;; de la formule qui correspond a la formule (2) 
pour donner les niveaux d’énergie de vibration en partant du minimum de la 
courbe. Les constantes gee et y;j, restent les mémes. 

On peut utiliser de la méme maniére les trois diades (11'v3, 03'v3) avec 
v3; = 0, let 3. Pour la premiére, nous utilisons les valeurs fournies par Benedict 
(sous presse) et pour la troisi¢éme celles de Herzberg et Herzberg (1953). 
Pour cette série, nous avons: 

Wi-W: = d+ (x12— 420+ 112 +-Y122— 18.292) +03 (113— 2¥23+Y128) 
+03" (133 — 29233) 
= 15.15+5.7603+0.050s°, 
W = V/2(Wo—d1 —A2—Ar1—V3A3) 
V/2(51.18 —0.78v3—A2—A,). 
La seule inconnue est \2+A, et les différences W;— Wz. sont trés bien re- 


trouvées avec \o+A, = 0.41. 


ll 





“= eo 


Av 
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On peut alors calculer les fréquences des six bandes de cette série, ainsi 
d’ailleurs que celles de toutes les autres diades. On trouvera les valeurs obtenues 
dans le tableau général des niveaux d’énergie de vibration. 

En vue du calcul des autres niveaux d’énergie de vibration, il nous reste 
deux constantes a déterminer afin de préciser les termes de perturbation dans 
le cas de 3, 4 ou 5 bandes en résonance Fermi. 

Pour les groupes de trois bandes, les niveaux d’énergie sont donnés par: 


wi-w Wi 0 | 
(4) Wie W:-W Ws | = 0 
0 Wis Ws—W 





ot W?, Wet W$ sont les niveaux d’énergie non perturbés et W%,; les termes 
de perturbation pour les groupes de deux niveaux d’énergie Wi et W3 
suivant la formule (3). 

Les meilleures valeurs des constantes A; et Az semblent étre respectivement 
0.15 et 0.41, ce qui entraine \, = 0. Les constantes de la formule (3) fournis- 


sant les termes de perturbation sont donc: 
W, = 51.31, Ar = 0.15, Ae = 0.41, 
Ay = 0, A3 = 0.78. 


Ces valeurs ne sont peut-étre pas trés précises, mais il semble assuré que 
d, doit étre nul ou trés petit. 

On peut alors calculer tous les niveaux d’énergie perturbés par résonance 
Fermi. Pour les groupes de quatre ou cing niveaux en résonance, on procéde 
comme précédemment pour les groupes de trois niveaux, mais avec des 
déterminants du quatriéme ou du cinquiéme ordre ot toutes les constantes 
sont connues. L’examen de ces équations montre que la somme des valeurs 
perturbées doit étre égale 4 la somme des valeurs non perturbées. 

On trouvera dans le tableau général des fréquences de vibration (voir 
tableau VII) les valeurs calculées pour les niveaux non perturbés, ainsi que 
celles obtenues en tenant compte de la résonance. En regard, on a placé les 
valeurs expérimentales connues. Dans la derniére colonne, on a indiqué la 
différence entre la valeur calculée et la valeur observée, sauf pour certains 
niveaux d’énergie ot la valeur expérimentale est moins précise. 

L’excellent accord entre les valeurs calculées et les valeurs expérimentales 
est une garantie que le choix des constantes doit étre trés proche des vraies 
valeurs. 

E,. ANALYSE ROTATIONNELLE 
I. DETERMINATION DES VALEURS EXPERIMENTALES DES CONSTANTES B ET D 

L’énergie de rotation se combinant avec les niveaux d'énergie de vibration 

est donnée par le terme 


(5) F(J) = BJ(J+1) -—DIP?(J+1)*. 


Pour la molécule CO",, qui nous intéresse ici, symétrique, avec les deux 
oxygénes a spin 0, seuls les niveaux symétriques peuvent étre occupés (voir 
par exemple Herzberg 1945, p. 16). 
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TABLEAU VII 
NIVEAUX D’ENERGIE DE VIBRATION DE LA MOLECULE CO, (cm!) 





Valeur calculée 











Niveau 8 Valeur 

d'énergie Wo Ww expérimentale* Différence 
ovo 667.40 667 .40% 0 
02°0 1332.04 {1285. 39 1285.43 —0.04 
10°0 1341.54 (1388.19 1388.15° 0.04 
0220 1335.14 1335. 16° —0.02 
03:0 iat {1932.46 1932. 45¢ 0.01 
11:0 2012.23 \2076.85 2076 .86° —0.01 
030 2003. 28 2003 . 28° 0 
00°1 2349.16 2349 .164¢ 0 
04°90 2659. 48) (2548.24 
1200 2680.02} 2670.83 
20°0 2676.60) 2797 .03 2797 .19° —0.16 
0420 2662.58) 2585.01 2584.9° 
1220 2683.12) 2760.69 2760.75° —0.06 
0440 2671.88 2672.8 
onl 3004.06 3004 .08° —0.02 
05:0 3322.40 3181.33 
13:0 3348.07 3339.10 3339. 25° —0.15 
2110 3350.42 3500.46 3502.0¢ 
050 3329.37) 3241.48 3241.5¢ 
1390 3355.04) 3442.93 3442.3¢ 
0580 3341.00 3341.80° 
0201 3656.20 3612.87 3612.79 0.08 
10°1 3671.49 \3714.82 3714.74 0.08 
06°0 3982.80 3792.45 
14°0 4013.34 3942.15 
22°0 4021.20 4063.97 
30°0 4005.94 4224.71 4224.1¢ 
06*0 3995.20 3898.65 
1440 4025.74 \4122. 29 4122.7¢ 
0311 4308.74) (4247.75 (4247 .67) 0.08 
1141 4329.70} 14390. 69 (4390.59) 0.10 
04°1 4968.64 4853.62 4853.56 0.06 
12°1 4985.01 4977 .69 4977.80 —0.11 
20°1 4987.34 5099.68 5099.63 0.05 
0421 4961.74 4888.04 oe 0.06 
122] 4988.11) (5061.80 5061.75 0.05 
O12 5315.72 5315.70 0.02 
08°0 5302.48 5022.09 
16°0 5341.98] |5197.14 
2490 5360.08} 5329.94 
3200 5356.44 15475.47 
40°0 5330.40 5666.74 
0511 5609.06 {5475.08 (5475.03) 0.05 
1311 5640.58 {5632.71 (5632.75) —0.04 
211 5648.70 (5790.55 (5790.57) —0.02 
06°1 6256.96 {6075.96 6075.97 —0.01 
149] 6293.37 }6227.91 6227.92 —0.01 
22°] 6307 .02 | 6347.95 6347 .85 0.10 
30°1 6297 .47 \6503.00 6503.09 —0.09 
0621 6260.06) {6103.75 
1421 6296.47} {6288.48 
22?1 6310.12 (6474.42 (6474.56) —0.14 
00°3 6972.49 6972.49 0 
071 6905.50 (6688.20 (6688.19) 0.01 
1511 6946.54 | 6863.65 (6863 .57) 0.08 
2311 6965 .46/ } 7023.84 (7023.68) 0.16 
311 6961.82) (7203.63 (7203 . 87) —0.24 
013 7602.45 (7602.46) —0.01 
08°] 7551.64 (7284.05 
16°] 7597.05 7460.98 7460.53 0.45 
249] 7620.98 > {7594.81 7593.70 1.11 
32°] 7623.09 | 7535.10 7734.46 0.64 
40°1 7602.72} (7920.54 
0203 8229.65) 8192.57 8192. 627 —0.05 
1063 8256.91/ 8293.99 8294.01/ —0.02 
0313 8857 . 25} /8803.25 (8803.35) —0.10 
1113 8890.13) 8944.13 (8944. 23)/ —0.10 
0493 9482.21) {9389.02 9389 .02/ 0 
1203 9520. 54> (9517.01 9517.004 0.01 
2093 9534.67) (9631.39 9631384 0.01 
00°5 11496.43 11496. 43 0 
0295 12703 .87\ 12672.36 12672. 28/ 0.08 
10°5 12743 .32 \12774.86 12774.73/ 0.09, 








*Les valeurs expérimentales mises entre parenthé ses ou entre crochets sont obtenues en ajoutant 667.40 ou 
1335.16 a la valeur expérimentale de la transition partant du niveau 01'0 ou 0220. 
*Rossmann, Rao et Nielsen (1956). 
’Stoicheff (non publié). 
Benedict (non publié). 
Plyler, Blaine et Tidwell (1955a). 
*Taylor, Benedict et Strong (1952). 
SHerzberg et Herzberg (1953). 
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1. Transitions ,— , 

Par suite de ce que nous venons de dire, seuls les niveaux avec un J pair 
seront occupés dans l'état 2, et au contraire, seuls les niveaux avec un J 
impair le seront dans l'état ,. 

Pour les bandes d’absorption [—2Z partant d’un état 2,, les seules transitions 
=— qui aient été observées pour la molécule de COs», toutes les raies avec 
un J” impair manqueront donc dans le spectre. 


(a) Constantes du niveau fondamental 00°0 
Les différences combinatoires, 
(6) R(J-—1)—P(J+1) = F’(J+1)—-F"'(J—1) = AF’) 
= (4B” —6D”)(J+4) —8D”" (J+})%, 


appliquées a toutes les transitions partant du niveau fondamental 00°0, 
fourniront directement les constantes de ce niveau. 

Le tableau VIII indique les différences obtenues pour les 13 bandes de ce 
type analysées dans ce travail. Nous y avons joint les résultats fournis par 
la transition II—~ dont il sera question un peu plus loin. L’accord est en 
général excellent et montre, en tout cas, qu'il n'y a d’erreur systématique de 
mesure a l’intérieur d’aucune des bandes. La derniére colonne indique les 
valeurs moyennes utilisées pour les calculs des constantes. 


TABLEAU VIII 
AeF’’(J) POUR DIFFERENTES TRANSITIONS PARTANT DU NIVEAU FONDAMENTAL 00° DE C”®O.* 















s ae: . 2 3 
i as. 8 - 2 2 s 
= . € £8 2 os $3 
¢ ¢ = + a 
ga Te . = s s s + s ss 
5 N £ cS = N oO oO 5 N t) 
1 335 344 374° 340 343 345 353 441° 343 
3 452 445 453 478 462 462 455 533° 449’ 432° 456 
5 584 588 579 598 574 587 586 603° 580 573 584 
7 703 685 709’ 708 719 695 705 709 691 722 712 706 
9 829 822 823’ 822 837 828 825 814 850° 831 818 824 
11 936 929 930 951 957 953 936 942 954 943 918° 945 
13 066 050 071 069 084 077 100° 072 098° 072 060 068 
15 200 173 185 193 194 202 184 194 199 188 198 191 
17 299 300 329° 314 322 328 312 316 313 295 327 313 
19 428 415 419 431 423 432 422 433 426 421 450° 425 
21 530 528 549 551 537 527 548 563 551 560 546 545 
23 652 642 659 673 668 664 674 678 683° 684 650 666 
25 782 768 784 801 785 781 784 772 792 799 764° 785 
27 892 892 887 900 896 890 890 911 907 895 913° 898 
29 025 034 O13 022 005 014 020 O15 O16 013 997° 018 
31 . 118 150 113 152 117 #139 #140 131 «151 144 079° 136 
33 52.260’ 23 249 «4256 250 255 250 254 262 252 232° 257 237° 254 
35 .369 343 372 364 377 363 351 376 357 377° 361 341° 365 
az (t 454 497 474 484 471 475 503 438° 480 
39 575 607 578 584 57 599 596 567° 592 
41 697 717’ 677° 675° 700 710 716 689° 709 
43 801 823 810’ 808 789 816 812’ 753° 812 
45 907 918’ 927’ 899’ 916 924 883° 916 
47 022 037 002° 998 044 008 027 
49 132 168° 150° 161° 159° 164° 138 
51 243 «248 246 243 285° 245 
53 3.397’ 3 375 330 334 321 319’ 337 
55 = 86.457 433’ «419 «483 456 47 429’ 443 
57 89.546 551 521’ 529 546 556-536’ 541 
59 = 92. 649 666’ 640’ 643 627’ 5 
61 95. 754 708’ 703’ 7 
63-98. 858’ 807’ 833 
65 101. 916’ 916 


*Les nombres marqués ’ ou ° sont moins précis par suite de la superposition d’une des deux raies avec une autre 
raie ou pour une difficulté particuliére lors des mesures. Les nombres marqués ° n'ont pas été utilisés pour établir 
les moyennes. Les bandes 1 +6v2 +3 et 3x1 +2»2-+v3 sont trés faibles et les mesures des raies sont peu précises. 
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La figure 4 donne ces valeurs moyennes de A:F’’(J) divisées par J+}. 
Les points doivent se trouver sur une droite lorsque les valeurs sont mises en 
fonction de (J +4). Le terme 6Dooo peut étre négligé devant 4Booo et la droite 


15620 
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1000 2000 3000 4000 


Fic. 4. AoF’’(J)/(J +4) en fonction de (J +43)? permettant d’obtenir les constantes du niveau 
fondamental. 


tracée de la sorte fournit les valeurs de Booo et Dooo indiquées ci-dessous en 
regard des valeurs expérimentales trouvées dans d’autres travaux récents. 





Herzberg et ‘Plyler, Blaine Rossmann, 





Présent Herzberg et Tidwell Raoet Nielsen 

travail (1953) (1955a) (1956) 
Boo (10-5 cm™) 39021+4 39020+10 39026+6 39016 
Dooo (10-8 cm) 13.5+0.5 12+4 12.6+0.8 14+2 








On constatera que toutes ces valeurs sont en bon accord, mais celles qui 
sont obtenues ici doivent étre plus précises. 

Avec les valeurs des constantes fondamentales données par Cohen, DuMond, 
Layton et Rollet (1955) on trouve: 


pe C 9 9 
Io: = one x10" g-cm” = 71.723 107“°g-cm’, 
0 


d’od ro = 1.1621,+0.00012 A. 
La valeur théorique de D, en assumant l’approximation de l’oscillateur 
harmonique, est donnée par 
D = 4B3/w;* 


et vaudrait 13.1X10-§ cm“. 

On peut remarquer que l’examen des points expérimentaux par rapport 
a la droite tracée sur la figure 4 semble indiquer une faible courbure. Ce 
serait l’indice de l’action du terme HJ*(J+1)*. Cependant nous ne considérons 
pas ce fait comme suffisamment significatif pour en tenir compte dans les 
résultats. 


(b) Constantes des niveaux supérieurs 


La détermination des constantes B et D des niveaux d’énergie peut se 
faire en utilisant la formule (1). Elle donne d’excellents résultats dans les 





Nin 


en 
ite 


au 


enh 


ui 


e 


COURTOY: SPECTRES DE VIBRATION-ROTATION. XII 627 


cas ow il n’y a pas trop de raies manquantes, ov il est possible d’atteindre des 
valeurs de J suffisamment élevées dans les deux branches P et R et ot de 
plus la différence D’—D” est nulle. Dans chaque cas, nous avons calculé les 
sommes R(J)+P(J) pour les différentes valeurs de J, puis nous avons choisi 
une valeur A assez voisine de 2(B’’—B’) et nous avons fait les sommes 
R(J)+P(J)+AJ(J+1), qui peuvent alors se mettre sur un graphique avec 
une échelle suffisamment détaillée. Nous avons alors: 

(7) R(J)+P(J)+AJ(J+1) = 29+2B'+[A —2(B” —B’)]J(J+1) 

+2(D"” —D’)J?(J +1). 


Si (D’’—D’) = 0, on peut calculer ») et B’’—B’ par la méthode devenue 
assez générale. 

Mais si D’’—D’ est différent de 0, nous obtenons une courbe au lieu d’une 
droite. Ainsi que nous I’avons signalé dans une note précédente (Courtoy et 
Herzberg 1955), nous avons observé une courbure dans la majorité des bandes 
ou un des niveaux d’énergie est perturbé par une résonance Fermi. Nous 
reviendrons plus loin sur ce fait. 

Dans ce cas, la méthode précédente n'est plus applicable pour la détermi- 
nation des constantes B et D, mais la formule (7) fournit cependant une valeur 
de vp» en excellent accord intrinséque avec les différentes raies de la bande, ce 
qui est trés important pour la méthode que nous avons utilisée. Les constantes 
du niveau inférieur ont été déterminées précédemment et nous pouvons 
avoir recours directement aux formules générales: 


F'(J+1) = R(JI)+F’' (J) — v0, 
F’(J—1) = P(J)+F'(J)—v0. 


Les raies des bandes P et R nous fournissent ainsi des valeurs de F’(J) 
qui doivent étre en accord. De 1a nous déduisons 


F'(J)/(J(J+1)] = B’-D'J(J +1). 


En mettant sur un graphique les valeurs obtenues, en fonction de J(J+1), 
on obtient une droite, dont l’ordonnée a Il’origine donne directement B’ et 
dont la pente permet un calcul rapide de D’. 

Nous avons en fait utilisé cette méthode pour toutes les bandes. Elle donne 
des résultats trés précis. On peut s’en rendre compte d’aprés les figures 5 et 
6 of nous donnons les droites obtenues pour les deux niveaux 10°1 et 14°1. 


emt rans > —_ a 
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Fic. 5. F(J)/[J(J+1)] en fonction de J (J+1) pour le niveau 10°1. 
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Fic. 6. F(J)/|J(J+1)] en fonction de J(J+1) pour le niveau 14°. 


Ce dernier a été choisi comme étant particuliérement typique, car il n’est 
obtenu que par une bande faible ot les mesures sont moins précises. 

L’accord est excellent avec les valeurs obtenues par la méthode précédente 
quand cette derniére était possible. On trouvera dans les tableaux XIII et 
XV les valeurs expérimentales des constantes B et D des différents niveaux 
de cette série. 

(c) Constantes des niveaux 02°0 et 10°0 

Nous avons pu obtenir dans les spectres un certain nombre de bandes 
correspondant a des transitions partant des niveaux 02°0 et 10°0. Mais ces 
bandes sont faibles et en général fortement masquées par des bandes plus 
intenses. I1 est difficile de les utiliser pour déterminer les constantes. 

Une des bandes apparait cependant trés nettement; c’est la transition 
21 +v3—2v2 (vide fig. 3) et nous avons pu de la sorte mesurer les constantes 
du niveau 02°0, soit directement d’aprés la formule (6), soit par comparaison 
avec le niveau 20°1 en utilisant la formule (8) of F’’(J) devient la grandeur 
a mesurer. On trouvera les constantes dans les tableaux généraux. 


2. Transition Il — 

Nous avons pu obtenir une transition II, <2, dont il était possible de 
faire l’analyse compléte, car la branche Q est résolue en descendant jusqu’a 
J = 6. Il s’agit de la bande 01'2 — 00°0 pour laquelle il n’y a pas de résonance 
Fermi. On trouvera sur la fig. 1 la branche Q de cette bande. 

Le niveau supérieur est un niveau II et le moment angulaire de vibration 
est donc égal 4 1. Dans ce cas, Herzberg (1942), puis d’autres, ont montré 
que toutes les raies de vibration-rotation sont dédoublées et que l’écart peut 
étre donné par la formule 


(9) Av = qJ(J+1) —bJ?(J+1)?.* 


Cette formule apparait comme une conséquence de I’interaction entre les 
deux niveaux correspondant au nombre quantique / = +1 et —1. 

Nous aurons a revenir plus loin sur cette formule du dédoublement /, mais 
signalons qu’en général le facteur yu est négligeable. 


*Nous avons adopté le signe ‘‘—” dans cette formule pour le terme »J*(J+1)? comme 
Amat, Goldsmith et Nielsen (1956), formule (24). 
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En pratique, ou peut considérer que pour chaque niveau de vibration on a 
deux séries de raies de rotation, correspondant a deux valeurs différentes de 
B et éventuellement de D. Suivant la notation utilisée pour les molécules 
diatomiques (Herzberg 1950, p. 239), nous adoptons les symboles B* et D* 
pour les constantes de la composante II* avec les J pairs + ou les J impairs —, 
et B*, D* pour les constantes de l'autre composante II*.* La composante 
IT? est en fait celle de plus grande énergie, du moins pour le COs». 

Avec ces symboles, les constantes g et » de la formule (9) sont respective- 
ment B4— B’ et D?—D*. 

Nous avons vu que pour le COs, seuls les niveaux symétriques peuvent 
étre occupés, c’est-a-dire pour un état II,, la composante inférieure II° pour 
les J impairs et la composante supérieure II? pour les J pairs. Les branches 
P et R donnent les constantes B’*, D’“, tandis que la branche Q fournira la 
valeur de B’*, D’*. 

L’analyse des branches P et R peut se faire exactement comme dans les 
transitions [—Z et les différences A,F’’(J) sont reprises au tableau VIII. 
On ne voit pas apparaitre de différence entre les constantes D des deux 
niveaux (Dy et D’’’). 

L’analyse de la branche Q se fait trés simplement. On a en effet: 


(10) QJ) = vo +(B’4*—B”")J(J+1) — (D4 —D') P(J +1)? 


oti vw» est connu par l’analyse des branches P et R et permet d’établir facilement 
la numérotation correcte de la branche Q. 

L’examen de cette série de raies semble nettement montrer une courbure 
lorsqu’on met sur un graphique la quantité Q(J)+AJ(J+1) en fonction de 
J(J+1), ot A est une grandeur voisine de (B’ —B’*). Ce fait est encore plus 
net si l’on tient compte de la valeur de ») fournie par les branches P et R 
(voir fig. 7). 











QU) + 000509 J(u+1) 
o1'2 -00% 


! 
$315,640 aaa 





1000 2000 
Fic. 7. Q(J) +0.00509J(J +1), v2+2vs. 


Une telle courbure est normalement le signe d’une différence entre les 
constantes D des deux niveaux. On trouve ainsi D’* = 14.8<X10-' cm™ au 
lieu de 13.5 pour D’’. Si on tient compte de I|’échelle de la fig. 7, on constate 


*Les symboles II¢ et II¢ correspondent respectivement aux symboles II* et II parfois utilisés 
dans cette question (Herzberg 1945, p. 378, ou Wiggins, Shearer, Shull et Rank 1954). Cette 
définition ne correspond pas parfaitement a celle de Herzberg et Herzberg (1953) qui attri- 
buent la lettre c ou d aux niveaux de rotation avec les nombres J pairs ou impairs. Cette 
dernitre définition ne peut guére s’appliquer en dehors des molécules symétriques 4 spin 0 
comme CO, ou CS:. Les deux définitions se rejoignent pour les états II,, mais non pour les 
états 1, (01'0 ou 01'2). 
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que l’effet repose sur de trés faibles variations dans les valeurs de Q(/J)+ 
0.00509/(J-+ 1), et il se pourrait que ces variations ne soient pas significatives. 
Cependant la variation semble trés réguliére et de plus nous n’avons aucune 
raison de supposer une erreur systématique dans les mesures, d’autant plus 
que les raies des branches P et R ne montrent rien d’anormal. 

La moyenne entre B¢ et B? donne la valeur de la constante B pour le niveau 
correspondant. Cette valeur est reprise dans le tableau XIII. 

Par ailleurs, la différence B‘’—B* correspond 4 la valeur de la constante g 
du dédoublement / pour ce niveau. On trouve ici g = 60*10-> cm—!. Comme 
la perturbation ne doit pas atteindre considérablement la constante B’, 
cette valeur doit étre assez précise, car les deux constantes B sont obtenues 
directement par différence avec celle d’un méme niveau (00°0). La méthode 
indiquée par Douglas et Sharma (1953) pour le calcul direct de la constante 
q lors d’une transition II —  n’est pas applicable ici par suite de l’absence 
d’une raie sur deux dans le spectre du CO». 


3. Transitions TI—II 

Nous avons pu observer et analyser 10 transitions IT, < II,. Ce sont toutes 
des transitions partant du niveau 01'0, et ce sont chaque fois les bandes 
chaudes correspondant aux transitions principales 2,< 2, partant du 


niveau fondamental. 
Pour les états Il, comme pour les états II,, on trouve un dédoublement /, 


et ici aussi nous n’aurons chaque fois qu’un seul niveau occupé. Cependant 
pour les états II,, ce sont les niveaux correspondant a un J impair qui auront 
la composante supérieure, II*, occupée, et ceux correspondant a un J pair, 
la composante inférieure, II°. On trouvera sur la fig. 8 un schéma des 


transitions possibles. 


co, TRANSITIONS ny ny 





Fic. 8. Transition Il, — I, dans le cas du COs. 
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La branche Q est toujours trés faible, comme c’est prévu, puisque |’intensité 
des raies diminue rapidement quand J augmente. Comme les différences 
B’—B”" sont toutes négatives, la branche Q est légérement décalée vers les 
faibles fréquences. L’écart vp — Q observé varie entre 0.02 et 0.06 cm™, en 
accord avec les valeurs calculées pour les différentes bandes si la branche Q 
est formée par les raies Q(1) a Q(4). 

On voit de suite sur la fig. 8 que, pour les branches P et R, les raies corres- 
pondant a un J pair viennent de transitions entre les composantes supérieures 
du dédoublement / (B’’?, B’*); elles sont marquées sur la figure par un gros 
trait. Les raies correspondant a un J” impair viennent au contraire de transi- 
tions entre les composantes inférieures (B’’’, B’*) (traits fins). En faisant donc 
l'analyse de la bande, séparément pour les J’’ pairs et impairs, nous obtien- 
drons les deux groupes de constantes B et D de chaque niveau. L’analyse se 
fait exactement comme pour les transitions =—2. 


(a) Constantes du niveau 01'0 

On trouvera dans les tableaux IX et X les A.F’’(J) des différentes bandes 
analysées, ainsi que les valeurs moyennes obtenues. Nous avons chaque fois 
indiqué le niveau de vibration supérieur de la transition en question. La 
premiére série donne les constantes B* et D*, et la seconde les constantes 
B¢ et D¢ du niveau 01'0. Beaucoup de nombres font défaut dans les tableaux, 
car il arrive souvent qu’une des deux raies soit cachée par une raie plus im- 
portante de la transition 2—Z. De plus, beaucoup de ces raies sont faibles et 
la précision des mesures est souvent moins bonne que pour le niveau fonda- 
mental. 

TABLEAU IX* 

4.F’’(J), COMPOSANTE SUPERIEURE DU NIVEAU 01'0, B4, D4 











Se 0311 114 211 13:1 «60541 =© 03) 154L = 23'L ~3= Moyenne 
3 5.473 494 471 414° 457 5.474 
5 8.611 604 604 613 8.608 
7 11.738 717° =—749 771 743 729 11.746 
9 14. 868 886 868 855 860’ 878 842° 14.869 
11 17.993 004 006 002 013 993 009’ =: 18.003 
13 21.123 121’ 141 134 128 131’ 21.130 
15 24.263 250’ 266 259 257 24.259 
17 27 .382 403 372 375 374 397 27 .384 
19 30.509’ 505 517 511 481° 534 30.515 
21 33.631 632 636 621 641 635 615° 33.633 
23 36.747 773 779 782’ = 791 36.770 
25 39.881 901 901 880’ 926° 898 919° 39.892 
27 43.035 023 062° 005 009 017 978° 012’ 43.017 
29 46. 181°: 136 157 129 46.141 
31 49.259 280° 261’ =. 271 260 210° 194° 49.263 
33 52. 387 392 344° 409° 388 377’ 52.386 
35 55.530 513’ 450° 55.522 
37 58.623 631! - 575° —s- 630’: 58.628 
39 61.767’ 792° 747 765 786 61.766 
41 64.867’ 857° 843° 880 903 836° = 64.883 
43 68.041° 050° 970’ ~=—-030’ 68.000 
45 71.094 71.094 
47 74. 248’ 74.248 
49 77.367’ 77.367 
51 80. 456’ 80.456 
53 83.547’ 83.547 





*Les signes ’ et ° ont la méme signification qu’au tableau VIII. 
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TABLEAU X* 
A:F’’(J), COMPOSANTE INFERIEURE DU NIVEAU 010, B*, D¢ 





f 0311 m4 = =62n 131 «#0542 «6013 =6154L = 2341) )~=— Moyenne 
2 3.900 901 921 3.907 
4 7.038 026 017 033 026 026 013° 7.028 
6 10.167 138 193° 143 166 171 168 139 10.156 
8 13.293 276 305° 286 287 13.286 
10 16.403 414 416 414 408 417 394’ 16.409 
12 19.529 562° = 539 547 537 526 518 19.533 
14 22. 661 649 662 646 624° 22.655 
16 25.772 776 769 772 792 770 778 25.776 
18 28 . 886 912 906 901 906’ 909 28.903 
20 32.012 040 024 022 039 019 32.026 
22 35. 162 123 158 157 114 35.143 
24 38.270 256 266 249 281 38.264 
26 41.387 382 383’ 398’ 361° 41.382 
28 44.505’ 462° 502 543° 507 501’ 524’ 44.508 
30 47.611’ 640’ 635’ 644 617 591° 47.629 
32 50.743 761 722° + =789° =6760 745’ = 726° 50.752 
34 53.856 858 892 876’ = 884’ 914° 53.873 
36 57.001 998 000’ = =57.000 
38 60.079’ 090’ 100’ 119 084’ 60.094 
40 63.191 152° 210’ 224 210’ 63.209 
42 66. 296° 323’ 66.310 
44 69. 459° = 438 69.433 
46 
48 75.682’ 75.682 
50 78.766’ 78.766 


52 81.870’ 81.870 


*Les signes ’ et ° ont la méme signification qu’au tableau VIII. 


Les valeurs moyennes des différences permettent toutefois le calcul des 
constantes avec une précision raisonnable. On trouvera sur la fig. 9 les 
droites obtenues en portant les valeurs des deux séries de AoF’’(J)/(J +43) en 
fonction de (J+4)*. On obtient 

Bt = 0.39130 cm-', D* = 13.8X10-* cm", 


B* = 0.39065 cm“, D° = 13.8X10-§ cm“. 


Ces valeurs sont évidemment moins précises que celles du niveau fondamental. 





1000 2000 3000 
Fic. 9. Différences A2F’(J)/(J +4) pour les deux séries du dédoublement / du niveau{010. 
L’analyse par Rossmann, Rao et Nielsen (1956) des branches P et R de la 


bande v2 fournit une différence B*°— Booo = 0.00041, qui, aux erreurs expéri- 
mentales prés, correspond 4a la valeur trouvée ici, mais doit étre plus précise. 
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La constante D trouvée pour ces deux séries est 13.8 X 10~8, mais la différence 
avec la valeur 13.5X10-° du niveau fondamental, n’est pas significative, et 
nous adoptons donc aussi 13.5X10-* comme valeur de la constante D pour 
le niveau 01'0, d’autant plus que Rossmann et al. ne trouvent pas de valeur 
mesurable pour la différence D’°—D” dans l’analyse de v2. 

La valeur moyenne de B pour le niveau 0110 sera donc 0.39097. 

La valeur de la constante g du dédoublement / serait 0.00065. II s’agit ici 
d’une grandeur obtenue par différence entre deux grandeurs mesurées indépen- 
damment et est donc nettement moins précise que celle qui était obtenue pour 
le niveau 01'2 (voir plus haut). Nous reviendrons plus loin sur ce point lors 
de la discussion de dédoublement /. 


(b) Constantes des niveaux supérieurs Il, 


Les constantes des niveaux d’énergie supérieurs s’obtiennent comme dans 
les transitions —2, a condition de traiter séparément les raies avec J” pairs 
et impairs. On obtient ainsi les deux séries de constantes B* D*, et B* D* pour 
chaque niveau. 

On trouvera les valeurs moyennes de B‘ et B¢ dans le tableau qui accompagne 
la discussion des constantes de rotation, les différences B¢—B* quand nous 
étudierons le dédoublement /, et les constantes D lors de la discussion de ces 
constantes. 

Signalons dés maintenant que pour le niveau 05'1, les constantes B¢ et 
D* ne peuvent étre obtenues avec précision, par suite d’une perturbation de 
Coriolis avec le niveau 32°0. Nous reviendrons sur ce point a la fin de la 
section sur l’interprétation des résultats. 


4. Transitions A—A 


Dans l'ensemble des spectres obtenus pour la molécule C"Oz, il a été possible 
de repérer plusieurs séries de raies appartenant a des transitions A—A. Ces 
transitions partent du niveau A, 0270. Leur intensité est faible et malheureuse- 
ment aucune bande n’apparait complétement par suite de la superposition 
partielle de bandes plus intenses. 

Comme pour les états II, les niveaux de rotation des états sont dédoublés 
(voir Herzberg 1945, pp. 372-373) et dans le cas du CO, un seul des deux 
niveaux sera chaque fois occupé. 

Nous définirons, comme précédemment pour les états II, les deux com- 
posantes des états A: A® (ou At) avec les J pairs + ou les J impairs—et 
A‘ (ou 4-) avec les J impairs + ou les J pairs —. 

Le dédoublement se fait par interaction entre niveaux avec Al = +2(%, 
Vo, 1, vs et V1, V2, 142, v3), en dehors du cas particulier des états Il avec ] = +1 
et —1.* Cette perturbation interviendra pour tous les états A, &, . . . de méme 
que pour les états = et II chaque fois que le nombre quantique/ sera égal ou 
supérieur a 2 (perturbation entre états >—A et II—®). 


*La théorie a été faite par Nielsen, Amat et Goldsmith (1956) et nous remercions G. Amat 
qui a attiré notre attention sur ce point et nous en,a indiqué les principes de base avant la 
publication. 
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Cette perturbation vient donc s’ajouter chaque fois qu’intervient le phéno- 
méne de résonance Fermi. Mais le développement de la théorie a montré que 
cette perturbation n’a pas d’influence sur les constantes ») et B. Dans ce cas 
B* = B’. Par contre, les constantes D sont atteintes, mais pour les perturba- 
tions 2—A qui nous intéressent ici, une seule des constantes D du niveau A 
sera modifiée et ce sera D°. 

Les méthodes de différence ne sont pas applicables par suite du manque de 
raies. De plus, les mesures des raies ne sont pas assez précises pour obtenir 
une valeur absolue des constantes des niveaux supérieur et inférieur qui puisse 
prétendre a une précision comparable a celle des constantes des autres niveaux 
et il ne semble pas possible de montrer une différence significative entre les 
constantes B (ce qui est normal d’aprés ce qui précéde), ni entre les constantes 
D du niveau inférieur 0220. Pour ce niveau, dans le cas du COs la différence 
doit étre inférieure 4 10-§ cm et probablement inférieure 4 0.5 10-8 cm. 

Il nous a donc paru préférable d’adopter pour ce niveau la valeur B”’ 
calculée 4 0.39173 cm™ qui doit étre trés prés de la valeur réelle. Devant 
l’impossibilité de faire mieux, nous avons adopté les valeurs D’’ = Dooo = 
13.5 10-* cm~', ce qui nous oblige 4 négliger la perturbation de type / pour 
la constante D* du niveau 02°0. 

Dans l’analyse, nous avons procédé comme pour les autres bandes, en 
supposant les valeurs indiquées pour le niveau inférieur. Nous obtenons alors 
pour chaque bande les constantes du niveau supérieur. Celles-ci doivent 
étre assez précises sauf pour les constantes D’* of une erreur systématique 
(assez faible) est introduite par suite du fait que nous avons négligé la pertur- 
bation pour le D’’* correspondant. Dans ce cas cependant, les différences 
D’'—D”" doivent étre trés voisines de la vraie valeur, dans la mesure ou la 
précision des mesures le permet pour ces bandes faibles. Les différences AD 
obtenues de la sorte sont indiquées au tableau XV. 


II. INTERPRETATION DES RESULTATS 


1. Constantes de rotation* 


Pour pouvoir retrouver avec la précision voulue les constantes de rotation 
associés aux différents niveaux d’énergie de vibration, nous avons df ajouter 
les termes du second degré dans la formule habituelle, et nous l’avons utilisée 
sous la forme: 


(11) Bo, 09% = Booo — 2101 — QV. — a3Vg FY 110 +2202 + 3303" + Y 120102 
+130103 + 230203. 
Dans ce cas la constante a l’équilibre sera 
(12) B, = Booot+3(ai+2a2+a3) 
HE (yi t4y224+733+ 2712+ 13 +2723). 
Dans cette section, nous indiquerons toutes les valeurs concernant les 
constantes de rotation et le dédoublement / en 10-> cm. 


*Dans cette discussion, pours les états II, nous prenons la moyenne entre les valuers B¢ et 
Bé dont il a été question plus haut. 
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Nous avons déja vu que Booo vaut 39021. Nous savons aussi que Bo1o vaut 


39097 et donc 
a2—Y¥22 = —76. 


D’autres constantes peuvent aussi étre calculées sans trop de difficultés. 
D’aprés l’analyse des bandes »3; (Plyler, Blaine et Tidwell 1955a), 3y3, 
et 5v3 (Herzberg et Herzberg 1953) on obtient: 
as—733 = 309, 
3a3— 9733 = 922.5, 
5a3 = 25733= 1535. 


Si nous adoptons a3 = 308.75 et 33 = 0.35, nous trouvons pour les trois 
expressions ci-dessus les valeurs 308.4, 923.2 et 1535, en excellent accord 
avec les valeurs expérimentales. 

En comparant les résultats obtenus pour les bandes 3y3 et v2+3v3—v2, on 
trouve 922.5 et 917 pour la différence B’’ —B’. L’écart entre les deux nombres 
est significatif et doit valoir —3y23, ce qui indique que 23 doit valoir environ 
1.8. En utilisant ces valeurs on peut calculer une valeur de Bo12 qui est en 
parfait accord avec la valeur expérimentale. 

On peut aussi obtenir certains résultats au moyen des groupes de bandes 
en résonance Fermi, car la somme des B n’est pas perturbée. Quand on établit 
les formules permettant d’obtenir ces constantes B pour un ensemble de 
bandes en résonance, on constate que les constantes a et y arrivent toujours 
en formant les mémes groupes. Si A, B et C sont les expressions en a@ et y 
indiquées ci-dessous (13), on trouve que la somme de B’’—B’ appliquées a 
l'ensemble des bandes d’une méme diade, triade ou tétrade est donnée res- 
pectivement par: 
0h x) A + 2a;— 2y¥3:- C = 587.5, 

(201, ee, 3A —2B+ 3a;— 3733 —3C = 844, 
(301,...) 6A—-8B+ 4a;— 473;—6C = 1085, 
(103, ...) A + 6a;—18y3;—3C = 1810, 
(105%. .5<) A +10a3;—50733—5C = 3028. 

Si nous adoptons pour a; et 733 les valeurs trouvées précédemment, avec, 

en plus, 


A= a1 — Yut2a2—4y722 = — 26, 
(13) B= tn +4y2tye = —3.5, 
C = y13t+2723 = 3.4, 


on trouve pour les groupes de bandes ci-dessus les cinq valeurs suivantes: 
587.4, 844, 1085.2, 1810 et 3027, ce qui est évidemment trés satisfaisant. 

Il semble difficile pour le moment de préciser davantage la valeur a attribuer 
aux différents y, car, 4 condition de respecter les relations ci-dessus, on peut 
obtenir des résultats sensiblement équivalents avec les valeurs légérement 
différentes des constantes. 








636 CANADIAN JOURNAL OF PHYSICS. VOL. 35, 1957 


Devant l’impossibilité de préciser les valeurs de y11 et 22 (qui semblent 
devoir étre comprises entre +1 et —1), nous les avons négligées et posées 
égales 4 0. Nous avons choisi 23 égal 4 1 plut6t que 1.8, ce qui dans l'ensemble 
parait donner de meilleurs résultats. 

Le tableau XI donne les constantes de rotation résultant de l’analyse des 
valeurs expérimentales suivant les formules (11) et (12). 


TABLEAU XI 
CONSTANTES DE ROTATION DU C®Q, (1075 cm7) 





i 
| 
e | 


Booo = 39021 aij= 126 yu = 0 yi: 
B, = 39162.5 a= —76 y2 = 0 v3 = 14 
= 308.75 = 0.35 ¥23 = 1 





Pour les niveaux d’énergie en résonance Fermi, la formule (11) n’est plus 
suffisante et il faut tenir compte de I’effet de la résonance. 

Soient B; les valeurs perturbées et B,° les valeurs non perturbées, on a les 
relations suivantes: pour les diades 


B, a2ByY+b2B,", 
B> b?B,°+a2B.°. 


(14) 


Pour les autres groupes de bandes, les relations sont plus compliquées; elles 
prennent la forme: 

By = a417By°+a1°B.+ai7B;°..., 
(15) By = Q2;"By°+42.?By°+a23’B;°..., 

By; = a37°B,9+a3?B.°+a3;7B;°.... 


Ces constantes s’obtiennent de la maniére suivante: partant des déterminants 
qui ont servi pour calculer les niveaux d’énergie vibrationels et substituant 
une des racines (par exemple W,) a l’inconnue, on obtient les mineurs corres- 
pondant a une ligne ou & une colonne. Les carrés de ces mineurs, normalisés, 
donnent une série de constantes (par exemple a;;?) qui indiquent la contri- 
bution de chacune des constantes B,’ non perturbées a la constante (par 
exemple B,) du niveau considéré. Ces termes a;; sont ceux qui donnent les 
fonctions d’onde perturbées. 

Pour les diades, les deux coefficients sont obtenus sans difficulté 
(16) a? = (Av+6)/2Ap, b? = (Av—65)/2Ap, 


ou Av est la différence entre les niveaux d’énergie perturbés, et 6 la différence 
entre les niveaux non perturbés. 

Pour les triades, tétrades et pentades, nous avons indiqué dans le tableau 
XII les coefficients permettant le calcul de la constante B de chaque niveau. 
Dans chaque groupe, la somme des termes de chaque ligne et de chaque 
colonne doit étre égale 4 l’unité, si tous les calculs sont poussés avec assez 
de précision. 

Nous pouvons ainsi calculer les constantes B de tous les niveaux d’énergie. 
On trouvera ces valeurs dans le tableau XIII. Dans la seconde colonne, on a 
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TABLEAU XII 


CaRRES DES COEFFICIENTS DE CONTRIBUTION PARTIELLE DES FONCTIONS D’ONDE NON 
PERTURBEES AUX FONCTIONS D’ONDE PERTURBEES 








Triade 04° 0.12990 0.46000 0.41010 
12°1 0.65886 0.01214 0.32900 
20°1 0.21123 0.52785 0.26092 


04°3 0.09785 0.43754 0.46461 
12°3 0.63842 0.04196 0.31961 
20°3 0.26379 0.52049 0.21572 
05'1 0.15419 0.46778 0.37802 
13!1 0.59051 0.01520 0.39429 
21'1 0.25528 0.51702 0.22770 
0671 0.16465 0.45724 0.37811 
1471 0.56738 0.01783 0.41479 
2271 0.26789 0.52495 0.20716 

Tetrade 06°1 0.03459 0.22534 0.44768 0.29240 
14° 0.42053 = =0.27030 = =0.01173 0.29744 
22°1 0.48415 0.16384 0.09820 0.25381 
30°1 0.06067 0.34054 0.44241 0.15638 
O71 0.05011 0.25318 0.43706 0.25965 
15'1 0.38823 0.25259 0.02111 0.33808 
2311 0.46717 0.12128 =0.138704 0.27450 
311 0.09447 0.37296 =0.40480 =-0..12776 

Pentade 08°0 0.01097 0.10117) 0.30466 =0.39324 0. 18996 
16°O 0.21173 0.36523 0.08176 0.07717 0.26411 
24°O 0.57561 0.00001 0.19658 0.00443 0.22337 
32°0 0.18818. 0.38466 0.02955 0.17523 0.22238 
40°O 0.01357 0.14896 0.88748) -0..34989 0.10015 
08° 0.00880 0.08981 0.29189 0.40270 0.20680 
16°1 0.18331 0.36900 0.10647 0.06234 0.27888 
24° 0.57831 =0.00362 = 0.18927 = 0.01108) -0..21777 
32°1 0.21351 0.37486 0.01725 0.18847 = 0.20591 
40°] 0.01603 0.16264 0.39515 0.33552 0.09066 





tenu compte uniquement de la formule (11) et dans la troisiéme colonne on a 
tenu compte, lorsqu’il y a lieu, de la résonance Fermi suivant les formules 
(14) et (15) et les constantes du tableau XII. En regard, nous avons indiqué 
les valeurs expérimentales connues. On constatera que l'accord est fort bon; 
mais il est possible qu'il puisse étre amélioré en adaptant légérement certaines 
constantes. 


2. Constantes q du dédoublement | pour 1 = 1 

Nous avons vu plus haut, lors de I’analyse de la transition II—zZ, que tous 
les niveaux d'énergie de rotation des états (/ = 1) étaient dédoublés, et que 
l’écart entre les deux séries de raies était donné par la formule (9). L’analyse 
de la transition 11'l—01'0 montre que cette formule est trés bien observée 
jusqu’a des valeurs de J élevées (au dela de 70). 

La théorie ordinaire ne prévoit pas de variation de la constante qg avec le 
nombre quantique v3. Cependant l'étude de la transition 01'3—01'0 montre 
que, dans le cas du COs, la constante g doit dépendre de ce nombre quantique, 
comme pour HCN (Wiggins, Shearer, Shull et Rank 1954) et NO (Shearer, 
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TABLEAU XIII 
CONSTANTES DE ROTATION Byyy DU C#O2 (1075 cm=) 


Valeurs calculées 








Niveau d'énergie de Sans résonance Avec resonance Valeur 
vibration By B; exp.* Diff. 

00°0 39021 39021 0 
ovo 39097 39097 0 
02°0 spans} {30001 39047 0 
10°0 38895 39021 39018? 3 
0220 39173 
001 38712.5 38712" 0.5 
02°1 38866 .5 38748 38749 .5 —1.5 
10°1 38588 38706 38705 1 
03!1 38943 .5 38824 38827 —3 
1141 38661 .5) 38781 38784 -—3 
04°1 39020.5 38817 38818 —-1 
12°1 38735 38650 38652.5 —2.5 
20°1 38463 .5 38752 38748.5 3.5 
0471 39020.5\ 38899 .5 38900 —0.5 
1271 38735 j 38856 38860 —4 
O12 38483 38484 —] 
08°0 oreo 39234.5 
16°0 39330 39010.5 
24°90 39045 38873 
3290 ss774| 39021 
40°0 38517 39156 
0511 39097 . 5) 38875 é 
13!1 38808 .5 38760 38760 0 
21'1 38533 . 3| 38804 38803 .5 0.5 
06° 39174.5) 38886 .5 38888 —1.5 
14°] 38882 | 38665 .5 38668 .5 —3 
22°] 38603 . 5; 38647 38644.5 2.5 
30°L 38339 38800 38798 2 
0621 39174.5 38944 
1421 38882 } 38849 
2221 38603 .5 38867 38869 —2 
00°3 38098 38098 .5 —-0.5 
0711 39251.5 38933 .5 38940° —6.5 
1511 55.5 38771 38768 .5 2.5 
2311 5 38745.5 38747 .5 —2 
311 5) (38836 38840 -4 
013 d 38180 —-3 
08°1 39328 .5 38950.5 
16°1 39029 38727 38730 —3 
24°1 38743 .5> 38567 38559 8 
12°] 38472 38703 38700 3 
40°1 38214 38840 
02°3 ear 38153.5 38152° 1.5 
10°3 37976 38078.5 38080° —1.5 
0313 38335 38226.5 38225° 1.5 
1133 38051 .5 38160 38168° -8 
0493 38414 38233 .5 38232° 1.5 
1203 38127 38044.5 38048° —3.5 
20°3 37854.5 38117 38128° -—11 
00°5 37486 37486° 0 
02° aren} 37561. 37561° 0.5 
10°5 37367 37453. 4 34753° 0.5 


*Les valeurs expérimentales indiquées sont obtenues en ajoutant les différences B’ —B’’ 4 39021, 39097, ou 39173 


suivant les transitions. 
Les valeurs expérimentales marquées ° sont moins précises. 
;Rossmann, France, Rao et Nielsen (1956). 
‘Plyler, Blaine et Tidwell (1955a). 
sHe rzberg et Herzberg (1953). 


4V oir la discussion des constantes de rotation de ce niveau 4 la fin de l'article. 

Wiggins, Guenther et Rank 1956). Cet effet secondaire est probablement 
l'effet de l’anharmonicité sur les forces de Coriolis. 

Quand la constante g est la méme pour les deux niveaux d’énergie lors 
d’une transition II—II, les différences B’’*—B’ et B’’°—B’* doivent étre les 
mémes. La premiére différence est obtenue dans I’analyse des raies avec J” 
pairs et la seconde pour les raies avec J” impairs. Dans I’analyse de la transi- 
tion 01'3—01'0 les différences B’’—B’ sont aux environs de 0.00917 comme 
nous I'avons signalé plus haut. Or si nous calculons les différentes valeurs de 
R(J)+ P(J) +0.01834/(J+1), nous constatons (voir fig. 10) que les points 
se mettent sur deux droites suivant que J” est pair ou impair. Ceci montre 





173 
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cm?! 
R(J)+P(J)+0.01834 Jlu+!) 
c'20, (01'3)-(O10 
13870.900 A J" sain . el 
© J" pairs 4 
S 4 

13870.850 
13870.800 J(u4l) | 





500 1000 


Fic. 10. R(J)+P(J) +0.01834J/(J+1) pour la transition (01'3) — (0110) montrant la diff- 
érence entre les constantes g des deux niveaux. 


que 0.00917 est trop petit pour B’’*—B’* et trop grand pour B’*—B"”. En 
faisant les calculs, on trouve que, si g est exprimé en 10-5 cm, gois = Go10— 
4.5, ce qui peut étre retrouvé par la formule 


go1v3 = Yo10— 1.593. 


Comme pour HCN et N.O I'effet est aussi de quelques pourcents. Pour 
N.2O et CO, la constante g diminue avec v3 tandis qu’elle augmente pour 
HCN. 

On trouverait alors que goi2 vaut go1a—3; Or, NOUS aVONS VU que Jo12 pouvait 
étre mesuré avec une bonne précision et valait 60. On aurait donc go19 = 63. 
Nous croyons que cette valeur est plus probable que la valeur assez voisine 
65, trouvée par l’analyse directe des deux composantes du niveau 01'0. Pour 
tous les autres niveaux II, nous mesurons la différence g’—q’’ avec le niveau 
01'0 (différence de B) et les valeurs des g indiquées seront obtenues en ajoutant 
cette différence a 63. 

La valeur théorique de cette constante go est obtenue par la relation (voir 
Herzberg 1942, ou de Heer et Nielsen 1952) 

2 2 
gy = 2B (1+ dws ), 


We W3 —W2 





En utilisant les constantes indiquées dans les sections précédentes on re- 
trouve la valeur 61 calculée par de Heer et Nielsen (1952). L’accord avec la 
valeur expérimentale est trés bon. 

Pour les autres niveaux II, les constantes q seraient normalement fournies 
par la relation g = 3qo(v2+1) (de Heer et Nielsen 1952), mais pour tenir 
compte de la variation avec v3, nous la modifions sous la forme suivante: 


(17) q = 34(qo—1.5v3) (v2 +1). 


Mais nous avons vu que dés que v2 est supérieur a 1, les phénoménes de 
résonance Fermi interviennent. Pour en tenir compte, on repart des équations 
(14) et (15) ot l’on remplace les valeurs non perturbées B,’ par les valeurs 
B °* et B,* obtenues au moyen de la formule (17). On obtient ainsi les valeurs 
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calculées B ,° et B,*, et donc la valeur calculée pour la constante q des différents 
niveaux d’énergie. 

On peut d’ailleurs calculer directement et trés rapidement les constantes 
q,. En effet la différence entre les équations pour tel niveau donné avec les 
B # et les B;° peut s’écrire 

d= daiig,? 


oti les a;? sont donnés au tableau XII, les ¢g,° sont les valeurs non perturbées 
suivant l’équation (17) et les q; sont les valeurs perturbées. On retrouve 
ainsi une forme équivalente de la formule proposée par de Heer et Nielsen 
(1952) a la fin de leur article. 

En tenant compte de la relation (17), la formule ci-dessus peut s’écrire 
trés simplement: 

di = (qo—1.5v3) (a 1? +24 jo? +30 53? +. . .). 

On trouvera dans le tableau XIV les valeurs calculées et les valeurs expéri- 
mentales pour les différents niveaux. On constatera que l’accord est trés bon 
et que la formule théorique rend trés bien compte de toutes les valeurs expéri- 
mentales, sans introduire de nouvelles constantes. On retrouve en particulier 
le fait expérimental que la constante q est plus grande pour le niveau 21'1 
que pour le niveau 13'1 et pour le niveau 31'l que pour le niveau 23'1. 


TABLEAU XIV 


C”Q., CONSTANTE g DE DEDOUBLEMENT / POUR LES NIVEAUX D’ENERGIE II EN RESONANCE 
Fermi / = 1, go = 63(107 cm) 





Niveau d’énergie Valeur calculée Valeur expérimentale* 
0311 97.5 93.5 
11'1 87.5 87.5 
05'1 OV b 
13!1 111 
2111 121 117 
O7'1 178.5 168° 
1511 142.5 144 
2311 136 136 
31 157.5 153 
03'3 94.5 932 
113 81 77% 


*Les valeurs marquées ° sont moins précises. 

“Herzberg et Herzberg (1953). 

’Voir la discussion des constantes du niveau 05'1 a la fin de l'article. 

On constate que l'étude de Il’effet de la résonance Fermi explique trés bien 
les résultats expérimentaux. Dans l'étude du dédoublement / des états IT du 
N.O, Shearer, Wiggins, Guenther et Rank (1956) ont observé, pour cette 
molécule aussi, une grande variation de la constante g avec les nombres quanti- 
ques 7; et v. Supposant que l’effet de la résonance Fermi ne pouvait expliquer 
cette variation avec le nombre quantique 7, ils ont proposé une formule de 
type linéaire en v1, v2 et v3; ol se manifesterait uniquement I’action des forces 


de Coriolis. 
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Comme on peut le constater par ce qui précéde, la résonance Fermi explique 
trés bien la variation de la constante g avec v; par suite de la grande variation 
de la constante g entre les deux niveaux en résonance Fermi quand on passe 
de V2 a Vo+2. 

Par contre, dans le cas du COn, il n'y a pas de forces de Coriolis entre 2; 
et v2. De plus, en mettant les valeurs de g sur un graphique, on voit qu’on 
ne peut en rendre compte par une formule linéaire. 


3. Constantes B des états A 


Au moins cing transitions A—A ont été identifiées dans les spectres. Elles 
partent toutes du niveau 0270. Mais pour deux d’entre elles (aboutissant aux 
niveaux 0671 et 1471) le centre de la bande n'est pas encore établi avec assez 
de certitude et l’analyse n’en est pas donnée. Pour les trois autres aboutissant 
aux niveaux 04°], 1271 et 2271, l’'analyse a été faite suivant la méthode indiquée 
précédemment, en séparant les raies avec J pairs et impairs. Ces trois exemples 
suffsent pour montrer comment se comportent les états A. 

Pour chaque bande, les deux séries fournissent la méme valeur de B’ indi- 
quée au tableau XIII, ce qui indique, comme il est prévu, que la différence 
B*— B¢ est nulle, ou du moins qu'elle est la méme que pour le niveau 02°0, 
ot nous avons été obligé de la supposer nulle, suivant les indications de la 
théorie et devant l’impossibilité d’une vérification expérimentale. 

4. Constantes de distorsion centrifuge D des différents niveaux d’ énergie 

Nous réservons pour la section suivante la différence qu’il peut y avoir 
entre les constantes D¢ et D* pour les deux séries de raies des états II. Quand 
il y aura lieu, nous prendrons la moyenne entre ces deux valeurs. En ce qui 
concerne les niveaux A, nous traiterons s¢parément les constantes D* et D*. 

Nous donnerons toujours les constantes D en unités 10-8 cm“. 

On a vu plus haut que I’analyse des différences A,F’’(J) pour les transitions 
partant du niveau fondamental indique 13.5 pour la valeur Dooo. Il ne semble 
pas qu'il y ait de différence significative entre cette valeur et celle du niveau 
01'0. De méme, ainsi que nous I’avons signalé plus haut, nous avons aussi 
adopté 13.5 pour les constantes D¢ et D* du niveau 02°0. 

Toutes les autres constantes D ont été calculées par référence directe ou 
indirecte avec celle d’un de ces trois niveaux 00°0, 01'0, 0220, donc toujours 
13.5. Elles sont indiquées au tableau XV. 

Pour les quelques niveaux ot la résonance Fermi n’intervient pas, nous 
observons parfois de faibles différences, mais, ici non plus, il n’est pas sur 
qu’elles soient significatives. 

Par contre, ainsi que nous l’avons signalé précédemment (Courtoy et 
Herzberg 1955), des différences apparaissent pour les séries de bandes en 
résonance Fermi. C’était la premiére fois que ce fait était observé. Depuis, 
il a été retrouvé pour le CO, par Rossmann, France, Rao et Nielsen (1956) et 
peut-étre pour la molécule H—C =C—D par Overend et Thompson (1956). 

Les figures 11-13 permettent de se rendre compte facilement de cette varia- 
tion de la constante D. En effet, en partant de la formule (1) on peut écrire: 


R(J) + P(J)+2(BY” — B')J(J+1) = 2v0+2B’+2(D’ —D")F?(J +1)?. 
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TABLEAU XV 
DIFFERENCES Dyyyp—Doo (1078 cm=), Dooo 13.5 





Etats = Etats A¢ Etats 0 Etats A4 
Niveau Obs. Calc. Niveau Obs. Niveau Obs. Calc. Niveau Obs. 
a (ye —(2)° 
{02 +2 
10°0 —2.1° 
00°1 0 0 0 
02°1 +2.4 +1.5 +2.0 0311 +1.4 +1.1 +1.3 {0421 —0.5° 
10°1 —2.1 —1.5 —-1.8 lll 0S —1,1 —1.1 —1.2 1271 —0.5° 
0491 +4.4 +2.2 +4.0 {Post —1.3° 0511 d +1.8 +2.5 0621 
12°] 0 +0.2 +0.3 1271. +0.5° 1311 +0.4 +0.1 +0.2 1421 
20°1 —4.0 —2.4 —3.6 2111 —2.8 —1.9 —2.4 2271 —2.5° 
06°1 +7.0 +2.3 +6.9 0671 0711 
14°1 +3.0 +2.6 +3.5 1421 151 +2.7 
2201 —3.7 —2.4 —3.0 2231 «=—+1.5° 2311 —1.3 
30°1 —-5.1 —2.6 —5.6 3141 —3.0 
00°3 —0.2 0 0 113° —0.2 0 0 
08°1 
16°1 +4.5° 
24°] —1° 
32°1 —0.5° 
40°1 
02°3 +1°¢ 
10°3 —1.5° 
04°93 +5.5°° 
12°3 oe 
20°3 —1.5°¢ 





Calculs faits en tenant compte uniquement de la résonance Fermi (Amat, Goldsmith et Nielsen 1956). 
ye faits en tenant compte de la résonance Fermi et de la perturbation de type ! (Nielsen, Amat et Gold- 
smith 1956). 
“Rossmann, France, Rao et Nielsen 1956. 
oir plus loin la discussion des constantes du niveau 05!1. 

*Valeurs obtenues en partant des fréquences données par Herzberg et Herzberg (1953) en calculant F’(J) en 
fonction des valeurs connues de F’’(J). Les valeurs ne sont pas trés précises mais indiquent un effet dans le méme 
sens. 

Remarque:—Les valeurs marquées ° sont moins précises. 











R(J)+P(J)+2(B"-B') J(J +!) 
=224+2B'-2(D'-D") v@(u+I)®* — C!205 
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HNHDOO ope NE t 
oe 0.3cm! 
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| | 
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Fic. 11. vitvs, 2ve+v3. Effet de la différence D’—D”’. 


Si la différence D’—D” est nulle, le premier membre doit donner une droite 
horizontale. Par contre si la différence n’est pas nulle et que ces valeurs sont 
indiquées en fonction de J(J+1), on doit observer une courbure dans un 
sens ou dans l’autre suivant que la différence est positive ou négative. Ceci a 
été fait sur les figures 11 a 13, pour trois groupes de transitions [—Z od 
les niveaux supérieurs sont en résonance Fermi. On constate chaque fois des 
courbures 4 peu prés symétriques par rapport au centre des groupes de 
bandes, ce qui est l’indice de différences 4 peu prés symétriques D’—D”. 
On trouvera dans le tableau XV les différences observées par rapport a la 
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R(J)+P(U)+2(BB)UU+!) 2602 Lo 


=21/+2B'-2(D-D") u2(u+1)? ae 
ae 


2U+Vs 
59 


3% 
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J(J+l) 
1000 2000 3000 4000 
Fic. 12. 2v1+v3, v1-+2v2+v3, 4v2-+v3. Effet de la différence D’—D”. 
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Fic. 13. 3y,:-+y3, 2v1+2ve+y3, vitdve+vs, 6ve+v3. Effet de la différence D’—D”. 


valeur 13.5 du niveau fondamental. Pour le niveau 02°0, la valeur +2 a été 
obtenue par comparaison avec la valeur de la constante pour le niveau 201 
dans l’analyse de la transition 20°1 — 02°0. Elle concorde trés bien avec la 
valeur 2.1 indiquée par Rossmann, France, Rao et Nielsen (1956). Les valeurs 
pour la tétrade II et la pentade = sont évidemment moins précises. On constate 
que les différences sont moins considérables pour les états II que pour les 
états 2 correspondants. Dans les deux cas, les différences augmentent avec 
l’ordre de la ‘“‘polyade”’ ainsi que nous I’avons déja signalé (Courtoy et Herz- 
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berg 1955). On observe aussi une certaine dissymétrie de telle sorte que la 
somme des AD est toujours positive a l’intérieur d’un groupe de niveaux 
en résonance Fermi. 

L’étude théorique de cet effet a été faite par Amat, Goldsmith et Nielsen. 
En 1956, ils ont publié un article avec les calculs effectués pour obtenir |’effet 
de la résonance Fermi sur ces constantes. Les valeurs obtenues de la sorte 
sont indiquées dans le tableau XV. On constate que les signes et l’ordre de 
grandeur sont retrouvés, mais que les grandeurs calculées sont insuffisantes 
pour rendre compte entiérement des résultats expérimentaux et en particulier 
la dissymétrie observée et l'augmentation de la différence avec l’ordre de la 
“polyade’’. 

Ils ont alors été amenés a introduire un second type d’interaction (Nielsen, 
Amat et Goldsmith 1956): la perturbation de type / entre les niveaux (v1, v2, 
1, v3) et (v1, v2, 42, v3) dont il a été question plus haut a propos des transitions 
A—A. Nous avons signalé alors que cette seconde perturbation intervient chaque 
fois qu’apparait la résonance Fermi. Pour le calcul des constantes D, il y 
aura donc toujours deux séries de termes de perturbation a introduire dans 
le déterminant. Comme nous Il’avons signalé plus haut, la composante D¢ 
interviendra seule dans la perturbation Y—A. Nous devrons donc traiter 
ensemble le groupe de niveaux Y en résonance, le groupe correspondant 
“ A‘, et éventuellement le niveau ou le groupe I’. C’est pour l’ensemble de ces 
niveaux que la somme des AD doit étre nulle. Dans le tableau XV, nous avons 
donc juxtaposé les niveaux 2 et A‘ correspondants. 

Les niveaux A‘ ne sont pas affectés par cette perturbation mais nous croyons 
qu’ils peuvent, s'il y a lieu, avoir de leur c6té une perturbation de type / 
avec le ou les niveaux I’. Il semble toutefois que cet effet doit étre assez 
faible. Les valeurs AD des niveaux (04°1)% et (1271)* doivent étre petites, 
car elles diminuent pour les états correspondants en passant des états © aux 
états II et on pourrait s’attendre a environ +0.5 et —0.5 tandis que pour 
état (2271)? on pourrait s’attendre 4 —1.5 ou —2. Etant donné la précision 
moins bonne pour ces mesures, l’accord avec les valeurs expérimentales est 
suffisant. 

Pour les niveaux IT, il n'y a pas lieu de distinguer ici entre les composantes 
c et d, car elles réagissent paraliélement avec les composantes correspondantes 
de l'état ®. 

C'est en tenant compte de cette double perturbation que Nielsen, Amat 
et Goldsmith ont obtenu de nouvelles valeurs des AD. Ces valeurs nous ont 
été aimablement communiquées par G. Amat avant leur publication. On les 
trouvera au tableau XV dans la colonne marquée (2) et cette fois elles corres- 
pondent trés bien aux valeurs expérimentales. 

L’accord semble devoir étre encore meilleur en utilisant les constantes 
obtenues dans ce travail. Suivant les formules pour la diade J indiquée par 
Rao et Nielsen (1956) dans leur etudes sur N,O on trouve pour les effets de 
la résonance Fermi et de la résonance de type /: 

exp. 
fniveau 10°91 —1.86 —0.29 = —2.15 —2.1 
(niveau 02°.) +1.86 +0.47 = +2.33 +424 
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On peut remarquer que pour les groupes © et II en résonance Fermi, la somme 
des AD est partout positive 14 ot elle est mesurée avec assez de précision, 
ainsi d’ailleurs que pour les valeurs calculées. Cela veut dire que la somme des 
contributions pour les niveaux A ou ® correspondants est chaque fois négative.* 

Nous remarquons encore que pour les états = et II les deux perturbations 
ont leurs effets agissant dans le méme sens. Au contraire, ils agissent en sens 
opposé et se neutralisent partiellement pour les états A‘, la perturbation de 
type / l’emportant sur l’effet de la résonance Fermi. 


5. Constantes wp du dédoublement | des états TI 


Ainsi que I’indique la formule (9) le dédoublement des raies de rotation des 
états II peut comporter un terme en J*(J+1)? et le coefficient est indiqué par 
le lettre u, qui représente donc la différence D¢—D* comme gq valait B’— B*. 

En général ce terme est trés faible et rarement observé. Il a été mis en 
évidence pour HCN dans le spectre des microondes par Shulman et Townes 
(1950) et l'étude théorique de cet effet a été faite par Nielsen (1954). Dans 
notre note sur l’effet de la résonance Fermi sur la constante D du CO, (Courtoy 
et Herzberg 1955), nous avons signalé qu'il semblait y avoir une différence 
systématique et relativement assez importante entre les constantes D* et 
D*, Un examen plus méthodique a montré que cette différence n’apparait de 
maniére appréciable qu’avec la résonance Fermi. Amat, Goldsmith et Nielsen 
(1956) ont montré que cet effet découlait de la théorie générale de la résonance 
Fermi et ils ont donné les valeurs calculées théoriquement dans le cas de la 
diade et de la triade. Ces valeurs sont reprises dans le tableau XVI et en 
regard nous avons placé les valeurs observées expérimentalement. L’accord 
est trés bon. 

TABLEAU XVI 


C®O., CONSTANTE p DU DEDOUBLEMENT / DES 
ETATS Il (1078 cm™!) 


Niveau Obs. Cale.* 
O3'1 0.5 0.5 
11 —0.6 —0.5 
O5'1 0.9 
13 0.2 0 
21'1 ] -0.9 
O12 (1.2)° 0 
O7'1 
15'1 1:5 
23'1 —1.5 
jl —3 
OS 0.5 0 


“Amat, Goldsmith et Nielsen (1956). 
*’Pour état O1'2 voir les remarques faites, 
p. 621. 


*Pour la molécule COs, comme il résulte de la suite de cette étude, 4 publier sous peu, 
cette dissymétrie A l'intérieur des groupes = et Tl en résonance se retrouve dans le méme sens, 
en s'accentuant. Ceci indique une augmentation de la perturbation de type / et la valeur 

‘ 


de AD du niveau (0221)* doit passer de —0.3 4 —1, alors que l'effet de résonance Fermi dimi- 
nue nettement, 
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Remarquons que la constante yu ne doit pas étre modifiée par la perturbation 
de type / entre les niveaux II et ®. Ici, a l’encontre de ce qui se passe entre 
les états = et A, les deux composantes de chaque état doivent étre perturbées 
simultanément et la différence entre les constantes D n’est donc pas changée. 


6. Perturbation de Coriolis pour le niveau (05'1) 

On sait (voir Herzberg 1945, p. 379) qu’une perturbation de type Coriolis 
peut intervenir entre un état II, et un état 2, d’une molécule linéaire; mais 
une des deux séries de raies seulement, de l'état II,, est perturbée, celle avec 
les constantes B¢ et D¢ (II* ou II*). 

Or quand nous avons voulu calculer ces constantes pour le niveau 05'1, 
il,fut' impossible de trouver des valeurs rendant compte des résultats expéri- 
mentaux de maniére satisfaisante. Pour chercher la raison de cette anomalie, 
adoptant 0.0046 cm-! comme valeur intermédiaire entre les deux différences 
B'’—B’, nous avons mis les valeurs de R(J)+P(J)+0.0046/(J+1) en fonc- 
tion de J(J+1) (voir fig. 14). On voit apparaitre l’écart entre les deux séries 


em! RUMPU00046 U4) 
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Fic. 14. Analyse de la bande 5y2+»3—v2 montrant l’effet d'une perturbation de Coriolis. 


de points dQ au dédoublement /, une légére courbure vers le bas dans chaque 
série par suite des différences D’—D’’, et de plus une nette anomalie dans la 
série inférieure pour les valeurs de J(J+1) aux environs de 0 a 300. II n’y 
a aucune raison de suspecter des erreurs expérimentales, puisque la série 
inférieure résulte de raies qui viennent s’intercaler entre les raies de la série 
supérieure ol tout est normal. Mais cet effet peut étre le résultat d’une per- 
turbation de Coriolis, car le niveau d’énergie 05'l se trouve a 5475.03 et le 
calcul des fréquences de vibration indique 5475.47 pour le niveau 2, 32°0. 

Si l’on cherche les constantes du niveau 05'1l, on trouve dans les tableaux 
XIII et XIV que les valeurs calculées pour les constantes B’ et g sont respec- 
tivement 38875 et 13710-> cm~. D'autre part l’examen des tableaux XV 
et XVI laisse prévoir que les constantes D’ et » doivent étre aux environs de 
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16 a 16.5 et 1X10-* cm. Les constantes de ce niveau doivent donc étre 
environ 


B’* = 38943.5X10-, D’* = 17X10°, 
B’* = 38806.5 X 10-5, D’* = 15.5X 1078. 


Les constantes B’* et D’“ ne sont pas perturbées et on trouve effectivement 
38945 et 17, en excellent accord avec les valeurs calculées. 

Mais pour les constantes B’* et D’* de la composante (05'1)°, la perturba- 
tion se fait sentir. Le calcul des niveaux d’énergie de vibration-rotation 
montre que la série 32°0 reste constamment supérieure a la série (05'1)¢ et 
que la différence passe de 0.5 4 6 cm~ quand J passe de 0 a 50. Les niveaux de 
la série (05'1)° doivent donc étre repoussés vers les basses fréquences et c’est 
de fait ce que l’on observe. 

Nous pouvons en effet calculer les valeurs des niveaux d’énergie de vibration- 
rotation (05'1)° en utilisant les valeurs de B et de D indiquées plus haut. 
Nous pouvons par ailleurs obtenir les valeurs expérimentales de ces mémes 
niveaux par les formules suivantes: 

5475.03+ F’(J+1) = R(J)+F’(J)+667.40, 
5475.03+ F’(J-1) = P(J)+F” (J) +667.40. 


La figure 15 donne les différences entre les valeurs observées et les valeurs 
calculées. On remarque que l’effet n’est pas trés important puisqu’il est 
partout inférieur 4 0.1 cm et qu’il se fait surtout sentir pour des valeurs de 


J aux environs de 20. 
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Fic. 15. Perturbation de Coriolis entre les niveaux 32°0 et (05!1)°. 


Il n’est pas possible d’obtenir un bon accord entre les valeurs calculées 
et les valeurs expérimentales par une modification des constantes B et D, 
avec pour conséquence une valeur anormale des constantes q et 4» du dédouble- 
ment /, ainsi que c’est le cas pour la perturbation de Coriolis dans d'autres 


molécules (voir Herzberg 1945, p. 379). 
Il semble que la seule maniére d’obtenir des valeurs calculées en accord 
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avec les valeurs expérimentales est d’introduire un terme en J. On peut 
obtenir assez bien les niveaux de rotation de l'état (05'1)° avec la formule 
suivante: 


5475.03 —0.0061/ +0.388165J (J+ 1) —14X 10-8?(J-+1)?. 


Il sera intéressant de comparer les effets de cette perturbation de Coriolis 
avec ceux de la perturbation similaire qui semble apparaitre pour la molécule 
CO, entre le niveau IT, (03'1)° et probablement le niveau 2, 30°, ainsi qu’entre 
le niveau Z, 14°1 et le niveau II, 330. 
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IRON 60! 


JEAN-CLAUDE Roy? AND TRUMAN P. KOHMAN 


ABSTRACT 


The long-lived radionuclide Fe® has been observed through extraction of 
its disintegration product, 10-minute Co®™, from the iron fraction isolated 
from a copper target bombarded with ~400-Mev. protons. Direct observation 
was prevented by the Fe present. Yield considerations indicate the Fe 
half-life to be ~3X 10° years, uncertain by a factor of 3. 


INTRODUCTION 



























According to the beta stability diagram prepared by one of us (Kohman 
1948), Fe® lies very close to the limit of beta-stability for even—even nuclides. 
Since it is not present in natural iron (Nier 1939), it must be presumed to be 
a negatron emitter of low disintegration energy, transforming through one 
or both of the Co isomers to Ni®. The beta disintegration energy systematics 
of Way and Wood (1954) also indicate a low disintegration energy for Fe®. 

We have been interested in the possibility that Fe® might have a half- 
life in the range for ‘‘extinct natural radioactivity’, ~3 X 10‘ years to ~3 X 10° 
years (IKohman 1956). If such were the case, the nickel impurity of sufficiently 
old iron minerals would have an enhanced Ni® content, and the Ni® content 
should be different in the nickel of various phases of meteorites (Kohman 
1954a). An extinct natural radionuclide would be of great value in determining 
the age of the elements (Brown 1947) and in establishing an early geochronol- 
ogy (Kohman 19540). Since Fe® presumably had a rather high primordial 
abundance, its persistence after the formation of the earth would have had 
serious geothermal consequences (Kohman and Saito 1954; Kohman 1956). 

A Fe® mass intermediate between the 5-year ground state and the 10- 
minute first excited state of Co® is excluded, since then Fe® (with spin zero 
and even parity) would be able to decay only by a fourth-forbidden transition 
to Co® (with spin 5 and even parity (Deutsch and Scharff-Goldhaber 1951)), 
and the lifetime would be so long as to cause some primordial Fe® to still be 
present in natural iron. Thus, Fe® must be able to transform to Co®”. The 
direct transition to Co®” (with spin 2 and even parity (Deutsch and Scharff- 
Goldhaber 1951)) would be second-forbidden, and if the available energy 
were as low as 0.1 or 0.2 Mev. the half-life would probably be in the neighbor- 
hood of 10° years. If the energy were somewhat greater than this, Fe® might 
also transform through higher excited states of Co®. Bartholomew and 
Kinsey (1953) and Foglesong and Foxwell (1954) have observed closely-spaced 


60 


low-lying levels of Co®. Fig. 1 shows the level scheme, along with other 


known data about the isobars at mass number 60 (Way, King, McGinnis, 
and van Lieshout 1955). If the Fe® mass is sufficiently great to make a 0+, 


1Manuscript received in original form August 2, 1955, and, as revised, February 25, 1957. 

Contribution from the Department of Chemistry, Carnegie Institute of Technology, Pitts- 
burgh, Pennsylvania. 

2Visiting Research Chemist. Present address: Atomic Energy of Canada, Limited, Chalk 
River, Ontario. 
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Fe®° Ge Ni®° cc 
23M 


2+ 


(6,27) 





O+ OMEV 


Fic. 1. Mass relationships and energy levels of isobars at mass number 60. Fe® position 
and disintegration scheme as suggested by the present work. 


1+, or 2— Co® state accessible, Fe® might then undergo an allowed or first- 
forbidden transition and be relatively short-lived. Such a low-spin state should 
drop preferentially to the 2+ Co” rather than to the 5+ ground state, so 
that in any case the 10-minute Co® should be involved in the Fe® disintegration. 

There is mention in the table of Hollander, Perlman, and Seaborg (1953) 
of unpublished work of Folger, Stevenson, and Seaborg (1951) on an 8.4-hour 
negatron activity produced in spallation of uranium which was assigned to 
Fe®,. The maximum particle energy was given as ~1.5 Mev. This makes it 
highly improbable that the emitting nuclide could be Fe®, which should have 
a much lower disintegration energy (Kohman 1948; Way and Wood 1954). 
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Nevertheless, Jones (1956) has made a careful search for any short-lived 
Fe® in several types of bombardments, but could find none. Jones established 
from proton bombardments that Fe® cannot have a half-life between 8 
minutes and 8 years. He was also unsuccessful in a search for Fe® resulting 
from double neutron capture by Fe®’ in neutron-irradiated iron; if the Fe®® 
capture cross section is assumed to be 1 barn, then Fe® half-life exclusion 
limits of 80 days to 300 years result. In the published version of their work, 
Folger, Stevenson, and Seaborg (1955) state that contamination of the iron 
fraction by Ga” and Ga may have been responsible. 

Accordingly, Fe® might be quite long-lived, and, stimulated by the possibility 
that it might be an extinct natural radionuclide, we undertook a more intensive 
search for it. 


EXPERIMENTS 


Jones (1956) has shown that spallation of copper by high-energy protons 
should result in fairly high yields of Fe®. We were fortunate in being able to 
obtain a copper target which had been bombarded with ~400-Mev. protons 
in the Carnegie synchrocyclotron for meson production during a period of 6 
months. The target had received about 200 hours of bombardment at currents 
of about a microampere, and was 5 months old when the chemical treat- 
ment was begun. 

The copper, weighing about 10 grams, was dissolved in concentrated HNO; 
and evaporated to dryness. Concentrated HCl was added and evaporated 
to dryness twice. The salts were dissolved in 8 N HCl, and carriers for Ca, 

Sc, Ti, V, Cr, Mn, Fe, Co, Ni, and Zn were added. The FeCl; was extracted 
with isopropyl ether, and the ether phase was washed with 8 N HCI containing 
carriers for the elements mentioned above until the ferric solution was free 
from any radioactivities but iron. 

The iron contained about a millicurie of Fe®® as well as a considerable 
quantity of Fe, making direct detection of Fe® impossible. Fortunately the 
active daughter extraction technique is applicable. Since as shown above 
practically all transitions should go through Co®”, and since nearly all Co” 
atoms undergo isomeric transition to Co’, both the 10-minute and 5-year 
isomers are available for extraction. We chose to look for the shorter-lived 
isomer so that repeated extractions could be made without long waiting periods 
and so that the characteristic decay period could be used for positive identi- 
fication. 

Since only 0.28% of the Co® atoms emit energetic beta particles (Deutsch 
and Scharff-Goldhaber 1951), effective measurement requires detection of 
the conversion electrons of the 59-kev. isomeric transition, which occurs in 
99.7% of the atoms. The conversion coefficient ag = 35 (Kahn 1951) and 
(azp+ay)/ax = 0.29 (Caldwell 1950), so that only about 2% of the Co” atoms 
emit unconverted gammas. The softness of the electrons, most of which have 51 
kev. energy and a range of 4.1 mg.cm.~* in aluminum (Katz and Penfold 1952), 
requires a counter with a thin or no window. We constructed a Geiger counter 
with an aluminized ‘‘Mylar’’ window 0.9 mg.cm.~ in surface density, covering 
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a 1.0-in. by 2.8-in. flat aperture on the side of its 1.0-in. diameter cylinder. 
When it was surrounded by six 2-in. diameter Geiger counters in anticoinci- 
dence and by 6 to 8 in. of steel, the background was 2.8 counts/minute. 

The ether solution of FeCl; in a separatory funnel was extracted by two 
5-ml. portions of 8 N HCl, the first containing 0.5 mg. of cobalt carrier. 
These were successively extracted with isopropyl ether in three separatory 
funnels to free the cobalt from Fe®*. The combined aqueous phase was neutra- 
lized with NH,OH, and CoS was precipitated with H.S. This was filtered by 
suction onto a filter disk. In the early experiments ‘‘Whatman”’ analytical 
filter paper was used, but this allowed much of the CoS to go through, so in 
later runs a ‘Millipore’ filter was used, with complete retention. Special 
precautions had to be taken to eliminate deposition on the paper of short- 
lived radioelements from the air sucked through the filter; the air was first 
required to pass through a ‘Millipore’ filter. The paper containing the 
precipitate spread over a circular area 25 mm. in diameter was dried under a 
heat lamp and mounted on a slide which positioned the sample under the 
counter window. From the beginning of the separation to the beginning of 
the counting required 9 to 15 minutes. 

After preliminary experiments, about a dozen different extractions have 
shown radioactivity with a half-life of 8 to 12 minutes, superposed on long- 
lived activity resulting from incomplete removal of Fe** and Fe®. Blank runs 
showed that when the precaution of prefiltering the air was employed no short- 
lived radioactivity was present. The data on the best six runs are summarized 
in Table I. Fig. 2 shows the plot of activity in excess of the long-lived residue 


TABLE I 
SUMMARY OF BEST RUNS SHOWING Co” ACTIVITY 


Residual Initial Half-life 
Run Time for activity plus excess of excess Remarks on 
No. separation, background, activity, activity, chemical separation 
min. c.p.m, c.p.m. min. 

14 ~10 17.8 18 10.9 | Paper filter; preci- 
15 ~ 9 11.7 9 7.6 pitate only par- 
16 ~10 15.4 18 8.9 f tially recovered 

17 14-15 57.8 42 11.6 \ Millipore filter; pre- 
18 ~13 18.6 62 9.8 cipitate recovered 
24 10-11 28.5 44 os § quantitatively 


versus time for the best run, and a similar plot obtained by summing the six 
best runs. In each case the observed half-life is within experimental error of 
the accepted value for Co®”, 10.5 minutes (Bartholomew, Brown, Howell, 
Shorey, and Yaffe 1953). Confirmation that the decaying radiations were 
due to Co®” was obtained by covering two samples with 8 mg.cm.~ of 
aluminum during part of the counting. At most 5 c.p.m. of short-lived 
activity was observed, whereas most other short-lived radionuclides emit 
radiations which would easily penetrate this absorber. 

The CoS samples, weighing about 1 mg., were spread over an area of about 
5 cm.’, giving an average sample thickness of ~0.2 mg.cm.~*. The air gap 
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Fic. 2. Activity plots for cobalt extracted from iron containing Fe®. Vertical lines are 
standard deviations calculated from counting statistics. The lower four points on the sum- 
mation curve were derived from the individual activity plots rather than directly from the 
counting data, since the counting schedules were different after 40 minutes. 


was about 0.5 cm., or 0.6 mg.cm.~*. The total average absorption path was 
thus about 3(0.2)+0.6+0.9 = 1.6 mg.cm.~*. Since the absorption curve 
for fairly energetic monoenergetic electrons is approximately linear (Cook and 
Duncan 1952), a first approximation to the absorption factor is (4.1 — 1.6) /4.1 
= 0.6; but since for low energies the absorption is somewhat more pronounced 
(Cook and Duncan 1952), we reduce this to ~0.5. The geometry factor is 
~0.4, giving a counting yield of ~0.2 counts/disintegration. The best runs, 
for which the chemical yield is estimated to be ~0.8, gave ~50 c.p.m. extra- 
polated to the beginning of counting, somewhat over one half-life after the 
main separation. The equilibrium Co” activity is thus ~7 X10? disintegra- 
tions/minute, which is also the Fe® activity. 

The Fe®® activity of the iron fraction was determined by precipitating 
Fe(OH); from an aliquot and counting beta particles with a mica-end-window 
Geiger counter. The counter was filled mainly with helium, and was therefore 
practically insensitive to Fe® X-rays. Seven Fe®* half-lives after the end of 
the bombardment, 1/15 of the iron gave 4860 c.p.m. at an estimated counting 
yield of 0.0053 counts/disintegration. Applying a factor of 0.0078 for decay 
since bombardment, 0.34 for decay during bombardment, and 0.9 for chemical 
yield, we obtain ~6 X 10° d.p.m. as the total amount of Fe®® activity produced. 
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DISCUSSION 
The reactions responsible for the production of Fe® and Fe®® may be 
written 
Cu®(p, 4p) Fe®, Cu(p, 4pn) Fe, 
Cu®(p, 4p2n)Fe®, Cu®(p, 4p37) Fe®?, 


it being understood that where the emitted fragments include both protons 
and neutrons they may be partially aggregated into deuterons, alpha particles, 
and the like. Jones (1956) has predicted, from the systematics of yields from 
proton spallation of medium-light elements at 300-400 Mev., that the yield 
of Fe® from copper would be about 0.3 times that of Fe®*. From this, the 
activity ratio of Fe® and Fe®® produced in the same bombardment, and the 
known half-life of Fe®®, 45 days, the half-life of Fe® can be derived. The result 
is ~3 X 10° years, uncertain by a factor of 3 because of the approximate nature 
of the measurements and calculations. 

If Fe® could undergo only a second-forbidden transition, for which the 
comparative half-life had a typical value such as 10" or 10" seconds, then 
the disintegration energy necessary to produce an actual half-life of ~3 x 105 
years would be ~0.8 Mev. Such a high energy would make several excited 
states of Co accessible, and it is quite likely that at least one of the transitions 
would be less highly forbidden than second. The half-life would then be con- 
siderably shorter than observed, leading to an inconsistency. Thus, the dis- 
integration energy is probably somewhat lower, with the principal mode(s) 
of disintegration occurring to some state(s) of Co® higher than the 0.059- 
Mev. metastable state. The magnitude of the half-life suggests a first-forbidden 
transition, indicating 0O—, 1—, or 2— configuration(s) for the state(s) involved. 

The mass difference Fe®—Co®? must then be at least 0.29 Mev. Beta 
disintegration systematics (Kohman 1948; Way and Wood 1954) and the 
Co® level density indicate that it is probably not more than twice this value. 
The situation is illustrated in Fig. 1. 

The above arguments indicate that the Fe® negatrons should be followed 
by prompt gamma radiation of low energy. By 3 years after the end of bom- 
bardment the Fe®® activity will have decayed to a small fraction of the Fe® 
activity, making possible a direct investigation of the Fe® disintegration 
scheme. 

Fe® is evidently too short-lived for it to be an extinct natural radionuclide 
and to have the geochronological and geothermal significance speculated on 
' in the Introduction. 
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LOW TEMPERATURE RESISTIVITY OF THE TRANSITION 
ELEMENTS: COBALT, TUNGSTEN, AND RHENIUM! 


G. K. WHITE AND S. B. Woops 


ABSTRACT 


Experimental values are reported for the electrical resistivity from 1.5° to 
300° K. and for the thermal resistivity from 2° to 120° K. of high purity cobalt, 
tungsten, and rhenium. The temperature variation of the components of the elec- 
trical and of the thermal resistance due to scattering by thermal vibrations 
is deduced and the possible evidence for the importance of s—d transitions is 
discussed briefly. The temperature of the superconducting transition in samples 
of rhenium is found to be close to 1.70° K., the value reported by Hulm (1954). 


INTRODUCTION 

Recently we have been investigating experimentally the low temperature 
electrical and thermal resistivity of a number of transition elements. The 
experiments were designed to yield the temperature dependence of these 
quantities and their mutual relationship, particularly for those metals not 
studied in previous work—notably the extensive experiments of Rosenberg 
(1955). As was discussed in previous papers on palladium (Kemp, Klemens, 
Sreedhar, and White 1955), iron, nickel, zirconium, and titanium (Kemp, 
Kiemens, and White 1956), chromium (Kemp, Klemens, Tainsh, and White 
1957), rhodium, iridium, and platinum (White and Woods 1957a), and manga- 
nese (White and Woods 19570), it seems pertinent to consider the importance 
of the interband transitions (Mott 1935, 1936; Wilson 1938) in determining 
the behavior of the ‘‘ideal’’ part of the electrical and thermal resistivity; 
by “‘ideal’’ we denote the component of resistivity (W;: thermal, p;: electrical) 
due to scattering of electrons by thermal vibrations. 

In the case of thermal conductivity, considerable previous work has been 
done on tungsten (see tabulation by Powell and Blanpied 1954) but no con- 
tinuous data on W; over a wide temperature range appear to be published; 
the only reported low temperature measurements on cobalt seem to be those 
of Rosenberg (loc. cit.) up to 40° K., and information on rhenium appears to 
be negligible. Turning to the electrical resistivity, there is a scarcity of detailed 
data on the temperature variation of p;, although Meissner and Voigt (1930) 
reported measurements at the temperatures of normally boiling liquid oxygen, 
nitrogen, hydrogen, and helium for a very large number of elements, including 
cobalt, tungsten, and rhenium. Also Mendelssohn (1956) has reported recently 
on electrical resistance studies made by himself and Olsén-Bar (1956) on a 
number of transition elements, including cobalt. 


EXPERIMENTAL DETAILS 


The method which we have described (White and Woods 1955) was used 
so that simultaneous measurements of the electrical and thermal conductivity 


1Manuscript received January 11, 1957. 

Contribution from the Division of Pure Physics, National Research Council, Ottawa, 
Canada. 
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might be made. Helium gas thermometry is used to measure temperatures and 
a galvanometer amplifier to measure p. In most of the experiments below 
25° K., where p; is very small and often much less than the impurity resistivity, 
po, the same current was passed through the specimen for each electrical 
resistance measurement and the voltage due to py was cancelled by a method 
described by Woods (1956) so that only the voltage produced by p-—assuming 
Matthiessen’s rule to be valid—was measured by the galvanometer amplifier. 

The specimens in the form of rods 5 to 8 cm. long (see Table I and below 








TABLE I 
EXPERIMENTAL DATA ON COBALT, TUNGSTEN, AND RHENIUM 
Diam. 10%po 10%po/pog9s WoT 108Zo B = W,/T? 6 
(mm.) (ohm-cm.) (cm. deg.2 (watt-ohm (at 6/10) (ES 
per watt) | per deg.?) 
Co la 2 0.0902 15.3 — —_ — 380 
Co 1b 2 0.0907; 15.5 3.55 2.55 11X10-5 =380 
W la 4 0.029; 5.5 _ —_— oe 315 
W 1b 4 0.031; 5.9 1.19 2.65 7.5X%10-§ 315 
W 2 1 0.0456 8.6 _- -— _— 315 
Re | 10X0.7; 0.787 40.1 30.7 2.56 36 1075 280 
(unannealed) 
Re 2 100.7; 0.469 24.6 17.9 2.63 36 X 1075 280 
Re 3 2x0.7 0.5438 Zé — -— - 280 
2.43 36 X 1075 280 


Re 4 6 0.013, 0.737 0.57 





for details of source, purity, dimensions, etc.) were mounted in the cryostat 
with a non-superconducting Zn—Cd eutectic solder, except tungsten with 
which treatments detailed below were used. 

A specimen of cobalt was cut from a rod supplied by Messrs. Johnson- 
Matthey Ltd. (JM 9484xx), prepared from sponge for which their spectro- 
graphic analysis indicated lines of Si (estimated concentration ~0.0002%), 
Fe (<0.0005%), Al (~0.0001%), and Mg, Cu (<0.0001%). The rod was 
annealed in vacuum for about 2 hours at 700° C. and its electrical resistance 
determined; this specimen is referred to as Co la. Subsequently it was re- 
mounted in a second cryostat and p and K determined together, the sample 
then being denoted by Co 1. The investigations of Owen and Jones (1954) 
suggest that such cobalt rods should be predominantly hexagonal close-packed 
in structure. 

For the tungsten rods, supplied by Messrs. Johnson- Matthey Ltd. (J M 3610), 
their spectrographic report indicated ~0.01% Mo and faint lines of Fe, Si, 
and Cu. One rod was annealed at 1350° C. in vacuum for some hours, then 
kept at 600° C. for some further hours and cooled. This specimen, called 
W la, was mounted with thin copper leads attached by soft solder to a coating 
of ‘Silver Print” (silver conductive paint from General Cement Manufacturing 
Co.) near the ends of the rod, and its electrical resistance determined. Later 
this rod had heavier copper leads silver-soldered to it and its electrical and 
thermal conductivity were measured together (W 10). A similar rod was 
electropolished until its diameter was reduced to about 1 mm., annealed at 
1300° C. in vacuum, and its electrical resistance measured (W 2). For these 
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measurements it was mounted in an insulating alumina tube with four brass 
screws acting as current and potential contacts. The reduction in diameter 
was performed in order to increase the total resistance and facilitate more 
accurate measurement of the “‘ideal’’ component, p;, at low temperatures. 

The rhenium metal from which the first three specimens were cut was in 
the form of a thin, rolled plate about 0.075 cm. thick supplied by Messrs. 
A. D. Mackay, Inc. and stated to be of purity > 99.5%. Our own spectrographic 
analysis indicated lines of Cu, Fe, and Mo with an estimated total metallic 
impurity content of <0.1%. The measured density of about 21.3 (cf. X-ray 
value: 21.15) at room temperature suggested that the plate was not porous, 
and this is confirmed by the relatively low residual electrical resistance (see 
Table 1). Re 1 was an unannealed specimen; Re 2 and Re 3 were both annealed 
for 2 hours in vacuo at 700° C. 

The very pure specimen Re 4 was that used by Hulm* (1954) for his ex- 
amination of the superconducting transition in rhenium and was prepared by 
him, while he was at the Institute of Metals in Chicago, by “‘. . . zone melting 
compressed rhenium powder (from Prof. A. D. Melaven of the University of 
Tennessee) in an argon arc furnace. Spectrographic analysis of this rod indicated 
that the total impurity content was less than 0.01%.” 


EXPERIMENTAL RESULTS 


The thermal conductivity data for cobalt, tungsten, and rhenium are shown 
in Figs. 1, 2, and 3 respectively together with the data of Rosenberg (1955) 
for cobalt and tungsten and those of de Haas and de Nobel (1938) and Kan- 
naluik (1933) for tungsten. 

Assuming the impurity thermal resistivity, Wo, and the ideal thermal 
resistivity, W,, to be additive (Matthiessen’s rule) we have calculated values 
for W; = W—W), which are shown in Figs. 4, 5, and 6. The values shown in 
these figures for ‘‘W,,’’, for the thermal resistivity at about room temperature, 
and for its reciprocal, ‘‘K,,”’ in Figs. 1 and 3, are obtained from the room 
temperature value of the ideal electrical resistance, p; (295), using the Wiede- 
mann-Franz relation: 

pK/T = p/WT = 2.45X10-8 watt-ohm/deg.? 


For tungsten the experimental data of Kannaluik (1933) give a good value 
for the sensibly constant thermal resistivity, W,,, at temperatures in the 
neighborhood of the Debye temperature, @, but in the case of rhenium and 
cobalt reliable values do not appear to be available. Hence it was necessary 
to obtain the approximate value ‘‘W,,” indirectly from the electrical resistance 
in order to compare the magnitudes of W;, at high and low temperatures. 

For the electrical resistance also, values of the ideal electrical resistivity 
Pi = p— po (po = resistivity due to impurity scattering) are calculated and 
shown in Figs. 7, 8, and 9 for cobalt, tungsten, and rhenium respectively, 
together with points for these three elements from Meissner and Voigt (1930) 


*We are very much indebted to Dr. J. K. Hulm of the Westinghouse Research Laboratories, 
Pittsburgh, for his kindness in lending us this specimen. 
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Fic. 1. Thermal conductivity of cobalt. 
— — — Rosenberg (1955) 


Fic. 2. Thermal conductivity of tungsten. 
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Fic. 4. ‘Ideal’ thermal resistivity, Wi, of cobalt (Co 1). 
The value “W,,” is that calculated from p at room temperature. 


Fic. 5. “Ideal” thermal resistivity, W;, of tungsten. 


—O— W 1d xX calc. from Rosenberg (1955) 
@ Kannaluik (1933) @ calc. from de Haas and de Nobel (1938) 
+ Osborn (1941) “W.,,”’ calc. from p(295° K.) 


and a curve for cobalt from Olsén-Bar (1956). Table I gives a summary for 
our specimens of the residual or impurity electrical resistivity, po, the ratio of 
po to the room temperature electrical resistivity, p295, the parameter, Wo7’, 
for the thermal resistivity due to impurities, and the Lorenz number, 
Lo = po/ WoT. 

Values of 6, the Debye characteristic temperature, used for calculation and 
discussion are given in Table I and are taken from the specific heat data of 
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Clusius and Schachinger (1952) for cobalt, from the review by Blackmann 
(1955) for tungsten, and from Cobble, Smith, and Oliver (1953) and Wolcott 
(1955) for rhenium. 

Since we may expect—at least for a simple monovalent metal with which 
theory can deal most adequately—that at low temperatures (7'<«6), W,«T? 
and hence (see e.g. recent review by Klemens 1956) 


1/K =W = A/T+BT? (T<«é) 


it is of interest to obtain the experimental values of B, even for these more 
complicated metals. For cobalt, where the index of 7 is indeed found to be 
very close to 2, the value of B = W,/T? for T<6/10is 11 X10~, very close to 
that of 10.5X10~> given by Rosenberg (1955). In both tungsten and rhenium 
the index of 7 seems to be appreciably greater (see Figs. 5 and 6) so that 
values for B = W,/T? obtained at T~6/10 do not have great significance 
but are shown in Table I as 7.5X10~ for tungsten and 36X10~ for rhenium 
(cf. the value 9.3X10~> for tungsten given by Rosenberg 1955). 

In Table II are given smoothed representative values of p; which, owing 
largely to uncertainty in the geometry of our specimens, may have an error 
of about +1% for cobalt and tungsten and +3% for rhenium. However, 
despite these inaccuracies, the values obtained seem to us to be more useful 
than many of those quoted in metals handbooks and physical tables from 
room temperature measurements alone, which frequently include an apprecia- 
ble but undetermined component due to impurity scattering. 

For comparison, values of the electrical resistivity at 0° C. quoted by 
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TABLE II 
VALUES OF “IDEAL’’ ELECTRICAL RESISTIVITY IN MICRO-OHM CM. 
TOR. Co W Re 
0 ~9.0 5.8 17.5 
295 5.80 5.32 18.7 
273 5.15 4.80 16.9 
200 3.23 3.20 11.5 
150 1.98 2.3 (ee: 
100 0.90 1.03 4.0 
75 0.460 0.51 2.25 
50 0.150 0.150 0.75 
40 0.079 0.070 0.41 
30 0.030 0.022 0.13 
20 0.0065 0.0057 0.01¢ 
15 0.0025 0.0027 -- 
10 —_— ~0.0009 — 








Griineisen (1928) for cobalt and tungsten are 5.0 X 10~® and 4.9 X 10-* ohm- 
cm. respectively, and that obtained for rhenium by Meissner and Voigt (1930) 
was 18.9X10-*. In the latter case the ratio of residual resistance to the ice 
point resistance was 0.11 so that p;(273) becomes approximately 16.9 10~° 
ohm-cm. in good agreement with the value found by us.* Van den Berg (1948) 
found for very pure tungsten (Ro/Ro73-~4.5 X 10—*) below 20.4° K. that py « T*, 
but p; appears somewhat smaller in absolute magnitude than in our results. 


DISCUSSION 


In a recent paper on the conductivity of Rh, Ir, and Pt (White and Woods 
1957a) we discussed the possible influence of s-d and s-s transitions on the 
temperature dependence of the “‘ideal’’ resistance, remarking that if s-d 
transitions remain the dominant component of resistance at low temperatures 
—as the high values for the electrical resistance of transition elements at room 
temperature suggest they are at room temperature (Mott 1935, 1936)— 
then we might expect (Wilson 1938) p;«7* for T7<@/10. If however such 
transitions become energetically improbable and the s-electrons, which are 
mainly responsible for conduction, can only be scattered to neighboring states 
in the s-band we would expect these elements to behave like monovalent 
metals and exhibit p,« 7® for 7<6/10. In either circumstance W, should vary 
as T? at low temperatures. 

We observe that for 7<6/10, ppx 7” and W,<7" where m = 3.9, 4.2, 5.1 
and n = 2.0, 2.7, 3.3 for cobalt, tungsten, and rhenium respectively in each 
case. This suggests at least that the picture is more complicated and in the case 
of tungsten and rhenium, where the index 1 is greater than 2.0, that perhaps 
the probability of s—-d transitions is decreasing rapidly in this temperature 
range and contributes to the rapid decay in thermal resistance. 

The rate of fall with temperature of the ideal electrical resistivities of cobalt 


*We are grateful to Dr. J. K. Hulm for some, as yet unpublished, data on the electrical 
resistivity of pure rhenium obtained by him and Dr. B. B. Goodman. Their data below 21° K. 
indicate that p; may be represented by pj~4.5X10~-°7* micro-ohm cm., in close agreement 
with our values. 
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and tungsten appears to decrease as the temperature is lowered below 6/20. It 
seems uncertain yet whether this is reliable evidence of an eventual 7? 
dependence of p;, which, Baber (1937) suggested, following the experiments 
of de Haas and de Boer (1934) on Pt, might occur as a result of electron— 
electron interactions. Although the experimental evidence (see also White 
1956; White and Woods 1957a; Olsén-Bar 1956) points to the possibility of 
a T? dependence in some transition elements, more accurate data on p; at 
T <0/30 are needed, for cobalt, tungsten, and rhenium at least, to confirm 
this. This involves using specimens with suitable physical dimensions and for 
which po/p29;<107*. Re 4 was quite suitable from the purity viewpoint but 
with a diameter of ~6 mm., the total resistance was too low (~2 X 1077 ohm) 
for us to measure p; accurately at very low temperatures where p; << po. 
However we hope to obtain more suitable samples of those transition metals 
for which accurate data do not exist below 20° K. and measure their electrical 
resistance. When this program is completed a more detailed comparison can 
be made among all the transition elements over the whole range below room 
temperature. 

The experimental values of the thermal parameter, B = W;,/T? (at T~6/10), 
which was mentioned above, together with va ue_ of ideal thermal resistivity 
at high temperatures, W.,, allow calculation of C = (W;/W.,) (0/T)*. W., should 

‘be sensibly constant at temperature 7 >6 where elastic scattering is dominant 
except for a ferromagnetic element where W; might be expected to continue 
to increase slowly up to the Curie temperature (Mott 1936). If we allot 
approximate values to W,, of 0.8, 0.7, and 2 cm. deg./watt for Co, W, and Re, 
respectively, then 

C~20 for Co, 
~13 for W, 
~14 for Re. 


Although contrasting with the theoretical value C = 64 (see review by Klemens 
1956), predicted for a simple monovalent metal, these values lie within the 
general range, 15+5, found for most metallic elements (see also Rosenberg 
1955). They also confirm that the semiempirical formula suggested by Mac- 
Donald, White, and Woods (1956), 


W. =2 0 J3(0/T), where J3(0/7) = J (@—-1)(1—e*) dx, 


9 


=) 1454 =) for T < 6/10, 


may be used for predicting approximate values of thermal resistance at low 
temperatures. It is frequently desirable to predict approximate values for the 
total thermal conductivity of a metal, when only values of electrical resistance 
at room temperature and helium temperatures are available. Thus by using 
this empirical formula and applying the Wiedemann-—Franz law to pp and po95 
we may obtain values for 
1 K => Wot WwW; 

which are probably not in error by more than 30% even in the most un- 
favorable cases (see also White and Woods 1956). 
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In conclusion it may be of interest to report the temperatures found for the 
superconducting transition in rhenium, as some quite recent books seem to 
have overlooked the value 7c = 1.699° K. reported by Hulm (1954). In Re 1, 
Re 2, and Re 3 we observed the electrical resistance beginning to decrease 
markedly as the temperature was reduced below 2° K. and the resistance in 
each case reached approximately zero at a temperature between 1.79° and 
1.85° K. Our determination for Re 4 was much less precise than that of Hulm 
but it appeared that Tc lies between 1.65° and 1.70° K. This seems to confirm 
that the Hulm value of 1.70° K. measured with high purity rhenium is more 
reliable than the value 0.95° K. found from the electrical resistance of a 
sintered rod (Aschermann and Justi 1942) or 2.2° K. and 2.4° K. reported 
by Goodman (1952) and Daunt and Smith (1952) respectively for the magnetic 
transition of rhenium powder. 
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NUCLEAR RADIATION WIDTHS! 


A. G. W. CAMERON 


ABSTRACT 


The total radiation widths of nuclear energy levels have been computed 
using the new level spacing formula of T. D. Newton. The only adjustable 
constant in this calculation is a normalizing factor, which was determined by 
comparison with observed radiation widths. The logarithmic average deviation 
of the observed radiation widths from the calculated values is then equal to a 
factor 1.37. Radiation widths computed for a series of nuclei close to the valley 
of beta stability at excitation energies corresponding to the energy release in 
neutron capture are presented. It is found that in heavy nuclei with large level 
spacings the radiation widths of electric dipole transitions to the ground state 
can exceed that computed from the above considerations. This accounts for the 
unusual nature of the radiative transitions in lead. 


It has been found (Kinsey and Bartholomew 1954) that the predominant 
form of electromagnetic radiation following neutron capture is electric dipole. 
Levin and Hughes (1956) have studied the dependence of total radiation widths 
on excitation energy and nuclear level spacing. They have found expressions 
involving the observed nuclear level spacing which reproduce the radiation 
widths with an average error of a factor 1.3. However, they found it necessary 
to use different normalizing factors for even—-even and odd—A nuclei. Newton 
(1956) has recently given a level spacing formula which takes aceount of 
nuclear shell effects and which predicts nuclear level spacings with an average 
error of a factor 3. It is the purpose of the present note to apply this new 
formula in the calculation of the total radiation widths of nuclear levels. 

Following an argument of Blatt and Weisskopf (1952), the total radiation 
width can be written in the form (taking only electric dipole radiation into 
account) 





(1) eee aS v EWE 
1 4 he \iic Do 0 D(U-E)’ 


where U is the effective excitation energy of the radiating level in Mev., 
D(U) is the spacing of levels of the same spin and parity as the radiating 
level, and D(U—E) is the spacing of all levels to which the radiation can 
occur. R = 1.1X10-"A!* is the radius of the nuclear charge distribution. 
Dy is the spacing between levels in the single particle model for which the 
radiation calculation was made. Blatt and Weisskopf (1952) took Dy = 0.5 
Mev., but Levin and Hughes (1956) have pointed out that it is more reasonable 
to take Dy) = 15 Mev. In the present work Dp) is regarded as an adjustable 
constant which should differ from 15 Mev. by some average statistical factor 
which has been omitted from equation (1). 

For many years level spacings have been assumed to vary with the excita- 
tion energy of the nucleus in a manner deduced from the Fermi gas model 
of the nucleus. In such a model any excited state can be regarded as com- 

1Manuscript received September 28, 1956. 
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posed of a combination of particles and holes in the individual particle states 
lying just above and just below the Fermi level of the gas. Newton (1956) 
has refined these considerations by using the individual particle states of the 
nuclear shell model with the spacings given by Klinkenberg (1952). These 
calculations succeed in reproducing the observed level spacings subject to 
an average error of a factor 3. 

Newton's level spacing formula is 


(2) D = (2J4+1)71A®8(Qjy+1)!2(2jiz+1)'2(U+0U'2)? 
Xexp[10.258 —3 U'!/b] electron volts, 
where b = 5.97 Guw +jz+ 1)'2413 


J is the spin of the radiating state, and jy and jz are appropriate averages of 
the total angular momenta of the single particle states lying near the Fermi 
level of the nucleon gas. The effective excitation energy U is related to Ex, 
the actual excitation energy, in the following way: 


(3) U = iEp—5, 


(0 for odd-odd compound nuclei, 
where 6 (A > 40) = - 1.68—0.0042A for odd-A compound nuclei, 
(3.36—0.0084A for even-even compound nuclei. 


Newton’s formula does not hold for U < 1 Mev., but this is not important 
in the following considerations except as noted later where ground state 
transitions predominate in the capture spectrum. 
Upon combining equations (1) and (2), it is found that to a good approxi- 
mation, for U’ > 2 Mev., 
(4) Pr, = 5.2A?%6(1 +26/U'?|[U?— 20U?2+58°U — 80° U2 + Sb] 
millielectron volts. 


Equation (4) contains a normalizing factor which has been evaluated by 
comparison with the more accurately measured radiation widths (Levin and 
Hughes 1956). This normalization corresponds to Dy = 45 Mev. It should be 
noted that the radiation width is expected to be independent of the spin of 
the radiating level. 

The ratios of the measured radiation widths tabulated by Levin and 
Hughes to those calculated from equation (4) are plotted against mass number 
in Fig. 1. In the calculations the measured binding energies, Eg, were used 
where possible; otherwise the neutron binding energies were calculated 
from Levy’s empirical mass formula (Levy 1955; Riddell 1956). The effective 
j-values were taken from the tabulation given in Table I. It may be seen 
that 80% of the points in Fig. 1 lie in the range 

0.65 < I',(observed)/T',(calculated) < 1.5. 


The logarithmic average deviation of the points is equal to a factor 1.37. 

It should also be noted, however, that the points in Fig. 1 do not exhibit a 
Gaussian error distribution. This indicates that other effects, not taken into 
account, may also be of importance. These effects will include cases in which 
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Fic. 1. Comparison of the observed radiation widths with those calculated from equation 
(4). The crosses are for radiation widths computed from measured thermal neutron cross 
sections; the solid circles are for measured widths. 
the lower-lying levels have predominantly a single parity, which may increase 
the width if this parity is opposite to that of the radiating level or decrease 
it if the parity is the same. Such parity considerations are not included in 
Newton's level spacing calculations. Another effect which may be of im- 
portance is the average statistical factor omitted from equation (1). One 
might perhaps expect that the average statistical factor would be correlated 
in some way with closed shells or with the effective j-values. However, the 
deviations in Fig. | do not seem to be correlated with closed shells (except 
as will be noted below) or with the effective j-values or with the types of 
compound nuclei or the spins of the radiating states. 

In Fig. 2 are plotted the radiation widths calculated from equation (4) 
for excitation energies equal to neutron binding energies in a series of nuclei 
lving close to the valley of beta stability. These nuclei are probable products 
of neutron capture on a slow time scale in stellar interiors (Cameron 1956). 
The points in Fig. 2 are classified according to the type of target nucleus 
because in general somewhat different effective excitation energies are asso- 
ciated with neutron capture in odd-odd, odd—A, or even-even nuclei. 

The general downward trend of the radiation widths with mass number 
shown in Fig. 2 has been known for many years. Levin and Hughes (1956) 
have recently pointed out that superimposed on this trend is a rise in the 
radiation widths immediately preceding closed neutron shells; this is most 
pronounced in the vicinity of the double closed shell at Pb?°’, but there is a 
similar smaller effect near A = 140 (Stolovy and Harvey, unpublished). 
It may be seen that there are prominent increases in the calculated radiation 
widths in Fig. 2 just below the closed neutron shells. Thus the present calcu- 
lations account at least qualitatively for the closed shell effects. 
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TABLE I 
EFFECTIVE j-VALUES 
Zor N ja in || ZorN jz iw 
= | 
1 0.5 0.5 60 3.9 4.5 
2 0.833 0.833 H 61-74 4.0 4.5 
3 1.367 1.167 | 75 3.582 3.982 
4-5 1.5 1.5 | 76 3.167 3.465 
6 1.167 1.167 | 77 2.975 2.948 
7 0.833 0.833 | 78 2.33 2.43 
8 1.167 1.167 79 1.63 1.63 
9 1.833 1.833 80 1.348 1.348 
10-13 2.5 2.5 81 1.719 1.548 
14 1.833 1.833 82 2.09 1.748 
15 1.167 1.167 83 2.462 1.95 
16 0.833 0.833 84 3.116 2.432 
17 1.167 1.167 85-88 3.48 2.916 
18-19 1.5 1.5 89 Suet 2.732 
20 2.167 2.167 90 3.70 3.55 
21 2.833 2.833 91 3.85 3.867 
22-27 3.5 3.5 92 3.928 4.183 
28 2.833 2.833 93 4.008 4.5 
29 2.167 2.167 94 4.088 4.5 
30-31 1.5 1.5 95-98 4.167 4.5 
32 1.833 1.833 99-118 4.5 
33 2.167 2.167 119 4.036 
34-37 2.5 2.5 | 120 3.572 
38 1.833 1.833 121 3.108 
39 1.167 1.167 122 2.645 
40 1.833 1.833 123 1.845 
41 3.167 3.167 124 1.508 
42-48 4.5 4.5 125 1.770 
49 4.3 4.1 126 2.031 
50 4.1 ond 127 2.292 
51 3.9 3.0 128 2.890 
52 3:7 2.9 129-134 3.487 
53-54 3.5 2.5 135 3.890 
55 3.5 2.9 | 136 4.292 
56 3.5 3.0 137 4.695 
57 3.6 oe i 138 5.098 
58 a7 4.1 || 139-148 5.5 
59 3.8 4.5 i 
200 
on TYPES OF TARGET NUCLEI! 
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Fic. 2. Radiation widths computed from equation (4) for a series of nuclei close to the 
valley of beta stability at excitation energies corresponding to the energy release in neutron 


capture. 
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However, it should be noted from Fig. 1 that the worst deviations from 
equation (4) occur in the cases of Tl? (factor 2.85) and Hg? (factor 1.95). 
Since these nuclei lie close to the double closed shell at Pb*%, these deviations 
suggest that equation (4) may not give an adequate representation of the 
closed shell effect in the radiation widths. However, both of the conditions 
tending to cause deviations from equation (4) mentioned above would operate 
in these cases to cause larger radiation widths. In the region of closed shells 
the level spacing becomes large and the spectrum of the radiation emitted 
from the capturing level peaks at a higher energy. Thus radiative transitions 
to the region of the ground state, which have been neglected in the approxi- 
mations leading to equation (4), become more important and may contribute 
an appreciable fraction to the radiation width. It has been shown (Bartholo- 
mew and Kinsey 1953; Kinsey and Bartholomew 1953) that the higher 
energy transitions are particularly prominent in the spectra radiated by 
He Canarsie. 

In both Hg?®® and TP the low-lying levels can be expected to be pre- 
dominantly of opposite parity to that of the radiating level. Some enhancement 
of the radiation width is to be expected from this parity effect. According to 
Bartholomew and Kinsey (1953) about 51% of the capture radiation in 
TR is represented by seven gamma rays which go to states within 2 Mev. of 
the ground state. In Hg?®* no radiation has been observed going to the ground 
state (possibly because the capturing level may have J = 0), but about 38% 
of the radiation is contained in nine gamma rays going to the region from 1 
to 3 Mev. above the ground state (Kinsey and Bartholomew 1953). The 
partial radiation widths for high energy radiation are therefore in excess of 
the amount expected from equations (1) and (2). 

However, Lane and Wilkinson (1955) have pointed out that the statistical 
factors for radiation will tend to be large for nuclei with closed or nearly 
closed shells owing to the fact that there are many equivalent particles which 
can radiate and the parentage overlap of the initial and final states tends to 
be large. This effect may also contribute to the large radiation widths in 
Bio" sand: fr. 

It has been found that in the elastic scattering of ~7 Mev. photons from 
lead the radiation widths of the major contributing levels are comparable 
with or greater than 3 ev. (Fuller and Hayward, unpublished; reported by 
E. G. Fuller at the Photonuclear Conference, Chicago, 1956). This lower 
limit is 10 times the calculated values shown in Fig. 2. However, Kinsey, 
Bartholomew, and Walker (1951) have found only ground state transitions 
in the radiative capture of neutrons in Pb?°* and Pb?°’, and hence equation 
(4) is not applicable in this case. Instead, it is necessary to consider the 
radiation width for individual transitions. Blatt and Weisskopf (1952) give 
for electric dipole transitions: 


- . ~3¢(R\' DW) 5: 
(5) ae (£) a. 


With the average value of Dy found above, this becomes: 
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(6) lr, = 3.8X10-°A?“D(U)E° electron volts, 


where D(U) is in electron volts and £, the transition energy, is in Mev. 

For 7 Mev. photons in Pb, equation (6) becomes Ty ~ 4.5X10-5D(U) 
electron volts. From equation (2) we can expect D(U) to be about 10! electron 
volts for 1— levels. However, measurements of neutron scattering indicate 
that all levels in Pb? which can be formed by s- and p-wave neutrons incident 
on Pb**? have a spacing of about 1.5X10‘ ev. (Hughes and Harvey 1955). 
Hence the spacing of 1— levels can be expected to be about 7 X 10‘ ev. It follows 
that on the average [Ty = 3 ev. This would be larger if the statistical factor 
is increased owing to closed shell effects. 

The neutron capture radiation measurements in lead do not exclude a lower 
energy spectrum with a total intensity of a few per cent of the ground state 
transitions. It is therefore possible that equation (4) gives a crude estimate of 
the radiation width for transitions other than to the ground state. 

It thus appears that equation (4) gives a fairly good estimate of nuclear 
radiation widths except for nuclei with large level spacings which can decay 
by electric dipole transitions to. the ground state. In the latter case it is 
apparently better to add the contributions from equations (4) and (6). How- 
ever, partial widths calculated from equation (6) can be very much in error 
in individual cases owing to the large variability of partial widths associated 
with single channel processes (Porter and Thomas 1956). 

Table I contains a list of effective j-values recommended by T. D. Newton. 
These differ somewhat from those given in his original publication owing to 
an improved estimate of the effects of the spacing of the individual particle 
levels near closed shell regions (Newton 1956, p. 821). 


The writer is indebted to Dr. T. D. Newton for several very helpful dis- 
cussions and for permission to publish Table I. He is also indebted to Dr. E. G. 
Fuller, Dr. E. Hayward, Mr. W. T. Sharp, and Dr. L. G. Elliott for helpful 
conversations. He wishes to thank Mr. James Riddell for carrying out many 


of the calculations reported here. 
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THE DECAY OF Au’? AND LEVEL SCHEME OF Pt!%! 








G. T. Ewan? 





ABSTRACT 


Au! has been produced as the daughter of Hg!** formed by the reaction 
Au!*7(p, 5n)Hg!83 in the McGill synchrocyclotron. The internal conversion 
spectrum and unconverted y-ray spectrum have been examined using §-ray 
spectrometers, NaI spectrometers, and coincidence techniques. Au!*? decays 
by electron capture to Pt!%3 with a half-life of 17.5+0.2 hr. An upper limit of 
0.08% per disintegration has been placed on the probability of emission of 
positrons in this decay. Twenty-eight y-rays, all below 500 kev., have been 
observed associated with the decay of Au!’. The first excited state of Pt!’ has 
been shown to be at 12.7 kev. and the lifetime of this state measured as 
(2.2+0.8) X10~*® sec. A level scheme is proposed for Pt!%. 




















I. INTRODUCTION 

Au'® was first reported by Wilkinson (1949) to decay by electron capture 
with a half-life of 15.8++0.3 hr. He used radiochemical methods to identify 
the products of bombardment of platinum by deuterons and of iridium by 
a-particles. Later work by Moon and Thompson (1951) and Fink and Wiig 
(1952) on the decay products of mercury following proton bombardment of 
stable gold confirmed the existence of an activity of about this half-life and 
its assignment to Au!%3, Gillon et al. (1954), in a study of neutron deficient 
isotopes of mercury, reported Au'%* as the decay product of Hg!** and 
assigned to it a complex y-ray spectrum but listed only a few of the y-rays. 
In preliminary reports (Ewan and Thompson 1953; Ewan, Thompson, and 
Foster 1955) on the present work, several of the y-rays were listed and a 
determination of the half-life of the ground state as 17.5+0.2 hr. has been 
reported. 

In the present paper the results of a detailed investigation of the decay of 
Au'® are presented and a level scheme for Pt!®* is proposed. This level scheme 
is shown in Fig. 6 and the details about the y-rays are summarized in Table V. 
The paper is divided into several sections covering the various aspects of the 
investigation. Section II gives a general description of the apparatus and 
methods; III details the precautions taken to ensure that the desired activity 
was being investigated; IV to VI detail the methods of direct investigation 
of the y-rays whose properties are summarized in VII. Sections VIII and 1X 
describe the coincidence experiments used to sort out the y-rays into the 
proposed level scheme and X discusses the results of the investigation. 































II. GENERAL DESCRIPTION OF APPARATUS AND METHODS 


The sources used in this study were prepared as the decay products of 
Hg!*8 produced by proton bombardment of stable Au!*7 in the McGill synchro- 
cyclotron by the reaction Au'®7(p, 5n)Hg!%*. The irradiated gold was fused 
in an evacuated quartz tube, and the radioactive mercury boiled off and 
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condensed as a spot or line on thin aluminum foil cooled by liquid nitrogen. 
After a suitable decay period the residual mercury was re-evaporated, leaving 
an essentially carrier-free source of gold. Details of this type of method of 
preparing carrier-free sources of mercury and gold have been discussed by 
Thompson (1951). In general after 2 hours cyclotron bombardment and 
separation the source strength was ~0.5 mc. 

The internal conversion line spectrum was examined with an intermediate 
focus Slatis-Siegbahn lens type of 8-spectrometer (Hilborn 1954), operated at 
a resolving power of 1.7% in momentum, and also with a 180° permanent 
magnet spectrograph of resolving power approximately 0.2%. The first 
spectrometer has a transmission of 0.3%, much greater than that of the 
180° instrument. It has a fixed path for the electrons being focused, and 
employs a scintillation counter as the detector so that it can be used with 
much greater accuracy to compare the relative intensities of lines with a 
large difference in energy. The 180° instrument uses photographic recording 
and was used in these experiments to resolve closely-spaced conversion lines 
and to measure their relative intensities. 

The unconverted y-rays were examined both by the Nal scintillation 
spectrometer method and by external radiator experiments in the lens spectro- 
meter. The Nal scintillation spectrometer consisted of a Nal (TI) crystal 
13 in. in diameter and 1 in. thick and a 6292 photomultiplier. The y-ray 
spectra were recorded automatically by scanning with a single channel pulse 
height analyzer. The radiator experiments in the lens spectrometer made it 
possible to measure the relative intensities of y-rays not resolved by the 
Nal spectrometer. 

In order to determine the absolute intensity of the conversion electrons and 
y-rays per disintegration, the total number of K X-rays emitted per disinteg- 
ration was determined by a method to be described later in this paper. K 
X-rays from Pt are observed either as a result of the electron capture process 
or as the result of the internal conversion of a y-ray leaving a vacancy in the 
K-shell. If a value for the fraction of electron captures in which a K-electron 
is absorbed is known, then, from a knowledge of the number of A X-rays 
emitted per disintegration, it is possible to deduce the number due to K 
conversion of y-rays. By summing up the intensities of the A conversion 
lines and knowing the number of K conversions per disintegration it is then 
possible to deduce the absolute intensities of all the conversion lines. 

From the measurements of the absolute intensities of the y-rays and con- 
version lines, the intensities of the transitions in the Pt'®* nucleus and also 
the conversion coefficients of the y-rays were deduced. These results are 
discussed in detail in Section VII. 

y-v coincidence and electron-electron coincidence experiments were carried 
out to help to elucidate the level scheme of Pt'**. In the y-y coincidence 
experiments two Nal scintillation spectrometers were used together with a 
coincidence circuit of resolving time 2 usec. In the electron—electron coincidence 
experiments the apparatus was essentially similar to that used by Bell and 
Graham (1952) in their fast-coincidence experiments. It consists of two thin- 
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lens B-ray spectrometers placed end to end. Each of the spectrometers has 
its own magnet current stabilizer so that it can focus electrons independently 
of the other. In these coincidence experiments a fast coincidence circuit of 
resolving time 27) = 2X10~* sec. was used. 

On the basis of the experimental results described in this paper the level 
scheme shown in Fig. 6 has been proposed for Pt!**. This scheme will be 
discussed in more detail in Section X, after consideration of the experimental 
measurements to be described. 

III. ASSIGNMENT OF ACTIVITY 

Preliminary work was carried out at a series of proton bombardment 
energies to ensure that the y-rays being examined belonged to Au!'®*. In these 
experiments bombardment energies in a range from 33 to 58 Mev. were used. 
From the results a rough excitation curve was plotted for the yields of the 
various lines. Fig. 1 shows how the yield curve obtained with the K conversion 
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Fic. 1. Excitation curve for the K conversion line of the 186.1 kev. y-ray observed in the 
decay of Au'*’, The threshold energy and shape of curve are characteristic of a (p, 5n) type 
of reaction. 


line of a y-ray of 186.1 kev., the most intense line observed, varies with 
proton bombardment energy. The reaction has a threshold of about 33 Mev. 
and a peak yield at about 50 Mev., which is consistent with a (p, 5”) type of 
reaction. This curve is similar in shape to those determined for the (p, 52) 
reaction on Bi, both experimentally by Bell and Skarsgard (1956) and theoret- 
ically by Jackson (1956). At the bombardment energies used, all the more 
intense lines which have been assigned to Au! were found to maintain 
the same relative intensities and to follow an excitation curve similar to that 
in Fig. 1. The excitation curve is fairly crude but is sufficient to show that we 
have a (p, 5”) reaction. The relative intensity measurements are much more 
accurate and show that the conversion lines are all associated with the same 
decay. 

After this preliminary survey all irradiations were made at 43 Mev. This 
energy does not give the maximum yield of Au'®* but has the advantage of 
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producing only a negligible amount of the 4.9 hr. Au'*? which proves trouble- 
some in the analysis of results from higher bombardment energies. At 43 Mev. 
the only other isotope present in the source is Au'®®, This is because the 
method of preparation is such that only gold isotopes resulting from the 
decay of mercury isotopes will be present. Hg!*? produces stable Au'®’. Hg!** 
is stable, hence no Au!** will be present. As a result of the present experi- 
ments, Hg!*4 appears to be either short-lived (<5 min.) or very long-lived, 
as no 39hr. Au'®* was observed. Gillon et a/. (1954) pointed out that the 
Weizsacker mass formula predicts very little energy for the decay of Hg! 
to Au'4, and so it probably will have a long half-life. They suggested tentatively 
that there might be an M4 transition in Au', but it will be shown later 
in this paper that the lines assigned to this transition occur in Pt!%, It is 
possible to isolate the y-rays due to Au'®® from those due to Au'®, as they 
decay with a very much longer half-life (185 days), and as their energies 
are known from the results of other workers (e.g. Bisl and Zappa 1954). 


IV. INTERNAL CONVERSION SPECTRUM 

The internal conversion spectrum was examined in the two spectrometers 
mentioned in Section II. For the lens-type 6-spectrometer, spot sources $ in. 
in diameter, deposited on 1.9 mg./cm.? aluminum foil, were used. The 
detector was a 3? in. anthracene disk about 1 mm. thick, coupled optically 
by a 2 in. diameter lucite pipe to a magnetically shielded 6292 photomultiplier. 
For energies above 30 kev., the crystal was covered by 200 ug./cm.? aluminum 
foil to improve light collection. Below 30 kev., this foil absorbs some of the 
focused electrons, thus causing a loss in efficiency. The spectrometer was 
calibrated over the energy range used by means of the A, F, J, and L lines 
of Th (B +C+C”) (Siegbahn 1955a) and the K conversion line of the 
661.6 kev. y-ray from Cs!%7. For survey work and measurement of half-lives 
the spectra were recorded automatically, using a counting rate meter and 
pen recorder. For accurate energy and relative intensity measurements, results 
were recorded manually. 

Fig. 2 shows a typical spectrum obtained shortly after the separation of 
the gold source, and Table I lists the conversion lines observed, with their 
relative intensities and assignments. In this table the intensities have been 
normalized so as to be the absolute intensities per 100 disintegrations. The 
relative intensities are converted to absolute intensities by a method which 
will be described in Section VI. The conversion line spectrum was followed 
for a period of seven half-lives. The lines assigned to Au'®* decayed with a 
period of 17.5+0.2 hr. There were also three lines corresponding to the 
K, L, and M conversion in Pt of a 135.5 kev. y-ray, which decayed with a 
half-life of 4.4+0.2 days. This corresponds to the M4 y-ray reported by 
Gillon et al. (1954) and tentatively assigned by them to Au!%4, The present 
assignment of this y-ray to Pt!%* will be discussed in more detail later. Above 
500 kev., no conversion lines were observed, although it is estimated that, 
with the source strength used, a conversion line of intensity 0.005 on the 
above scale would have been seen. 
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Fic. 2. Conversion line spectrum of Au!®* taken with a spectrometer line width of 1.7%. The 
assignments of the more intense lines are indicated in the diagram, and values of energy and 
intensity of all lines are listed in Table I. This curve was obtained using a counting rate meter 
of time constant 14 sec. and a scanning speed of 1.5 gauss-cm./min. below 1200 gauss-cm. and 
2 gauss-cm./min. above this. 

For examination in the 180° spectrograph, sources of approximately 
4/1000 in. width and lin. length were produced by vacuum distillation 
through a slit onto aluminum foil, or by condensation onto a quartz fiber 
silvered on one side. The spectra were recorded photographically on Kodak 
no-screen X-ray plates. Exposures were carried out at two different field 
settings, first at 156.45 gauss covering an energy region of approximately 
150-500 kev., and second at 90.38 gauss covering a region of 30-150 kev. The 
instrument was calibrated using sources of Th (B + C + C”). 

At each field setting and with each source a series of successive exposures 
was made in order to obtain a rough estimate of the half-lives of the lines 
being measured, so as to distinguish effects not due to Au!*’, The relative 
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TABLE I 
ELECTRON LINES OBSERVED WITH LENS-TYPE SPECTROMETER 


Energy 7 ; || Energy 
(kev.) Intensity Assignment (kev.) Intensity Assignment 


{k 34.5 159.9 0.63 L 173.5 


21.0 ~0.31 K 99. || 172.6 2.14 L 186.1 
23.8 ~0.21 L 37. 177.2 2 45 K 255.6 
30.5 0.48 183.0 044 M 186.1 
34.1 K 112. 189 § 88 K 268.2 

35.6 K 114. 203. 056 
39.5 K 117.9 | nt. "030 K 290.0 
41.0 K119.4 || 218. 080 , 231.8 
51. 225. "030 K 303.6 
63. K-LL Augers 241. .55 L 255.6 
55. 254. 38 L 268.2 
61. K-LM+K-LN || 265. 07 M 268.2 
64. Augers 299. 07 K 377.6 

ne M73.7 310. 035 
3. K-MM Augers|| 323. “009 L 334.8 

77.3 K 155.7 330. O14 
86. L 99. 347, 018 K 425.1 
95. 32: K 173. 361, 250 K 440.1 
98: 3. L 112. 374. O10 M 377.6 
107. K 186. 399. O47 K 477.4 
123.8 L 135. a L 425.1 
132: M 135. 413. 034 K 490.0 
141.8 L 185. 426. 048 L 440.1 
saat {k 231. 437, 0.009 M 440.1 
53. M 155. 463.4 0.009 L 477.4 
477.0 0.008 L 490.0 
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intensities of the lines were estimated visually and the more intense lines 
checked using a microphotometer. With the 180° spectrograph the paths of 
focused electrons of different energy vary and the sensitivity of the photo- 
graphic plate also varies with energy, so that comparison of intensities of 
lines over a large energy range is difficult. However, over a small range the 
relative intensities should be quite accurate and were used to give the relative 
intensities of lines not resolved by the lens-type spectrometer. Taking these 
together with the results obtained with the latter spectrometer for the inten- 
sities of lines widely differing in energy, it was possible to assign relative 
intensities to all the lines. 

Table II lists the conversion lines observed with the 180° spectrograph, 
with their relative intensities obtained as indicated above, and their assign- 
ments. The intensity scale is identical with that of Table I and 0.02 on this 
scale represents a line just visible above the background on the plate. The 
assignment of the lines to y-rays has been based on the energy differences 
between the K, Zi, Lu, Zin, and M conversion lines. Where several of these 
lines have been observed, and assigned to the same y-ray, the ratios of their 
intensities are consistent with the same multipolarity for the transition. For 
a weak transition where only one conversion line has been observed, its 
assignment has been chosen to fit in with the decay scheme to be proposed 
if this is consistent with the intensity ratios expected from multipolarity 
considerations. 
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TABLE II 
ELECTRON LINES OBSERVED WITH 180° SPECTROGRAPH 





Energy | Energy Energy 
(kev.) Int. Assignment || (kev.) Int. Assignment || (kev.) Int. Assignment 


30.45 0.48 98.55 1.65 Li \ 419 4 || 173.68 0.15 Ly, 187.5 
34.09 8.8 K112.4 99.12 0.43 Lu 174.48 0. Lin 186.1 
35.66 1.2 K114.0 100.20 0.40 21 114.0 175.92 0. Lin 187.5 
39.56 1.4 K117.9 100.87 0.42 {Zu 114.0 | 177.11 2. K 255.6 
41.01 0.50 K119.4 se sy Zi 112.4 |} 180.29 0. K 258.4 
50.35 0.70 102.47 0.13 Lim114.0 || 182.84 0.: MY 186.1 
51.06 0.85 | K-LL 104.01 0.28 1,117.9 185.22 0. N : 
52.68 0.65 } Augers 105.54 0.14 1,119.4 189.84 0. K 268.2 
53.28 0.95 107.80 10.0 K 186.1 191.33 
55.03 0.55 109.14 0.40 M \ii2.4 203.22 0. 
57.15 K 135.5 109.62 0.070 Min “*)| 211.74 0.030 K 290.0 
59.77 0.38 1173.7 110.77 0.080 MM 114.0 218.73 
61.01 0.35 111.77 0.11 N112.4 220.42 
61.27 0.21 113.40 0.030 N 114.0 225.09 
61.76 0.34 114.72 0.080 4117.9 239.32 
40 0.28 | K-LM 116.48 0.040 4119.4 241.72 
0.34 ( +K-LN 121.6 Li 135 242.30 0. u 
0.26 | Augers 123. Lun ‘9 || 246.60 0.080 Lin 258.4 
0.16 127.69 0.10 252.25 0.080 4255.6 
0.21 132.3: M 135.8 254.39 0.15 
0.09 ° M73.7 || 141.83 0.11 2,155. 255.01 0.090 
0.63 K 155 || 142.89 0.025 K 221. 256.61 0.060 
0.04 1:98. rem) 152.17 0.040 M155.7 || 265.04 0.070 
0.11 Li || 153.68 0.075 - 9 || 299.21 0.070 
0.20 Lu }99.8 || 159.64 0.48 || 361.68 0.25 
0.16 Lin 160. 0.09 Zi i 3.5 398.99 0.047 ; 
3.3 K173.5 || 161.88 0.05 Fan "ll an72 0.014 ee 
0.06 M a. g || 170.19 0.18 M| eee K 490.0 
0.03 Minf 172.23 1.55 } 186.1 | 413.51 0.020 Lin 425.1 
172.75 0.26 . || 426.08 0.048 ZL, 440.1 

















V. GAMMA-RAY SPECTRUM 

The unconverted y-rays were examined both by the Nal scintillation 
spectrometer method and by external radiator experiments using the lens- 
type B-spectrometer. 

The Nal scintillation spectrometer consisted of a Nal (TI) crystal 1} in. 
in diameter and 1 in. thick, and a 6292 photomultiplier. Sources were prepared 
in the same manner as those used with the lens-type spectrometer. These 
were placed at a sufficient distance from the crystal to ensure that summing 
effects were negligible. The principal summing that took place was between 
K X-rays from the K conversion of a y-ray and K X-rays occurring in the 
electron capture process to the excited state. Use of this sum peak was made 
later in a method of deducing the absolute intensities of the radiations. Fig. 3 
shows the differential pulse height spectrum up to 500 kev. With the sources 
used no y-rays were observed above this energy, and it is estimated that a 
y-ray of peak intensity 1/10 that of the 440 kev. y-ray would have been 
observed. Lack of evidence of a 511 kev. peak corresponding to annihilation 
of positrons allows an upper limit of 0.08% per disintegration to be put on 
the probability of positron emission in this decay. By assuming the shapes 
of the spectral lines, it was possible to resolve the rather complex spectrum 
into a series of peaks corresponding to groups of y-rays, and to assign relative 
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Fic. 3. Scintillation spectrum of X- and y-rays from a Au'®® source obtained with a Nal 
crystal 1} in. in diameter and 1 in. thick. No y-rays were observed above 500 kev. 


intensities to these groups. Table III gives a list of the energies of these 
groups, and their relative intensities deduced from the peak values by making 
allowance for variation of peak efficiency with energy (Siegbahn 19555). The 
values have been normalized to be the absolute intensities per 100 disinte- 
grations. 


TABLE III 
4y-RAYS OBSERVED WITH Nal SPECTROMETER 








Energy (kev.) Intensity Assignment 
34 11.5 Escape peak 
66 92 K X-rays 
114 §.2 112 kev. group of y-rays 
155 0.35 156 kev. y-ray 
‘ ma 
180 10.9 bi \ kev. y-rays 
} 
231 0.55 232 kev. y-ray 
2% ( 256 
260 9.0 256 Vkev. cis 
3 318 kev. y-ray 
3é 378 kev. y-ray 
1 440 kev. y-ray 


310 rE. 
375 5. 
440 3. 

1. 


485 5 


\ kev. y-rays 


The unconverted y-ray spectrum was also examined in the lens-type 
spectrometer by photoelectric conversion in an external radiator. By this 
method it was possible to measure the relative intensities of y-rays not resolved 
by the Nal spectrometer. Experiments were carried out with a 1.6 mg./cm.’ 
bismuth radiator, prepared by evaporation of bismuth metal onto aluminum 
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foil. The radiator was } in. in diameter and the internal conversion electrons 
were absorbed by 125 mg./cm.? aluminum placed between the source and 
the radiator. The spectrum obtained below 500 kev. with this radiator is 
shown in Fig. 4. The assignments of the photoelectron peaks are as indicated 
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Fic. 4. Secondary electron spectrum of a Au! source using a 1.6 mg./cm.? Bi radiator. The 
assignments of the lines are shown in the diagram. No lines were observed above 500 kev. 


in the figure. There was no evidence for a peak corresponding to annihilation 
radiation or to any y-ray of energy above 500 kev. Experiments were also 
carried out with thicker uranium and tantalum radiators and within the 
limits of resolution these confirmed the results obtained with the bismuth. In 
all cases the values of the electron binding energies used in calculating y-ray 
energies were those listed by Hill ef a/. (1952). 

The results of the observations on the y-ray spectrum have been combined 
and are listed in Table IV. In compiling this table the results obtained from 
the Nal spectrometer have been used to give the relative intensities of the 
groups of y-rays, and the radiator results, the relative intensities of lines within 


TABLE IV 
RELATIVE INTENSITIES OF UNCONVERTED y-RAYS 


y-Ray (kev.) Intensity y-Ray (kev.) 


Intensity 


~ 
oS 


255.6 4 
112.4) 268.2 4. 
114.0 | 290.0 0. 
117.9 | 317.7 1. 
119. | 377 .6 1. 
155. 425. 0. 
173. 3. 
186. 0. 
231.8 90. 0. 
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these groups. For y-rays widely differing in energy, calculation allowing for 
radiator efficiency gives similar results to the values obtained as above. 
VI. ABSOLUTE DETERMINATION OF INTENSITY OF GAMMA 
TRANSITIONS 

The absolute intensities of the y-transitions were determined by the indirect 
method of measuring the total number of K X-rays per disintegration. These 
K X-rays are observed in Pt!** either as a result of the electron capture 
process or as a result of the internal conversion of a y-ray leaving a vacancy 
in the A-shell. It is then possible to have two K X-rays emitted in coincidence 
in some disintegrations when K capture occurs into an excited state, followed 
by the A conversion of the y-ray. The probability of this occurring can be 
calculated in terms of /, the fraction of electron captures in which a K electron 
is absorbed, wx, the K fluorescent yield, and x, the mean number of K con- 
versions of y-rays per disintegration. The experimental measurement of the 
absolute number of coincidences per disintegration will then give a value of 
x if one assumes values for f and wx. From the spectrometer results, the 
relative intensities of all the K conversion lines are known, and so from a 
knowledge of the number of K conversions per disintegration, the absolute 
intensities of all conversion lines can be deduced. 

The value of x was determined in two ways. The first method used a single 
Nal spectrometer and made use of the sum peak which occurred at twice 
the energy of the K X-rays caused by coincidence between two K X-rays. A 
simple calculation shows that if the intensities of the sum peak and single 


K X-ray peak are measured with the source close to the crystal and if the 


133 hev 
4 kev 18O kev 


COUNTS PER MINUTE 


20 40 60 80 100 120 
PULSE HEIGHT (ARBITRARY UNITS) 

Fic. 5. Scintillation spectrum of Au'®* below 200 kev. (a) with source very close to Nal 
crystal, (b) with source 9 cm. distant from crystal. The peak at 133 kev. in (a) is due to true 
coincidences between K X-rays emitted in the electron capture process to an excited state 
and those from K conversion of a y-ray de-exciting that state. The great reduction in intensity 
of this peak at the large distance confirms that it is due to such coincidences. 
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efficiency of the crystal to K X-rays at this distance is known, then it is 
possible to deduce x, provided values for wx and f are known. The value of 
we is well known from X-ray data, but that for f depends on the energy 
available for the disintegration. From tables of Brysk and Rose (1955), and 
a rough estimate of the decay energy, a value of 0.80++0.04 has been assumed 
for f. 

The experimental spectra obtained from a source very close to the Nal 
spectrometer and from the same source 9cm. away from the crystal are 
shown in Fig. 5. The sum peak occurs at 133 kev. and is only apparent in 
the spectrum with the source close to the crystal, as would be expected if it 
is due to coincidences. The values used in the determination of x were evaluated 
from the areas of lines in Fig. 5, giving a value of x = 0.28. The principal 
source of error in this determination is the subtraction of the background to 
obtain a true value for the intensities of the sum peak. The over-all accuracy 
of the method is such as to give a value for x of 0.28+0.03. 

The second method of determining x used a conventional coincidence 
arrangement of two Nal spectrometers with the source placed between them. 
In this case it can be shown that 

Nez _ coincidence counting rate between K X-rays _ 2ez2fwxx 


Nai K X-ray counting rate in counter | ft+x 
and 


coincidence counting rate between y-ray in counter 1 
i ot and K X-ray in counter 2 





Nu counting rate of that y-ray in counter 1 


= €zof WK. 


where ez2 = efficiency of counter 2 to K X-rays. 


By focusing counter 2 on the K X-ray peak and scanning with counter 1, 
values for the two ratios were obtained for different energies. In calculating 
x, the second ratio was taken as the average value for the three most intense 
y-rays. The values obtained in the experiment were N,,;/N,: = 0.0010, and 
Ny 22/Ny = 0.0019, 0.0018, and 0.00175 for the first counter focused on 
the 112 kev., 180 kev., and 260 kev. y-ray peaks respectively. The value 
deduced for x was 0.30+0.03. 

The results obtained by these two methods will be independent of the y-ray 
properties provided that the lifetimes of the y-rays being considered are short 
compared with the resolving time of the coincidence circuit (2 usec.). The 
consistency of the results shows that at least for the more intense y-rays 
this assumption is justified. A value for x was also deduced from the relative 
intensity of the K Auger lines and the sum of the intensities of the K con- 
version lines. In this analysis use is made of the K-LL, K-LM, and K-LN 
Auger yields determined by Steffen et al. (1949) to calculate the number of 
K X-rays being emitted by the source. This method is relatively inaccurate, 
owing to the large uncertainty in the Auger yield. If such an analysis is 
carried out, a value of 0.28+0.06 is obtained for x. 

In the subsequent discussion a value of 0.29+0.03 has been assumed for x. 
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VII. SUMMARY OF Y-RAY PROPERTIES 

The properties of the y-rays observed in these experiments are listed in 
Table V. All intensities have been normalized, using the results from Section VI, 
to be given per 100 disintegrations. The multipolarities of the y-rays have 
been assigned from knowledge of K/Z ratios, ZL; : Ly : Zin ratios, and the 
conversion coefficients ax, @z1, @z11, and @z1131. The values of these coefficients, 
and hence the ratios, have been deduced for Z = 78 by interpolation from 
the tables of Rose et al. (1955). For y-rays assigned as E2 on the above evidence, 
the possibility cannot be ruled out that there may be a small admixture of 
M1. It will be noted that all but one of the y-rays are either 1/1, E2, or a 
mixture of these, and so the only change of parity occurs in the 1/4 transition. 

y-Rays reported previously by Gillon ef al. (1954) were at 112.4, 114.0, 
117.9, 119.4, 173.5, 186.2, 231.9, 256.0, 268.7, and 442.2 kev. It will be noted 
that these correspond in energy to the more intense lines listed, although 
above 250 kev. there seems to have been a small difference in calibration. 

On the basis of the present observations it is possible to postulate a level 
scheme for Pt!** which is both energy and intensity consistent. This is the 
scheme shown in Fig. 6, in which the transitions observed are shown by 


ENERGY SPIN PARITY 


4899 (5/2) 


452.6 (5/2) 


302.6 (7/2 or 5/2) 
268.2 (3/2o0rt/2) 
231.8 (5/201 3/2) 
186.1 (1/2 of 3/2) 
148.2 1/2 + 


117.9 (1/2 of 3/2) - 
112.4 (1/2 of 3/2) - 








ier S72 
oO /2 


Fic. 6. Proposed level scheme for Pt!*8. Transitions which have been observed in the 
present experiments are shown by lines joining levels. The feeds to the various levels from the 
ground state of Au!%% are shown. The 148.2 kev. level is fed from the 11/2— level in Au!*%. 
The spin and parity assignments listed assume that the level at 148.2 kev. has spin 11/2+. 
The alternative assignment of 13/2+ to this level would require different assignments to 
other levels and in particular 3/2— for the ground state. 


vertical lines. A detailed discussion of the proposed levels and their spins 
and parities will be given after consideration of coincidence experiments 
which have verified several features of this scheme. 

In Table V all of the y-rays observed decayed with a half-life of approxi- 
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mately 17.5 hr. with the exception of that of 135.5 kev. This transition was 
observed only in internal conversion and the internal conversion lines decayed 
with a half-life of 4.4+0.2 days. The relative intensities of the conversion 
lines and this half-life correspond to an 1/4 transition. The A—Z; and A-Lin 
energy differences indicate that it is converted in platinum. The threshold for 
its production shows that it occurs in Pt!**. Swan ef a/. (1953) observed an 
M4 transition of the same energy and half-life after Pt-+y and Ir+d reactions 
and assigned it to Pt!**, This is confirmed by the present results. 

Gillon et al. (1954), who did not observe the AK conversion line of this 
y-ray, suggested that the lines might be due to an isomeric state in Au', as 
they observed the same conversion lines in the separated Au fraction after 
deuteron bombardment of Pt. This explanation was put forward owing to the 
difficulty of explaining the feeding of a high spin state in Pt'** from the ground 
state of Au'**. However there is an isomeric state of spin 11/2— in Au!% 
which could feed the high spin state in Pt!®*, Recent work by Brunner ef al. 
(1955) has shown that this is indeed happening and that the isomeric state 
in Au! has a half-life of 3.8 sec. 


VIII. COINCIDENCE EXPERIMENTS WITH TWO NaI SPECTROMETERS 

Coincidence experiments were carried out using two Nal spectrometers 
with the source placed between them. One spectrometer used a Nal crystal 
14 in. in diameter and 1 in. thick, and the other a crystal 13 in. in diameter 
and 13 in. thick. The pulses from the two counters were fed through single 
channel pulse height analyzers into a coincidence circuit of resolving time 


2 usec. One spectrometer was set successively on the K X-ray peak, 112 kev. 
y-ray peak, 180 kev. y-ray peak, and 260 kev. y-ray peak, and the y-spectrum 
scanned for coincidences with the other. With the source strength used no 
prompt y-y coincidences were observed above the chance rate. There was a 
very strong coincidence effect between the K X-rays and each of the y-ray 
peaks. It is estimated that an effect 1/20 that with the X-rays would have 
been observed. 


IX. ELECTRON-ELECTRON COINCIDENCES 


A. Apparatus 

The apparatus used in these experiments was essentially similar to that 
used by Bell and Graham (1952) in their fast-coincidence studies. It consists 
of two thin-lens B-ray spectrometers placed end to end. The two spectrometers 
are contained in the two halves of a single vacuum chamber with the source 
mounted at the center. Each spectrometer has its own magnet current stabili- 
zer, so that it can focus electrons independently of the other. As the magnetic 
field in one spectrometer has a slight effect on that in the other, a compensating 
connection is required to allow for this, as in coincidence scans one spectro- 
meter is focused on a conversion line and the spectrum is scanned with the 
other. 

The detectors used in the two spectrometers were stilbene-I P21 scintillation 
counters connected to a fast coincidence circuit whose resolving time could 
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be varied down to 27) = 2X10-* sec. An automatic variable delay unit of 
the type described by Bell et al. (1952) was used for delayed coincidence 
experiments. In general the instrument was operated at a resolution of 3.5% 
in momentum and the transmission was approximately 0.25%. 


B. The 12.7 kev. Transition 

The level scheme postulated in Section VII has its first excited state at 
12.7 kev. If the transition between this level and the ground state is present, 
it will be observed most readily by conversion in the M and higher shells. 
Conversion in the M, shell would give a conversion line at 9.4 kev., which is 
in the region of the Z Auger electrons of Pt. Using only one of the thin-lens 
spectrometers, the electron spectrum above 5 kev. was examined. The 
spectrum obtained is shown in Fig. 7. The counters used were not cooled 
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Fic. 7. Low energy conversion line spectrum of Au!%, Positions A, B, and C correspond 
to Auger lines observed by Schneider e¢ a/. in Pt!®. The lines at 9.38 kev. and 11.95 kev. are 
M, and N, conversions of the 12.7 kev. y-ray. 


but had a noise background of 5X10* per sec. It can be seen that peaks 
appear at 9.4 kev. and 11.9 kev., the positions where the M, and N, con- 
version lines of a 12.7 kev. y-ray would occur. Very little is known about 
the relative intensities of the Z Auger lines, but recent work by Schneider 
et al. (1952) in Pt! indicates Z Auger peaks at the positions indicated by 
arrows on Fig. 7. In addition to these Auger peaks, the spectrum in Fig. 7 
is accounted for by the existence of the two strong conversion lines mentioned 
above. 

To verify that these conversion lines were principally due to a 12.7 kev. 
transition and not due to L Auger electrons, coincidence experiments were 
carried out between the 9.4 kev. line and the K lines of the 173.5 kev. and 
186.1 kev. transitions. If the line was due to Z Auger electrons alone, one 
would expect equal numbers of coincidences per recorded electron in each 
case. If, on the other hand, it was partly due to a 12.7 kev. transition, one 
would expect more coincidences with the K line of the 173.5 kev. transition 
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on the basis of the level scheme postulated in Fig. 6. With the south counter 
focused on the 9.4 kev. electrons, a coincidence scan was made over the 
region of the K conversion of these two y-rays. The results are shown in 
Fig. 8(a). It is seen that the coincidence rate per recorded electron for the 
173.5 kev. y-ray is considerably greater than that for the 186.1 kev. y-ray, 
confirming the existence of a 12.7 kev. transition. 
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(a) PROMPT COINCIDENCES (b)OELAYED COINCIDENCES 


Fic. 8. Coincidence scan with 9.38 kev. conversion line focused on S. counter; (2) prompt 
coincidence scan, (b) delayed coincidence scan with delay of 8X10~® sec. in N. counter. The 
singles scan is also shown in each case. 












In this experiment the spectrometer was operated at 3.5% resolution and 
the Z 112.4 and K 173.5 conversion lines were not resolved. Subsequent 
coincidence studies also showed a strong coincidence effect with the Z con- 
version line of the 173.5 kev. y-ray. Using the ratio of the intensities of the 
K and L conversion lines of this y-ray it was possible to show that the coinci- 
dence effect mentioned above could be explained if the 173.5 kev. y-ray was 
in coincidence with a 12.7 kev. y-ray and the 112.4 kev. y-ray was not. 

' The effect of inserting a delay of 8X10~° sec. in the north counter recording 
the higher energy electrons is shown in Fig. 8 (0). In this case the coincidences 
with the 186.1 kev. transition are almost totally suppressed while there is 
still a coincidence effect with the 173.5 kev. transition. The following con- 
clusions can be drawn from these observations. The emission of an Auger 
electron following internal conversion occurs in very much less than the 
resolving time of our circuit. The detection of delayed coincidences between 
the 173.5 kev. transition and the 9.4 kev. electron line shows that a large 
part of the 9.4 kev. peak is not due to Auger electrons, but to a transition 
which has a measurable lifetime and follows the 173.5 kev. transition. 

A similar prompt and delayed coincidence scan was made over the energy 
region covering the L 173.5, K 255.6, ZL 186.1, and K 268.2 conversion lines. 
In this case coincidences per recorded electron were high for the Z 173.5 
and K 255.6 lines, and insertion of the delay showed that the 12.7 kev. y-ray 
is in coincidence with these conversion lines and not with the other two. 
The half-life of the 12.7 kev. y-transition was measured by the delayed 
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coincidence technique. The prompt curve used for comparison was that 
between the 186.1 kev. y-ray and the Z Auger lines of the same energy as the 
M, conversion of the 12.7 kev. y-ray. The results of this measurement are 
shown in Fig. 9. The two curves have been normalized to the same total 
number of counts, and moved relative to each other to allow for the difference 
in transit time through the spectrometer of the AK conversion lines of the 
186.1 kev. and 173.5 kev. y-rays. The measured half-life was (2.2+0.8) X 107° 
sec. To obtain 7, for a with the values for 1/1 transitions listed 
by Sets and Bell (1953), a correction has to be made for conversion. This 
was done by using the value for the Z; conversion coefficient of a 12.7 kev 
y-ray obtained from an analysis of Rose’s tables and assuming that the 
Li/M ratio was 4. This gave a value of (32) X10~7 sec. for 7y. The quoted 
error is due principally tothe method of determining the conversion coefficient. 
From Graham and Bell’s graph for odd neutrons the expected value would 
be 7X10-7sec., in reasonable agreement with our value. If a conversion 
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Fic. 9. Coincidence resolution curves. The prompt curve was obtained with the K con- 
version line of the 186 kev. y-ray and L Auger electrons of 9.38 kev., and the delayed curve 
with the K conversion line of the 173 kev. y-ray and the conversion electrons of 9.38 kev 
The prompt contribution of the Auger electrons of 9.38 kev. was subtracted in obtaining the 
delayed curve. The curves have been normalized to include equal areas. The shift of centroid 
of the curve gives a half-life for the 12.7 kev. transition of T, = (2.2+0.8) X10~° sec. 

Fic. 10. Coincidence resolution curves for the 9.38 kev. coavertion line and (1) the L 
conversion line of the 135 kev. y-ray, (2) the K conversion line of the 173 kev. y-ray, (3) the 
K conversion line of the 255 kev. y-ray. The comparison prompt coincidence curve is not 
shown but is similar to that in Fig. 9. All three curves show a lifetime for the 12.7 kev. tran- 
sition and show that it is in coincidence with and follows each of these radiations. 


coefficient is deduced in a similar manner for an £2 radiation and 7y is calcu- 
lated, the value obtained is very much faster than would be expected for even 
a “fast”? E2. It would seem therefore that the 12.7 kev. transition is pre- 
dominantly M1. This is confirmed by the fact that the conversion occurs 
chiefly in the 1, shell (Church and Monahan 1955). 
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The half-life of the transition was also measured using the K 255 kev. 
conversion line and the same value was obtained. There was also an appreciable 
coincidence effect with the Z conversion line of the 4.4 day 135.5 kev. M4 
transition. Examination of the delayed coincidence curve again showed a 
similar slope, indicating that the M4 transition occurs between a level at 
148.2 kev. and that at 12.7 kev. The 4.4 day Pt!* is therefore another two-step 
isomer. These delayed coincidence curves are shown in Fig. 10 along with 
that obtained from the K 173 kev. conversion line. In all these cases, it has 
been shown that the 12.7 kev. transition follows in time the other y-rays. This 
confirms the placing of the first excited state at 12.7 kev. 


C. Coincidence Scans 

A series of coincidence scans was made by varying the current in one 
spectrometer and keeping the other focused on one of the electron peaks. For 
these experiments the coincidence circuit was used with a resolving time 
27) = 3.6X10-* sec. to ensure that coincidences were recorded with 100% 
efficiency. The coincidence effects observed in these experiments were again 
very weak, indicating that none of the more intense y-rays were in coincidence. 

The results of the coincidence scans are shown in Fig. 11. In all cases the 
source was mounted on 1.6 mg./cm.? aluminum backing and faced the south 
spectrometer. Graphs (a) and (b) show the singles counting rate in the south 
and north spectrometers respectively. Graph (c) shows the coincidence scan 
with the south counter focused at 34 kev., corresponding to the K conversion of 
the 112.4 kev. y-ray. Graph (d) shows the coincidence scan with the south 
counter when the north was focused on 108 kev., corresponding to the A 
conversion of the 186.1 kev. y-ray. Graph (e) shows the scan over part of 
the spectrum with the north counter focused on 77 kev., corresponding to 
the A conversion of the 155.7 kev. y-ray. Scans were also made with the 
north counter focused on 96 kev. and 190 kev. In the first case, the spectrum 
obtained was a weak combination of those at 34 kev. and 108 kev., as the 
96 kev. peak is a composite peak of A 173.5 and L 112.4. In the second case, 
no significant coincidence effect was obtained above chance, except with the 
K Auger electrons. 

From graph (c) it can be seen that the 112.4 kev. y-ray is in coincidence 
with y-rays of 119.4 kev. and 155.7 kev. and there also appears to be a slight 
coincidence effect with that of 258.4 kev., although it is not certain whether 
this is significant. These coincidence effects are of the correct order of magni- 
tude to be expected from the decay scheme. Graph (e) confirms the coincidence 
between the 112.4 kev. y-ray and that of 155.7 kev. and shows that the 
155.7 kev. y-ray is not appreciably in coincidence with the 119.4 kev. y-ray. 

The explanation of the coincidence effects with the 186.1 kev. y-ray on the 
basis of the present decay scheme is more difficult. There are weak coincidences 
with a y-ray of approximately 258 kev. A possible explanation would be a 
cascade from the 489.9 kev. level to 231.9 kev., followed by a 45.8 kev. 
transition to the level at 186.1 kev. Then the three low energy coincidence 
lines might be explained as the Z, M, and N conversions of this 45.8 kev. 
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Fic. 11. Coincidence scans with source of Au! deposited on 1.6 mg./cm.? aluminum foil 
and facing S. counter: (a) conversion electron spectrum in S. counter; (d) conversion electron 
spectrum in N. counter; (c) coincidence spectrum in N. counter with K conversion line of 
112.4 kev. y-ray focused in S. counter; (d) coincidence spectrum in S. counter with K con- 
version line of 186 kev. y-ray focused in N. counter; (e) coincidence spectrum in S. counter 


with K conversion line of 156 kev. y-ray focused in N. counter. The standard deviations of 
the points are indicated by vertical bars. 


transition. However the measured energies correspond to a radiation of 
44.3+0.7 kev. rather than 45.8 kev. and the 180° spectrograph results also 
indicate the Z; conversion of a y-ray of 44.3+0.1 kev. For this explanation 
a level would have to be proposed at 187.6 kev. 

The unexplained coincidence effects are small in magnitude and may also 
be due to some hitherto unobserved weak radiations. 


X. DISCUSSION OF LEVEL SCHEME FOR Pt!9 
A. Energies of Levels 
The coincidence results described confirm the assignment of a level at 
12.7 kev. as the first excited state and the existence of levels at 112.4, 186.1, 
231.8, and 268.2 kev. The lack of strong coincidence effects between intense 
y-rays indicates that all the more intense transitions are directly to the 
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ground state or the 12.7 kev. level. Energy relationships show the existence 
of a level at 489.9 kev. The level at 148.2 kev. is based on observed coinci- 
dences between the 135.5 kev. M4 transition and the 12.7 kev. y-ray. The 4 
transition has a half-life of 4.4 days and the only other radiations observed 
showing this half-life were the Auger electrons and the 12.7 kev. transition, 
which was only resolved from the Z Auger electrons in coincidence experi- 
ments. These features of the decay scheme are well established by the present 
experiments. 

Of the remaining levels, that at 117.9 kev. is based on the energy sum 
114.0+117.9 = 231.9, and on weak evidence for a 334.8 kev. y-ray (observed 
only in Z conversion) corresponding to the transition to this level from that 
proposed at 452.6 kev. Coincidence effects existing between the 114.0 kev. and 
117.9 kev. y-rays would be obscured in the present experiments by those 
between the 112.4 kev. and 119.4 kev. y-rays. The level at 302.6 kev. is based 
on energy relationships showing transitions between this level and those at 
489.9, 268.2, and 12.7 kev. The evidence for a level at 452.6 kev. is the tran- 
sition to the 12.7 kev. level and the proposed weak y-ray to that at 117.9 kev., 
together with evidence of a y-ray of 37.4 kev. feeding the level from that at 
489.9 kev. 


B. Spins and Parities of Levels 

It is difficult to assign defisiite spins to the levels in Pt!®*, but it is possible 
to make use of some of the regularities that occur in the isotopes in this 
region to make reasonable assignments. Mihelich and de-Shalit (1954) pointed 


out regularities in the M4 transitions in the odd neutron isotopes of Hg and 
Pt. They assigned these to 73, > fs transitions as might be expected on 
the nuclear shell model near the end of the 126 shell. In the level scheme 
reported previously (Ewan, Thompson, and Foster 1955) it was assumed 
that the M4 transition in Pt!** was also from a 13/2+ state to a 5/2— state 
and spin assignments were made on this basis. The recent work by Nillson 
(1955) on states in strongly deformed nuclei suggests that for 115 neutrons 
the high spin state could have spin 11/2+ and this would imply that the 
M4 transition was 11/2+ — 3/2-. 

The coincidence experiments described here show that the 1/4 transition 
of 135.5 kev. is in coincidence with the 12.7 kev. transition. There was no 
evidence for the 148.2 kev. crossover y-ray, implying that the ground state 
must be of lower spin than the 12.7 kev. state. As the 12.7 kev. transition is 
M1 in character, the ground state must be one unit of spin lower than the 
12.7 kev. state and of the same parity. There remains the uncertainty as to 
whether the ground state has a spin 1/2—, as would be required if the high 
spin state was 11/2+, or 3/2-—, if the high spin state was 13/2+. In the 
level scheme proposed in Fig. 6 it has been assumed that the high spin state 
is 11/2+, as this seems more likely on Nillson’s model if the distortion is 
assumed to vary only slowly with increasing value of A. On this basis it is 
possible to assign spins and parities to the various levels in Pt! entirely 
consistent with the observed multipolarities of the transitions between the 
levels and the feeding to the levels from the ground state of Au!%, 
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NOTES 


DIFFRACTION OF A SPHERICAL WAVE PULSE 
BY A HALF-PLANE SCREEN 


James R. Wait* 


Although the diffraction of plane (acoustic or electromagnetic) harmonic 
waves by half-planes and wedges was solved by MacDonald (1915) many 
years ago, only recently were the solutions generalized for dipolar or spherical 
wave excitation (Senior 1953; Wait 1954). The corresponding pulse solution 
for the case of plane wave incidence has been worked out by Keller and Blank 
(1951). The pulse or transient solution for a point source has apparently never 
been published. This problem is considered here, using a Fourier integral 
approach. 

For harmonic excitation (i.e., quantities varying as e“‘), the scalar velocity 
potential Go(iw) in free space at distance R from the source is given by 
(1) Colin) = EUS) unre 
where c is the velocity and where P(iw) is the strength of the source. When 
the excitation is of the form pou(t), where u(t) is the unit step function at 
t = 0, the velocity potential is given by 


go(t) = ick u(t—R/c), 


being a step function delayed by R/c seconds. In the above simple example, 
Go(iw) is the Fourier Transform of go(t) and they are connected by the well- 
known relations 


(3) Cilia} = J "go (ten "dt 


or 
1 +c 
(4) go(t) = +f Go(iw)edw. 


In equation (3), w can be considered to have a small negative imaginary part 
to secure convergence. 

A thin (perfectly rigid or perfectly absorbing) half-plane is now defined by 
@ = Oin relation to a cylindrical coordinate system (p, ¢, z). The source is at 
P’ with coordinates (p’, ¢’, 2’) and the observer is at P(p, ¢, z). The problem 
is to calculate the response g(t) at P for a source of strength pou(t) at P’. 
The corresponding transform of the response is given by 


(5) Glin) = omc 


*Present address: National Bureau of Standards, Boulder, Colorado, U.S.A. 
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which, of course, is the solution of the diffraction problem for harmonic 
excitation. It is known that (Vandakurov 1954) 


po | [aiees a (? Kilw/e) re eae 
TC —b (R°+E°*) : —b1 (Ri’+2)* F 


where K, is the modified Bessel function of the second type of order one and 
R = [p?+(0’)?—2pp’ cos (¢— 4’) + (s—2')?}', 
Ri = [p?+(0')? —2pp’ cos (6+ ’) +(2—2')*]}, 
b = 2(pp’)' cos 1(—¢’), 

and b; = 2(pp’)? cos 4(¢+¢’). 


(6) G(iw) = i 


The + sign preceding the second integral is to be used for the rigid screen 
corresponding to the vanishing of the normal derivative of g(t) at ¢ = 0 and 
2x7. The — sign is to be used for an absorbing screen corresponding to the 
vanishing of g(t) itself at ¢ = 0 and ¢ = 2r. 

When d(or };) is positive, it is convenient to break the integrals into two 
parts in the manner 


© +co —b +00 oo 
Fun ifs aafe fe: 
—d —o —o2 co b 
‘The integral with limits + © and — © is known and is given by Campbell 
and Foster (1950) 
és “1 Ph Killia/ (ete iae_ ce 
: (Qn) J. (R’+8”) 4nR 
For the moment both 0 and J; are considered positive, yielding 


G(iw) _ 1 es | 
(8) ee 


R 
| | felon foEGeloe sey ae | 
>» a (R*+E)F 0 (Rr+e)* 
The transient solution is then given by 


+o 
(9) g(t) = Pe , G(iw)e™'dw. 


The integration, with respect to w, can be carried out, using a standard 
result (Campbell and Foster 1950), to give 


(10) g(t) = Pe jsttaiite ~ ss 


|! = __ult—(R+E)*/e]__ 


~ 4 LI, (REP (Re +E) /2F 


ee (7 te Re) as| 
o (Rete ye — (Ree) /ey d 


Now the integrands vanish for — > [(ct)?—R?]* in the first integral and vanish 
for £ > [(ct)?—R,]? in the second integral. The integrals can now be easily 
evaluated, for example 





NOTES 


. ((ct)?—R?) a, at dé be 2 2\4 
(11) i f= af RTP Ley lt (+8) 


eg bct | _ (R27 Bb / 
- 313 tan” RiG@y— Rope te les 


and similarly for the second integral f . Using the above result, the scalar 
b1 


velocity potential g(t) at P is given by 


| t= R/O), u(t—R:/c) 


g@) _ 1 
(12) = 3 R, 


Po 4r 
_ —Ro/c) 


A =. a b,ct | = 
E 7, an Ril(ct)?—Ro'}t u(t—Ro/c), 


where Ry = R?+23? = RR? +0 = (p+p’)?+(s—2’)?. The above result is only 
valid for 6 and 6; positive. That is, |6—¢’] < mand |¢+¢'| < x. The first 
condition implies that a line drawn from P to P’ does not intersect the screen; 
i.e., the observer at P is in the region of space illuminated by the source at 
P’. The second condition refers in a similar manner to the geometrical image 
or mirror source of P’ in the screen. That is, P and P’ must be on the same 
side of the screen and located such that the geometric reflection point would 
be on the screen. 

The interpretation of equation (12) for g(¢) is now as follows. The first term 
is the primary field, which is a step delayed by R/c seconds and has a spherical 
wave front. The second term is the geometric reflection of the primary spherical 
wave pulse at the screen, and its sign depends on whether there is a rigid 
or an absorbing screen. The next two terms correspond to the signal reflected 
from the edge of the screen. They are zero for times less than R)/c, where 
Ro is the distance from P’ to the edge back to P. At t = Ro/c, the inverse 
tangent functions are 7/2 and the amplitudes of the leading edges of these 
pulses are zero. At larger values of ¢, the expression for g(t) approaches its 
static value given by 


| e113 a a cls i 4 
(13) bo —sR=R, “7: Rp tan R+R, R,|" 


which is valid for ¢ > R/c, t > R,/c, and t > Ro/c. 
In the case where |\6—¢'| < wr and |¢+¢’| > x, equation (12) takes the 
new form 


1 
(14) - = 5p ut-R/c) 


1 9 
+ = u(t—Ro/c) , 
8 T 
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where now b and (—);) are positive quantities. In this case, there is a primary 
spherical wave pulse but no mirror or image pulse. This is not surprising since 
the specular reflection point is beyond the edge of the screen. 

In the case where both |¢—@’| > 2 and |¢+¢’| > z, the appropriate form 
1S 


(15) = a | 1-— = tan Pe, | Uu (¢ = Ro /c) 


1 2 ai (—bi)ct J 
={- a ge tan man | u(t—Ro/c) 
where now (—0) and (—),;) are positive. In this latter instance, there is no 
disturbance until ¢ = Ro/c, which is the time for a pulse to travel from P 
around the edge of the screen to P’. The observer is now in the geometrical 
shadow of the screen. 
In the above three cases, as exemplified by equations (12), (14), and (15), 
the static form of the response is identically the same, that is, as t— ~, 
g(t) is given by equation (13). 
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LETTERS TO THE EDITOR 


Under this heading brief reports of important discoveries in physics may be published. These 
reports should not exceed 600 words and, for any issue, should be submitted not later than six weeks 
previous to the first day of the month of issue. No proof will be sent to the authors. 


The Effect of Incident Atomic Velocity on the Structure 
of Evaporated Silver Films 


Ina recent paper Aziz and Scott (1956) have shown that aggregation in vacuum-evaporated 
silver films is reduced when the deposit is formed from atoms which have been either reflected 
from a teflon surface or allowed to diffuse through a nitrogen atmosphere at 3 uw pressure. The 
effect of surface reflection and collisions with gas molecules would be to lower the temperature 
of the vapor atoms to that of room temperature, and Aziz and Scott believed that the con- 
densing silver atoms would not be so mobile on the surface of the receiver because of their 
lowered energy. Reduction in surface mobility would mean that the atoms tended to stick 
where they impinged so that a more continuous deposit was formed. Numerous workers have 
considered that film properties are dependent upon the atomic velocity but prior to this paper 
evidence had not been forthcoming to prove this contention. 

Examination of the heat energy data in the Smithsonian Physical Tables (1954) shows that 
the foregoing hypothesis is unlikely. Thus the latent heat of evaporation of silver is 642 cal./g. 
and the latent heat of fusion 26 cal./g. The specific heat of silver is 0.088 between 20° and 
1200° C. If one assumes that the silver atoms leave the evaporator with a temperature of the 
order of 1000° C., then the heat energy carried per gram of atoms in terms of the velocity 
of translation is 88 cal. This amount of heat is only 0.12 of the total heat energy including 
the potential energy, that is the combined latent heats of evaporation and fusion. Thus, even 
if the silver atoms are cooled down to nearly room temperature, there is not a significant 
reduction in the heat energy which will be liberated on final condensation. 

Comparisons of film growth under the conditions examined by Aziz and Scott will always 
be complicated by unknown factors. For example, when studying the effect of reflecting the 
silver atoms from a surface onto the receiver the growing film would not have been exposed to 
direct heat radiation from the source. It is known that a rise in temperature of the deposit 
can contribute to aggregation. Also, the gas used for slowing the vapor atoms down by 
collision was nitrogen taken from a cylinder. Unless special precautions were taken to purify 
the gas it could quite likely have contained small quantities of water vapor, etc., so that the 
films may have contained traces of metal oxide. 

Investigations of evaporating gold from tungsten spirals in tank gases have shown the 
marked manner in which the filament may volatilize after reacting with impurities in the 
gas to form volatile oxides. Thus, the results of Aziz and Scott cannot be taken as definite 
evidence of the film structure depending on atomic velocity. 


Aziz, R. A. and Scott, G. D. 1956. Can. J. Phys. 34, 731. 
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